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PREFACE. 



I FEAR I cannot defend the title of this volume 
as very accurately describing its contents. The title 
"Lessons Introductory" applied well enough to the 
former edition, which grew out of Lectures given 
some years ago to my Class, and which was not 
intended to do more than to supply students with 
the preliminary information necessary to enable them 
to read with advantage the original memoirs whence 
my materials were derived. That edition has, how- 
ever, been for a long time out of print, and in re- 
printing it now I found so many additions necessary 
to bring it up to the present state of science, that 
the book has become doubled in size, and might 
fairly assume the less modest title of a " Treatise" 
on the subjects with which it deals. Neither does 
the name " Modern Higher Algebra" very precisely 
define the nature of these subjects. The Theory of 
Elimination, and that of Determinants cannot be 
said to be very modern j and I do not meddle with 
some parts of Higher Algebra, for which much has 
been done in modern times; as, for instance, the 
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Theory of Numbers, or the General Theory of the 
Resolution of Equations. But it is no great abuse 
of language to give, in a special sense, the name 
''Modern Higher Algebra" to that which forms the 
principal subject of this volume — the Theory of 
Linear Transformations. Since Mr. Cayley's dis- 
covery of Invariants, quite a new department of 
Algebra has been created ; and there is no part of 
Mathematics in which an able mathematician, who 
had turned his attention to other subjects some 
twenty years ago, would find more difficulty in 
reading a memoir of the present day, and would 
more feel the want of an elementary guide to inform 
him of the meaning of the terms employed, and to 
establish the truth of the theorems assumed to be 
known. 

With respect to the use of new words I have 
tried to steer a middle course. In this part of 
Algebra combinations of ideas require to be fre- 
quently spoken of which were not of important use » 
in the older Algebra, This has made it necessary 
to employ some new words, in order to avojd an 
intolerable amount of circumlocution. But feeling 
that every strange term makes the science more 
repulsive to a beginner, I have generally preferred 
the^ use of a periphrasis to the introduction of a new 
word which I was not likely often to have occasion 
to employ. Students who may be disappointed by 
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not finding in this volume the explanation of some 
words which occur in modern algebraical memoirs, 
will be likely to find the desired information in the 
Glossary added to Mr. Sylvester's paper {Philosophical 
Transactions, 1853, p. 543). 

The first four or five Lessons in this volume were 
printed a year or two ago : it having been at that 
time my intention to publish separately the Lessons 
on Determinants as a manual for the use of Students. 
At the time when these Lessons were written I had 
not met Baltzer's Treatise on Determinants, a work 
remarkable for the rigorous and scientific manner in 
which its principles are evolved. But I most re- 
gretted not to have met with it earlier, on account 
of his careful indication of the original authorities 
for the several theorems. Although very sensible of 
the value of these historical notices, I have, in the 
text of these Lessons, too often omitted to assign 
the theorems to their original authors, because my 
knowledge not having been obtained by any recent 
course 1 of study, I did not find it easy to name the 
sources whence I had derived it, nor had I mathe- 
matical learning enough to be able to tell whether 
these sources were the originals. I have now tried 
to supply the references omitted in the text by 
adding a few historical notes; following Baltzer's 
guidance as far as it would serve me. Where I 
have had only my own reading to trust to, it is 
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only too likely that I have in several cases failed 
to trace theorems back to their first discoverers, 
and I must ask the indulgence of any living authors 
to whom I have in this way unwittingly done 
injustice. 

I have to thank my friends Dr. Hart, Mr. Traill, 
and Mr. Burnside, for help given me at various times 
in the revision of the proofs of this work, though, 
in justice to these gentlemen, I must add that there 
is a considerable part of it which was printed under 
circumstances where I could not have the benefit 
of their assistance, and for the errors in which they 
are not responsible. I have already intimated that 
my obligations to Messrs. Cayley and Sylvester are 
not merely those which every one must owe who 
writes on a branch of Algebra which they have done 
so much to create. I was in constant correspondence 
with them at the time when some of their most 
important discoveries were made, and I owe my 
knowledge of these discoveries as much to their 
letters as to any printed papers. I must also ex- 
press my thanks to M. Hermite for his obliging 
readiness to remove by letter difficulties which oc- 
curred to me in my study of his published memoirs. 

TfiiNiTT College, Dublin, 
October I6th, 1866, 
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Errata, 



p. 27, line 11,/or 'S,a„ar's = A, read 'SsanOr, = A. 
p. 140, lines 2 and 5 from bottom, /or J^, read J^. 
p. 168, line 16,yor "invariants," read "oovariants." 

p. 194, note, line 3 from bottom,/(»- "is of the recurring form," read "is capably, 
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LESSON I. 

DETEEMINANTS.— PEEIilMINARY ILLT7STEATI0NS. 

1. If we are given n homogeneous equations of the first degree 
between n variables, we can eliminate the variables, and obtain a 
result involving the coefficients only, which is called the deter- 
minant of those equations. We shall, in what follows, give rules 
for the formation of these determinants, ai3,a shall state some of 
their principal properties ; but we think that the general theory 
will be better understood if we first give illustrations of its appli- 
cation to the simplest examples. 

Let us commence, then, with two equations between two 
variables 

The variables are eliminated by adding the first equation multi- 
plied by Jjj to the second multiplied by —i■^•, when we get 
ap^ — a^&j = 0, the left-hand member of which is the determinant 
required. The ordinary notation for this determinant is 

as,, 5; 

\-> K 

We shall, however, often, for brevity, write {afi^ to express this 
determinant, leaving the reader to supply the term with the nega- 
tive sign ; and in this notation it is obvious that [afi^ = — [aj)^). 
The coefficients cSj, 5j, &c., which enter into the expression of a 
determinant, are called the constituents of that determinant, and 
the products afi^^ &c., are called the elements of the determinant. 



2 DETERMINANTS. 

2. It can be verified at once that we should have obtained 
the same result if we had eliminated the variables between 
the equations 

In other words 



«2) K 



K K 



or the value of the determinant is not altered if we w^rite the 
horizontal rows vertically, and vice versd, 

3, If we are given two homogeneous equations between 
three variables, 

these equations are suflScient to determine the mutual ratios of 
X, y, z. Thus, by eliminating y and x alternately, we can 
express x and y in terms of z ; when we find 

' ,• («i52>«' = («A) « ; («i^J 2/ = («a^i) ^• 
In other words \a;, y, z, are proportional respectively to {ajb^f 
(ajb^)j {afi^). Substituting these values in the original equations, 
we obtain the identical relations 

«i («.^b) + «. («s^) + «3 {<'A) = 0, K {a,\) + \ K5,) + h, (afi^) = ; 
relations which are verified at once by writing them at full 
length, as for instance ' 

The notation a,, a^, oSj 

(where the number of columns is greater than the number of 
rows) is used to express the three determinants which can be 
obtained by suppressing in turn each one of the columns ; viz. 
the three determinants of which we have been speaking, [a h ), 

4, Let us now proceed to a system of three equations 

a^x + b^y + c^z = 0, a^x + h^ + c^z = 0, a^x + h^ + c^z = 0. 

Then, if we multiply the first by (a^S,), the second by (a,5,), the 
third by («,&,), and add ; the coeflGicients of x and y will vanish 
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in virtue of the identical relations of Art. 3, and the deter- 
minant required is 

or, writing at full length, 

It may also be written in either of the forms, 

This determinant is expressed by the notation 



«1) ^1) 


c, 


Kf Kr 


s 


«« Ki 


"a. 



though we shall often use for it the abbreviation (aj>^c^). 
It is useful to observe that 

For by analogy of notation, 

{aji^c^) = a^ (63CJ + a, (S^cJ + a^ {h^c^), which is the same as (a,6/J , 

while 

K^acj = «i (^a^'a) + «a (^2«i) + «2 (^i^a)) ""^^ic^ ^^ the same as - (afi^c^) . 

5. We should have obtained the same result of elimination if 
we had eliminated between the three equations 

a^x + a^y + a/ = 0, 6,a; + \y + 5-a = 0, c^x 4 c^y + c^a = 0. 

For if we proceed on the same system as before, multiplying the 
first equation by {\cj, the second by (c^flg), and the third by 
{aj>^, and add, then the coefficients of y and « vanish, and the 
determinant is obtained in the form 

«i (^/a) + h («i!«a) + C, («A)j 

which, expanded, is found to be identical with {aj>^c^). Hence 



«1J K Cl 




«1J «2) «3 


«2j Ki ^ 


= 


&. &., Sa 


«8) ^a) C3 




Ci) C„ C3 



or the determinant is not altered by writing the horizontal rows 
vertically, and vice versd ; a property which will be proved: to 
be true of every determinant. 
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6. Using the notation 



«1J 


«2» 


«3> 


«4 


6., 


K, 


is, 


K 


"xJ 


C., 


^8> 


C4 



to denote the system of determinants obtained by omitting in 
turn each one of the columns ; these four determinants are con- 
nected by the relations 

«, KV4) - «» («s*A) + «8 («A«!>) - «4 («iVa) = 0, 

^. («ACi) - &, KV,) + ^3 («AcJ - 5, (ajS^c,) = 0,- 

C. ("aVJ - ", («3^4<'.) + C3 (a4^0 - C4 («, Vs) = 0- 

These relations may be either verified by actual expansion of the 

determinants, or else may be proved by a method analogous to 

that used in Art. 3. Take the three equations 

a^x + a^ + a^ + a^ = 0, 

5,3! + 6jy + \e, + 1^ = 0, 

c^x 4 Cj^ + c^z + c^w = 0. 

Then (as In Art. 5) we can eliminate y and z by multiplying 

the equations by {\c^), {c^%), {ajb^), respectively, and adding, 

when we get („^j^,^) ^ + („^j^,j ^ = 0. 

In like manner, multiplying by (JjCj, (CgftJ, (ajb^) respectively, 

^eget («A''J2/ + W8<'Jw = 0- 

And in like manner, 

Now, attending to the remarks about signs (Art. 4), these 
equations are equivalent to 

or a, «/, », w are respectively proportional to [afif^, — {afi^o^^ 
K^i^J) - K^a^'s) ; substituting which values in the original equa- 
tions, we obtain the identities already written. 

7. If now we have to eliminate between the four equation? 

a^x + % + c^z + d^w = 0, 

a^x 4- % + o,^z + d^w = 0, 

a^x + b^ + c^z + d^w = 0, 

a^x + % + c^z + d^w = 0, 
we have only to multiply the first by {a^h^c^), the second by 
- W4<'i)> ^^^ t'l""'^ ^7 i^Mi ^^^ fourth by - {afij}^, and add, 
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when the coefficients of x, y, z vanish identically, and the deter- 
minant is found to be 

or, writing it full length, 

»iVs< - (^h<^A + %K(>A - <^A°A + <^A<^A - %K<^A + «'p4^Az 

- «sV4^. + <^A<^Ai- <^h^A, + «'fifA - <^fi4pA + «Ac8< 

- <^J>B<^A + %h°A - <^A'^A + °'h\^x - «s^4«A- 

8. There is no difficulty in extending to any number of equa- 
tions the process here employed; and the reader will observe 
that the general expression for a determinant is 2 + ajj^c^d^^ &c., 
where each product must include all the varieties of the n letters 
and of the n suffi.xes, without repetition or omission, and the 
determinant contains all possible such products which can be 
formed. With regard to the sign to be affixed to each element 
of the determinant, the following is the rule : We give the sign 
+ to the term ap^^d^^ &c. obtained by reading the determinant 
from the left-hand top to the right-hand bottom corner ; and 
then " the sign + or ~ is affixed to each other product according 
as it is derived from this leading term ly an even or odd nwmber 
of permutations of suffixes.'''' Thus, in the last example, the 
second term afif^d^ differs from the first only by a permutation 
of the suffixes of t and c; it therefore has an opposite sign. 
The ^ird term, afi^c^d^, differs from the second by a permu- 
tation of the suffixes of a and c; it therefore has an opposite 
sign : but it has the same sign with the first term, since it can 
only be derived from it by twice permuting suffixes. 

Ex. In the detenmnaiit (flib^Csdie^), what sign is to he affixed to the element 

" A" A«4 f 

From the first term, permuting the suffixes of a and e, we get a^^idte^, the first 
constituent of which is the same as that in the given term : next -permuting the 
suffixes of b and e, we get a^b^Cid^e^, which has two constituents the same as the 
given term ; next, permuting c and e, we get a^b^c^dtCi : lastly, permuting d and e, we 
get the given tferm a^^c^dfii. Since, then, there has been an even number (four) of 
permutations, the sign of the term is +. In fact, the signs of the aeries of terms are 
ajbfydiB^ — aji^^dfi^ + a^^fi^d^e^ — aji^c^d^ei + aj)^c^die^.* 

* Comparing the elements a^b^^die^, aJi^c^d^Ci, it will be seen that the suffix 1 
which came first in the former element, is in the latter preceded by three constituents ; 
that the suffi:x 2 is preceded by two which came after it before, and the sufBx 4 by 
one. The total number of displacements is therefore six. The rule of signs is 
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9. A cyclic interchange of suffixes alters the sign when the 
number of terms in the product is even; hut not so when the 
number of terms is odd. Thus a^J,, being got from afi^ by one 
interchange of suflSxes, has a different sign ; but ajb^c, has the 
same sign with afijs^ from which it is derived by a double permu- 
tation. For, changing the suffixes of a and b, a^J^Cj becomes 
a b Cg, and changing the suffixes of b and c, this again becomes 
aJ)^G^. In like manner ap^c^^ has an opposite sign to afiju^d^, 
being derived from it by a triple permutation, viz. through the 
steps afifi^d^^ afifAi "'h^A- 

10. We are now in a position to replace our former definition 
of a determinant by another, which we make the foundation of 
the subsequent theory. In fact, since a determinant is only a 
function of its constituents a,, 6,, c,, &c., and does not contain 
the variables a;, y, «, &c., it is obviously preferable to give a 
definition which does not introduce any mention of equations 
between these quantities a;, y, z, 

*Let there be w" quantities arrayed in a square of n columns 
and n rows, then the sum with proper signs (as explained. Art. 9) 
of all possible products of n constituents, one constituent being 
taken from each horizontal and each vertical row is called the 
determinant of these quantities and is said to be of the «'" order. 
Constituents are said to be conjugate to each other, when the 
place which each occupies in the horizontal rows is the same as 
that which the other occupies in the vertical rows. A deter- 
minant is said to be symmetrical when the conjugate constituents 
are equal to each other ; for example, 

a, A, g 

fh h f 
.9,/, c 

sometimea given in the form thai; the sign of an element ia +, when the total 
number of displacements as compared with the order in the leading term is even, 
and vice versa. 

* We might have commenced with this definition of a determinant, the preceding 
articles being unnecessary to the scientific development of the theory. We have 
thought, however, that the illustrations there given would make the general theory 
more intelligible; and also that the importance of the study of determinants would 
more clearly appear, when it had been shown that every elimination of the variables 
from a system of equations of the first degree, and every solution of such a system, 
gives rise to determinants, such systems of equations being of constant ocourreuce in 
every department of pure and applied mathematics. 
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11. In these first lessons, as in the previous examples, we 
write all the constituents in the same row with the same letter, 
and those in the same column with the same sufEx. The most 
common notation however is to write the constituents of a de- 
terminant with a double sufSx, one suffix denoting the row, and 
the other the column, to. which the constituent belongs. Thus 
the determinant of the third order would be written 



%^^ «1,2) «1,3 
%V %2l %3 . 

or else ^±\,%A,s^ 

where in the sum the suffixes are interchanged in all possible 
ways. The preceding notation is occasionally modified by the 
omission of the letter a, and the determinant is written 

(1, 1), .(1, 2), (1, 3) 

(2,1), (2,2), (2,3) 

(3,1), (3,2), (3,3) 
Lastly, Mr. Sylvester has suggested what he calls an umhral 
notation. Consider, for example, the determinant 



ha. 



ca. 



da 



XAi^^m 1/U.a \./IA* 

ajS, 6^, c^, dl3 

ay, hyy cy, dy 

ah, 68, cS, cZS 

the constituents of which are aa., ha, &c., and where a, 5, c, &c. 
are not quantities, but as it were shadows of quantities; that 
is to say, they have no meaning separately, except in combi- 
nation with one of the other class of umbrae a, /S, 7, &c. Thus, 
for example, if a, )8, ly, S represent the suffixes 1, 2, 3, 4, the 
constituents in the notation we have ourselves employed, are 
all formed by combining one of the letters a, &, c, d with one 
of the figures 1, 2, 3, 4. Now the determinant above written 
Is written by Mr. Sylvester more compactly 

a, h, c, 

«j iS) 7, . 

which denotes the sum of all possible products of the form 
aa.h^.cy.dS, obtained by giving the terms in the second line 
every possible permutation, and changing sign according to the 
ordinary rule with every permutation. 



&, c, d, 



( 8 ) 



LESSON II. 

EEDTTCTION AOT) CALCULATION OF DETEEMINANTS. 

12. We have in the last Lesson given the rule for the forma- 
tion of determinants, and exemplified some of their properties in 
particular cases. We shall in this Lesson prove these properties 
in general, together with some others, which are most frequently 
used in the reduction and calculation of determinants. 

The value of a determinant is not altered if the vertical rows 
he written horizontally^ and vice versd (see Arts. 2, 5). 

This follows immediately from the law of formation (Art. 10), 
which is perfectly symmetrical with respect to the columns and 
rows. One of the principal advantages of the notation with 
double suffixes is that it exhibits most distinctly the symmetry 
which exists between the horizontal and vertical lines. 

13. If any two rows [or two columns) be interchanged, the sign 
of the determinant is altered. 

For the eflFect of the change is evidently a single permutation 
of two of the letters (or of two of the suflSxes), which by the 
law of formation causes a change of sign. 

14. If two rows {or if two columns) he identical, the deter- 
minant vanishes. 

For these two rows being interchanged, we ought (Art. 13) 
to have a change of sign : but the interchange of two identical 
lines can produce no change in the value of the determinant. 
Its value, then, does not alter when its sign is changed ; that is 
to say, it is = 0. 

This theorem also follows immediately from the definition of 
a determinant, as the result of elimination betyreen n linear 
equations. For that elimination is performed by solving for the 
variables from w — 1 of the equations, and substituting the values 
so found in the n". But if this n" equation be the same as one 
of the others, it must vanish identically when these values are 
substituted in it. 
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15. If every constituent in any row [or in any column) he 
multiplied hy the same factor , then the determinant is multiplied 
hy that factor. 

This follows at once from the fact that every term in the ex- 
pansion of the determinant contains as a factor, one, and but one, 
constituent belonging to the same row or to the same column. 

Thus, for example, since every element of the determinant 



contains either a^, a^, or «„, 



the determinant can be written in the 
form a^A^+a^^+a^A^ (where neither ^„ A^^ nor A^ contains any 
constituent from the a column) ; and if a,, a^j, a^ be each multi- 
plied by the same factor A, the determinant will be multiplied 
by that factor. 

Cor. If the constituents in one row or column differ only 
by a constant multiplier from those in another row or column, 
the determinant vanishes. Thus 



K) «iiJ «3 




«2) %1 % 




T^K K, K 


=.k 


K K h 


= (Art. 14) 


K, c.„ c. 




o„ c,, C3 





16. If in any determinant we erase any number of rows 
and the same number of columns, the determinant formed with 
the remaining rows and columns is called a minor of the given 
determinant. The minors formed by erasing one row and one 
column may be called first minors ; those formed by erasing two 
rows and two columns, second minors, and so on. 

We have, in the last article, observed that if the constituents 
of one column of a determinant be a^, a^, a^, &c., the deter- 
minant may be written in the form Uj^A^ + a^A^ + a^A^ + Scc. 
And it is evident that A^ is the minor obtained by erasing the 
line and column which contain Oj, &c. For every element of 
the determinant which contains a^ can contain no other con- 
stituent from the column a or the line (1) ; and a^ must be 
multiplied by all possible combinations of products of w — 1 
constituents, taken one from each of the other rows and 
columns. But the aggregate of these form the minor A^. 

c 
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Compare Art. 7. In like manner the determinant may be 
written a^A^ + h^B^ + c^C^ + &c., where 5, is the minor formed 
by erasing the row and column which contain \. 

17. If all the constituents hut one vanish in any row or column 
of a determinant of the w'" order ^ its calculation is reduced to the 
calculation of a determinant of then — l'" order. For, evidently, 
if a^, 03, &c. all vanish, the determinant a^A^ + a^A^ + &c. re- 
duces to the single term a^A^ ; and A^ is a determinant having 
one row and one column less than the given determinant. 

18. If every constituent in any row [or in any column) he re- 
solvable into the sum of two others, the determinant is resolvable 
into the sum of two others. 

This foUows from the principle used in Art. 16. Thus, if in 
the Example there given, we write a^ -f a^ for a, ; h^ + ^, for b, ; 
c, + 7, for c, ; then the determinant becomes 



Thus we have 






K, K, K 



+ 






■2) \ 



In like manner, if the terms in any one column were each 
the sum of any number of others, the determinant could be 
resolved into the same number of others. 



19. If again, in the preceding, the terms in the second 
column were also each the sum of others (if, for instance, we 
were to write for a^, a^ + a,^ ; for 6^, J^ + /S^ ; for c^, c, + 7^) j then 
each of the determinants on the right-hand side of the last 
equation could be resolved into the sum of others ; and we see, 
without difficulty, that 

(«i + a., h + ^2, = [afi^c^) + (a./SA) + (a.&.c,) + (a./S.c,). 

And if each of the constituents in .the first column could be re- 
solved into the sum of m others, and each of those of the second 
into the sum of n others, then the determinant could be resolved 
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into the sum of mn others. For we should first, as in the last 
Article^ resolve the determinant into the sum of m others, by 
taking, instead of the first column, each one of the m partial 
columns ; and then, in like manner, resolve each of these into n 
others, by dealing similarly with the second column. And so, in 
general, if each of the constituents of a determinant consist of 
the sum of a number of terms, so that each of the columns can 
be resolved into the sum of a number of partial columns (the 
first into m. partial columns, the second, into w, the third into 
j>, &c.), then the determinant is equal to the sum of all the deter- 
minants which can be formed by taking, instead of each column, 
one of its partial columns ; and the number of such determinants 
will be the product of the numbers «i, m, ^j &c. 

20. If the constituents of one row or column are respectivel]/ 
equal to the sum of the corresponding constituents of other rows 
or columns, multiplied respectively/ hy constant factors, the deter- 
minant vanishes. For in this case the determinant can be re- 
solved into the sum of others which separately vanish. Thus 






^k, k, k 



kc„. 



^25 "2? 



+ 



la. 



«.,, a. 



'3) "-2) 



Ik, k, k 



"3) "2) 



Ic,. 



But the last two determinants vanish (Gor., Art. 15). 

21. A determinant is not altered if we add to each constituent 
of any row or column, the corresponding constituents of any of the 
other rows or columns multiplied respectively ly constant factors. 
Thus 



a^+ha^+la^, a„ a^ 




«1) «2) «3 




M^ + K «2) « 


k+kk + l\, k, k 


= 


K K k 


+ 


^k^K ki k 


0,+H + K ^2, c. 




Cl, C„ C3 




H + K c„ C3 



But the last determinant vanishes (Art. 20).* The following 
examples will show how the principles just explained are applied 
to simplify the calculation of determinants. 



* The beginner ■will be careful to observe that though the determiuaat ia not 
altered if we substitute in the first row a^ + lea^ + la, for a^, &c., yet if we make the 
same substitution in the second row for a^, &o, we multiply the determiawit by k ; 
and if for o„ &c. we multiply it by I. 
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£z, 1, Let it be required to calculate tlie following detenuinant : 

9, 13, 17, 4 1, 1, 1, 4 1, 1, 1, 1 

18, 28, 33, 8 _ 2, 4, 1, 8 ' _ 2, 4, 1, 1 

30, 40, 64, 13 ~ 4, 1, 2, 13 ~ 4, 1, 2, 6 

24, 37, 46, 11 2, 4, 2, 11 2, 4, 2, 3 

The aeoond determinant is derived from the first by subtracting from the constituents 
of the first, second, and third oolunms, twice, three times, and four times, the corre- 
sponding constituents of the last column. The third determinajit is deiired from 
the second by subtracting the sum of the first three columns from the last. When- 
ever we have, as now, a determinant for which all the constituents of one row are 
equal, we can get by subtraction one for which all the constituents but one of one 
row vanish, and so reduce the calculation to that of a detemunant of lower order 
(Art. 17). Thus' subtracting the first column from each of those following, the deter- 
minant last written becomes 



1, 


0, 


0, 


2, 


2, 


-1, 


4, 


-3, 


-2, 


2, 


2, 


0, 



1 



2,-1, 


-1 




4,-1, 


-1 


-3, -2, 


2 


= 


-7,-2, 


2 


2, 0, 


1 




0, 0, 


1 



4,-1 
-7,-2 



The third of these follows from the one preceding by subtracting double the last 
column from the first, when we have a determinant of only the second order, whose 
value is - 8 — 7 = — 15. 

Ex. 2. The calculation of the foUowiug determinant is necessary {Solid Geometry, 
p. 176) : 



-IQ, 11 

- 35, 34 

6, 3 





5, - 10, 


11, 




5, - 


10, 11, 




>5 
-32 

1 


- 10, - 11, 12, ^ 
. 11, 12, - 11, 2 


=■ 


- 32, - 36, 34, 
11, 12, - 11, 2 


= -2 


0, 4, 2,-6 




1, 6, 3, 






5, - 2, 1 




6, - 2, 1 









32, 7, 1 
1, 1, 8 


= 10 




27 
-39 


, 9, 
. 17, 


= 90 1 ' ' 
-39 


1 
17 = 


90 (51 



:10 



The first transfoimatiou is made by subtracting double the third row from the second, 
and adding^ the sum of the second and third to the fourth. In the next step it will 
be observed that since the sign of the term a^b^ids is opposite to that of Oib^df, 
when C4 is the only constituent of the last column which does not vanish, the deter- 
minant becomes - c, (afi^d,). In the next step, we add the second and third columns, 
we take out the factor 6 common to the second column, and the sign — common to 
the second row. We then subtract the first row from the second, and eight times 
the first row from the last, and the remainder is obvious. 

Ex. 3. 7, - 2, 0, 5 

- 2, 6, - 2, 2 
0, - 2, 5, 3 
6, 2, 3, 4 ! = - 972 (Solid Geometry, p. 168). 

Ex. 4. 25, - 16, 23, - 5 

■ 15, - 10, 19, 5 
23, 19, - 15, 9 

■ 5, 5, 9, - 5 i = 194400 {Solid Geometry, p. 175). 
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Ex. 6. Given n quantities a, /3, y, &o., to find the value of 

1) 1| 1, 1, &.C. 
a, /3, y, d, &c. 
«?, ^, y\ S', &c. 



"-', /3»-i, y<^\ e^\ &c. 
It la evident (Art. 14) that thia detenninant would vanish if a = j3, therefore a — /3 
la a factor in it. In like manner ao is every other difierenca between any two of the 
quantitiea a, ft &o. The determinant is therefore 

= ±{a-l3)ia-y){a-S){fi-y)(fi-S){y-S)&0. 
For the determinant ia either equal to this product, or to the product multiplied by 
some factor. But there can be no factor containing a, /3, &c., since the product con- 
tains a»-', /3»-', &c. ; and the determinant can contain no higher power of a, /3, &o.; 
and by comparing the coefficients of a""' it will be aeeu that the determinant con- 
taina no numerical factor. This example may also be treated in the aame way aa 
the next example. 



Ex. 6. To calculate 



1, 1, 1, 



1 
y, S 

7', ^ 
y*,6* 

Subtract the last column from each of the first three, and the determinant becomes 
divisible hy (a — S) (fi— d) (y — S) the quotient being 

1, 1, 1 

a + S, /3 + 5, y + S 

' + a'S + aS' + S', /3' + /32« + pa' + £', y^ + y^S + yS' + , 
Subtract again the last column from the two preceding and the determinant is seen 
to be divisible by (a — y) (/3 — y), and its value ia thua at once found to be 

(a - «) 03 - «) (y - ,5) (a - y) G8 - y) (a - |8) (a + |8 + y + a). 

Ex. 7. In the solution of a geometrical problem it became necessary to determine 
X from the equation 

a', J', c' 

(a + \)', (b + \y, (fl + \)3 

{2a + xy, (26 + xy, (2o + xy = 0. 

Subtract the first row from the second, and divide by \ ; subtract 8 times the first 
row from the last and divide by X ; then subtract the second row from the third and 
divide by 3; and lastly, subtract this last row from the second and divide by X, 
when the determinant becomes 

2a + X, 26 + X, 2o + X 
3ffl2 + oX, 362 + 6X, 3o2 + cX =0. 
Again, aubtraot the firat column from the aecond and third, and then the second from 
the third, divide by 6 — a, c — a, c — b; and then from the first column subtract 
a times the second and add ab times the last; and from the second column take 
{a + b) times the last, and we have finally 

aic, — (ab + bc + ca), a + b + c 
X, , 2, 

0, ' X, 3 



which reduced is 



:0, 



(a + b + c)X' + 3(ab + bc + ca) X + Sabc = 0. 
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Ex.8. 



Ex.9. 



(S + c)% a\ a? 

6^ (c + af, 6' 

c», e', (a + 6)2 

1 



: 2oJc (a + 6 + c)'. 



: 4 sini(a - /3) Bmi(|3 - y) sill J(a - y). 



= 2sini(a-;8) wniifi-y) sini(a— y). 



1, 1, 
sina, Bm/3, Einy 
cos a, cos/3, cosy 

Ex. 10. C0Bj(a-/3), oosJ(/3-y), cosj(y-a) 
C0Sj(a+;8), C0Sj(^+y), COsJCy+a) 
Biii}(a+^), sinJC^+y), sinj(y+a) 

Ex. 11. am a, sin/3, siny I 

cos a, COS/3, cosy 

sinacosa, sin /3 cos /3, siny cosy | 
= 2 sin Ka - /3) sin J(^ - y) sin J(a - y) {sin (a + ;8) + sin(;8 + y) + sin(y + o)}. 

Ex. 12. Many of these examples may be applied to the calculation of areas of 
triangles, it heing remembered that the doable area of the triangle formed by three 
points is 

1, 1, 



and by three lines ax+by+c,&c.is 



y< y ,y 

a, b, c 

a', b', c' 

a", b", c" 

(see Conic Sections, p. 33). For example, the area of the triangle formed by the 
centres of curvature of three points on a parabola is (the co-ordinates of a centre of 



divided by tflb'—a'b){ac'—ca'){bc'—cb') 



curvature being ^p + 3x', 



P' 



-) 



6 

p3 



1, 


1, 1 


y", 


y"", y"" 


y", 


y"', y"" 



= -,(/- y") is" - f) (j"' - if) W + y'V" + y"'yl. 



In like manner may be investigated the area of the triangle formed by three normals, 
or any other three lines connected with the curve. 



Ex.13. 



Ex. U. Prove 



0, 


c, 


b 


c, 


0, 


a 


i, 


a, 






= 2abc ; 



0, c, b, d 

t', 0, o, e 

b, a, 0, / 

d, e,f, 

0, 1, 1, 1 

1, 0, 2^ 3,2 
1, «2, 0, a;2 
1, /, x', 



= a?cP + J^e' + cy 2 - 2oi(fe - ibcef- %ukf. 
0, X, y, z 
X, 0, z, y 
y, z, 0, X 
", y, "', 



= -(a! + y + «)(y + s-»)(0 + a;-2,)(a + y-«). 

Ex. 16, a, X, \, \, &c. 

X, 6, X, \, &o. 

X, X, 0, X, &c. 

X, X, X, d, &c. 
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where all the constituents are equal except those in the principal diagonal, is 
(X) — \ -jjr ; where ^ (X) is the continued product {a - X) (S - X), &c. 

Ex. 16. Let « "be a homogeneous function of the «"" order in any number of 
variables; and let «„ v^, t%, &o. denote its differential coeficients with regard to 
the variables a„ x^, x^, &c.; and, in like manner, let Mh, m^, m,3 denote the diffe- 
rential coefioients of «i, &c. Then, by Enler's theorem of homogeneous functions, 
we have 

»M = Mja;, + Mja^ + ti^x, + rfec, (ra — 1) m, = XiM,i + a^^ij + X3«,3 + &c., &c. 

We shall hereafter speak at length of the determinant (called the Hessian) 
formed with the second differential coeficients, whose rows are -«,„ Mu, 1/13, &o. ; 
Mj„ Mj2> ■''231 ^<^'i iSsc. At present our object is to show how to reduce a class of 
determinants of frequent occurrence, viz. those which are formed hy hordering the 
matrix of the Hessian, either with the first differential coefficients, or with other 
quantities, as for example" 

"ll! ■'*12> «13> «i> «i 

"Zll ^2t "231 "2! «2 

%1) '^'SZJ '''33> ^37 "3 

«1, 1*2, M3, 0, 

«1> "Z) "si ''l " 

In this example we only take three variables, but the processes which we shaU 
employ are applicable to the case of any nmnber of variables. In this example the 
determinant formed by the first three rows and columns is the Hessian which we 
shall call H. We shall denote the determinant written above by the abbreviation 

( " " ) , while we use ( ) , ( " J , ( " ) to denote the determinants of four rows, formed 

by bordermg the matrix of the Hessian with a single row and column, either both 
«'s or both a's, or one u and the other a. We also write a^x^ + d^^ + a^^ = a. 
If now we multiply the first column of the above written determinant by x^, the 
second by aij, the third by X3, and subtract from n-l times the fourth column, 
the first three terms vanish, the fourth becomes — mu, and the fifth — a. Again, 
multiply the fourth row by n — 1, and subtract in like manner the first, second, and 
third rows multiplied by x^, x^, % respectively, and the first three terms vanish, the 
fourth remains unchanged, and the last becomes — a. Thus then (» — I)'' times the 
determinant originally written is proved to be equal to • 



"in "12) "i3> 



0, 
0, 
0, 

- « (» — 1) I 



■'^21) ^2J ^3» 
'i'sU W32, -^33, 

0, 0, 0, 

«i) <ht «3> 

But now since (Art. 15) a determinant which has only two terms d^, d^ of the fourth 
row, which .do not vanish, is expressible in the form dJO^ + d^D^ ; the above deter- 
minant may be resolved into the sum of two others, and we find that the originally 
given determinant 

\na) » - 1 \a.J (fl - tf 

In like manner it is proved that Q - - ^^ZTi ^'"- ^' again, if there be four 
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variables, and if the matrix of the Hessian be triply bordered, we prove in the 
same way that 

When a is of the second degree, it is to be noted that, in the case of three variables, 

(°) expresses the condition that the line a should touch the conic u; and („a) 

expresses the condition that the intersection of the lines a, j3 should be on the conic. 

In like manner for four variables f J , (" o) i (" g ^) respectively are the conditions 

that a plane should touch, that the intersection of two planes should touch, and that 
the intersection of three planes should be on the quadrio «. The equation then 

( " ^J = expresses that the polar plane of a point passes through one or other 

of the two points where the line a;8 meets the quadric, But points having this 
property lie only on the tangent planes at these two points. The transformation 

therefore that we have given f or ( „ j expresses the equation of the tangent planes 

at the points where aj3 meets the quadrio, and the transformation for ( J gives the 
equation of the tangent cone where a meets the quadric. 



LESSON III. 

MULTrPLlOATION OF DETERMINANTS. 

22. We shall In this lesson show that the product of two 
determinants may be expressed as a determinant. 

The product of two determinants is the determinant whose con- 
stituent9 are the sums of the products of the constituents in any row 
of one hy the corresponding constituents in any row of the other. 

For example, the product of the determinants {afi^c^ and 

«i«i + Ml f c,7„ a,«, + \$^ + crf^, a^ct, + h^ + 0,7, 
«»«. + K^, + c^T.) a-^a^ + Ma + c,7„ a^a, + h^^ + cj, 
"A + Ml + W.J «A -I- Ms + CaV,, a,a, + h^, + cj. 
The proofs which we shall give for this particular case will 
apply equally in general. Since the constituents of the deter- 
minant just written are each the sum of three terms, the de- 
terminant can (by Art. 19) be resolved into the sum of the 27 
determinants, obtained by taking any one partial column of the 
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first, second, and third column. We need not write down the 
whole 27, but give two or three specimen terms : 



«,«.. 



«,«,. 



+ 



«iai7 Ci78, 'bA 
«««!? c,7„ 6A 

«B«1) "sT,, ^b/^s 



+ &C. 



«iau ^/8„ c,73 
«A5 &Aj c,7. 

Now it will be observed that In all these determinants every 
column has a common factor, which (Art. 15) may be taken out 
as a multiplier of the entire determinant. The specimen terms 
already given may therefore be written In the form 



«3J «S) 



+ «A73 



a„ &„ c, 




«i> c„ &, 


«2J K % 


+ «.7A 


%1 Ca, ^s, 


S) Ki % 




«3J Ca, \ 



But the first of these determinants vanishes, since two columns 
are the same ; the second is the determinant [afi^c^ ; and the 
third (Art. 13) is = — {afi^o^- In like manner, every other 
partial determinant will vanish which has two columns the 
same ; and it will be found that every determinant which does 
not vanish will be {afi^c^), while the factors which multiply it 
will be the elements of the determinant {c^^^ys)- 

It would have been equally possible to break up the deter- 
minant into a series of terms, every one of which would have 
been the determinant {oii^,%) multiplied by one of the elements 
of (^iVs)- 

23. On account of the Importance of this theorem, we give 
another proof, founded on our first definition of a determinant. 

The determinant which we examined In the last Article is 
the result of elimination between the equations 

(aA+&,/9,+ c,7>+ (a.a,+ &,/3^+c,7,)2^H- (ajaj+5,;S,+ c,7,)3 = 0, 

(a,a,+ h.A+ c^y,)x+ (a^a^+ 5,/3,+ c^y^)y + (a,a,+ 1^+ c./y,) a = 0, 

Now if we write 
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the three preceding equatlona may be -written 

a,X+b,Y+c,Z=0, 

from which eliminating X, Y, Z, we see at once that {aj)js^ 
must be a factor In the result. But also a system of values of 
X, y, e can be found to satisfy the three given equations, provided 
that a system can be found to satisfy simultaneously the equa- 
tions X=0, F=0, Z=Q. Hence {afys) = 0, which Is the 
condition that the latter should be possible, is also a factor in the 
result. And since we can see without difficulty that the degree 
of the result in the coefficients is exactly the same as that of the 
product of these quantities, the result is {afi^c^ {"^1^1%)' 

It appears from the present Article that the theorem con- 
cerning the multiplication of determinants can be expressed in 
the following form, In which we shall frequently employ It: 
If a system of equations 

a,X+ \ Y+ c,Z= 0, «,X+ \Y^ c^Z= 0, a,X+ \ F+ c,Z= 

he transformed hy the substitutions 

X=a,x + a.^ + a^z, Y= ^^x + ^^ + ^^z, '2'= 7,3; + y^y + Y,^, 

then the determinant of the transformed system will he equal to 
(afijs^) the determinant of the original system, multiplied by 
(aj/3jj7j), which we shall call ike modulus of transformxtticm. 






24. The theorems of the last Articles may be extended as 
follows : We might have two sets of constituents, the number 
of rows being different from the number of columns; for 
example 

%■> K't 7, 

and from these we could form, in the same manner as in the last 
Articles, the determinant 

«A + ^/32 + c,7a, «A + &A + c..7s 
whose valme we purpose to Investigate. 
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Now, first, let the number of columns be greater than the 
number of rows, as in the example just written ; so that each 
constituent of the new determinant is the sum of a number of 
terms greater than the number of rows : then proceeding as in 
Art. 22, the value of the determinant is 



«i«i) «A 



+ 



+ &C. 



That is to say, the new determinant is the sum of the pi'oducfs of 
every possible determinant which can he formed out of the one set 
of constituents ly the corresponding determinant formed out of the 
other set of constituents. 

25. But in the second place, let the number of rows exceed 
the number of columns. Thus, from the two sets of con- 
stituents. 



«i) K 




«!> A 


«2) h 




a., /3. 


«a) h 




"sJ i^s 



let us form the determinant 

O'^^^ + iA-, <^A + h^,^ V, + K^2 

Then when we proceed to break this up into partial determinants 
in the manner already explained, it will be found impossible to 
form any partial determinant which shall not have two columns 
the same. The determinant therefore will vanish identically. Or 
this may be seen immediately by adding a column of cyphers to 
each matrix and then multiplying ; when we get the determinant 
last written as the product of two factors each equal cypher. 

26. A useful particular case of Art. 22 is, that the square of 
a determinant is a symmetrical determinant (see Art. 10). Thus 
the square of {aj>^c^) is 

«,' + K + <% «A + ^h + <^Ai «i«3 + ^i^s + "^A 
«,a, + W + c.c^j < + V + &,', ^A \ Kh + Vs 
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Again, it appears by Art. 24 that the sum of the squares of the 
determinants (0,65)' + (JjCj' + {cflj' is the determinant 

^A+Ma + c.c^i < + K+< 
Ex. 1. If ffli, i„ c, ; Oa ftj, Cj be the direotion-cosinea of two lines in space, and 6 
their inclination to each other, cos 6 = 0,02 + ftiSj + CjCj ; and the identity last proved 
gives sin'e = {ayb,)' + {b^c^y + {cfy)\ 

Ex. 2. In the theory of equations it it important to express the product of the 
squares of the differences of the roots; now the product of the difEerences of n 
quantities has been expressed as a determinant (Ex. 6, p. 13), and if we form the 
square of this determinant we obtain 

^11 ^21 *3 ■'■ ^n 
$2) Sg, S^ ... Stt+i 





*0) ^1 




S„ Sj 


S„ S„ Jfj 




Si, «2, S3 


= S(a 


Sj, S„ », 





where Sp denotes the sum of the^'" powers of the quantities a, (3, &e. 
Ex. 3. In like manner it is proved by Art. 24 that the determinant 

= 2(a-^)S 

We thus form a series of determinants, the last of which is the product of the 
squares of the differences of a, /3, &D. ; all similar determinants beyond this vanish- 
ing identically by Art. 25. This series of determinants is of great importance in the 
theory of algebraic equations. 

Ex. 4. Let the origin be taken at the centre of the circle ciroumsoribing a triangle, 
whose radius is E ; and let M be the area of the triangle, then 



2JI/iJ = 



Multiply these determinants according to the rule, and the first term k'^ + y'' — R' 
vanishes ; the second x'x" + t/Y' -JP = -i {{x' - x'y + (j' - j/")^} = - \c^, where 
c is a side of the triangle. Hence then 



X', y', R 






x; 


y', 


-R 


x", f, R 


and 


-1MR = 


x", 


y", 


-R 


a!", f% R 






<^" 


r, 


-R 



- iM'R' = -i 



0, 


"'', 


b' 


c\ 


0, 


a? 


b\ 


a? 






= - ia'b'c^ 



abc 



whence R = Tr/as is well known. 
4M 

Ex. 5. The same process may be used to find an expression for the radius of the 
sphere circumscribing a tetrahedron. Starting with the expression for the volume 
of the tetrahedron 

x', y', z', 1 

6F= ^ ' ^ ' * * ^ 

X'", r, '•", 1 

^"; f", z"", 1 
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We find, as before, if o, d; 6, e ; c,/are pairs of opposite edges of the tetrahedron 

0, c\ b\ d? 

whence hi ad + ie + of^lS; hy Ex. 13, p. 14 we find 

36iJ2F2 = 8{8-ai){S- he) {8-cf). 

. Ex. 6. The ahove proofs by Mr. Bumside were SHggested by the following proof 
by Joachimsthal of an expression for the area of a triangle inscribed in an ettipse. 
Multiply the equations 



2M_ 
ab 



ffl' 


t 


1 


a ' 


h 




£ 


y" 


1 


a 


b 


x'" 


r 


. 1 


a 


b 


r •* 



ab 



b' 
b' 



-1 



-1 



And the product is a symmetrioal determinant, of which the leading terms, such as 
— + Tj — 1, vanish when the points x'y', x^y"^, x"'yt" are an. the curve, whUe the 
other terms are — ^ + ^ - 1,. &e. Now it cam easily be proved that if y be a 
side of the triangle and b"' the parallel semi-diameter 

Thus we have 



- 4 ^^^— —- 
am 



1/2 


i"2 


^- 


a" 

i'2 


J"2> J«2l 






' 4i'26*'2J"'2 * 



Ex. 7. The following in vestigatibn of the relation eonneeting the mutual distances 
.of four points on a circle (or five poiuts on a sphere) is given by Mr. Cayley {Caim- 
bridge and DvMm Mathematical Journal, Vol. li., p. 270). 

Substitute the co-ordinates of each point in the general equation of a circle 
a;2 + j,«_ 2Ax - 2By + C= 0, 
and eliminate AfB, C; when we get a determinant with four rows such as 

a^^ + y"^, -2x', -2/, L 
Multiply this by the determiflant (which only differs by a numerical factor from the 
preceding) whose four rows are such as 1^ x", y', x"^ + y'' ; and the first term of the 
product determinant vanishes, the second being (a;' — a;")^ -|- {if — y"Y. If then the. 
square of the distance between two of the points be (12)', the product determinant ia 
0, (12)2, (i3)z_ (14)2 
(21)'^, 0, (2a)2, (24)2^ 
(31)S (32)2, 0, (34)2 
(il)2, (42)2, (43)2, =0, 

which Is the relation required. As has been ajieady'seeri, this determihaiit expanded 
gives the weU-known relation (12) (34) + (13) (24) + (14) (23) = 0. The relation 
connecting five points on a sphere is the corresponding determinant with five rows. 
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Ex. 8. To find a relation connecting the mutual distances of three points on a line, 
four porats on a plane, or five points in space. We prefix a unit and cyphers to the 
two determinants which we multiplied in the last example, thus 



0, 



0, 0, 0, 1 

1, x', y', x'2 + 2/'2 



= 0, 



1, 0, 

x" + y'2, _ 2x', 

&c. 

We have now got five rows and only four columns, therefore the product formed as 
in Art. 25, will vanish identically. But this is the determinant 

0, 1, 1, 1, 1 

1, 0, (12)^ (13)^ (14)'= 
1, (21)^ 0, (23)^ (24)2 
1, (31)2, (32)2, 0, (34)2 
1, (41)^ (42)2, (43)', 

which is the relation required. If we erase the outside row and column we have the 
relation connecting three points on a line ; and if we add another row 1, (61)2, (52)2, &e., 
we get the relation connecting the mutual distances of five points in space. We 
might proceed to calculate these determinants by subtracting the second column from 
each of these succeeding, and then the first row from those succeeding, when we get 
2(12)2, (12)2 + (13)2 - (23)2, (12)2 + (14)2 -(24)2 

(12)2 + (13)2 -(23)2, 2(13)«, (13)2 + (14)2 -(34)2 

(12)2 +(14)2 -(24)2, (13)2 +(14)2 -(34)2, 2(14)2 

Now the determinants might have been obtained directly in this reduced but un- 
symmetrical form by taking the origin at the point (1), and forming, as in Art. 25, 
with the constituents a^y', x";/", &c., the determinant which vamshes identically, 
x'2 + s'2, x'x" + y'y", x'x"' + y'i/" 

OS V + nY, a:"2 + y"', x"x"' + jf'y" 

a;V" + 2/'2("', x"x"' + y'Y', ^"' + y"'' 
which it will readily be seen is equivalent to that last written. 

Ex. 9. To find the relation connecting the arcs which join four points on a sphere. 
Taie the origin at the centre of the sphere, and form with the direction-cosines of 
the radii vectores to each point, cos a', cos/3', cosy'; cos a", &c. a determinant which 
vamshes identically, and it will be 

1, cosoS, cosoc, COBod 
cosSa, 1, ooabc, coabd 
cosca, coaeb, 1, cosed 
coB<^, COB db, made, 1 



:0. 



If we substitute for each cosine, cosoJ, 1 — 



{aby 



„ 2 + &c., and then suppose r the radius 

of the sphere to be infinite, we derive from the determinant of this article, that of 
the last article connecting four points on a plane. 

a-X, h, g, 

Ex.10. If 0(\)= A, b-\, f, 

9, f, e-\ 

terminant is one of like form with X2 instead of X, the first line being A — \2, 
H, G, &c., where 

A = aJ' + ¥ + g', B = b'+f' + h', C=c' + g'+f, 

F=gh+/(b + c), G = hf+g{c + a), H=fg + h(a + b), 



, calculate <t>(\).<t>(-\). The deter- 
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and the expanded determinant equated to cypher gives X" — LX* + MV — iV = 0, where 
L = a2+ 62 + c'^ + 2(/2 + 5" + A2)^ 
M= (Jo -f^f + {ca - fY + [aJ, - K^Y + 2 {af- glY + 2 (Jp- - If)^ + 2 [ch -fgY, 

and N is the square of the original determinant with \ in it = ; i, J/, iV are then 
all essentially positiTe quantities. In hke manner it <j> (X) be formed similarly from 
any symmetrical determinant, <i> (X) (jb (— X) equated to nothing, gives an equation for 
X^, whose signs are alternately positive and negative, which therefore by Des Cartes's 
rule cannot have a negative root The above constitutes Mr. Sylvester's proof that 
the roots of the equation (X) = are all real. It is evident, from what has been 
just said, that no root can be of the form /3 J(— 1), and in order to see that no root 
can be of the form a + ^ J(— 1), it is only necessary to vrate a — a = a', b — a = V, 
o — a=.c' when the case ia reduced to the preceding. 



LESSON IV. 

MINOR AOT) RBCIPKOCAL DETERMINANTS. 

27. We have seen (Art. 16) that the minors of any deter- 
minant are connected with the corresponding constituents by 

the relation 

Ml + «A + «3A + &c. = A, 

and these minors are connected with the other constituents by 

the identical relations 

\A, + \A^ + \A^ + &c. = 0, 
c,^, + Cj^., + 0,^5 -I- &c. = 0, &c. 

For since the determinant is equal to a^A^-^a^^+&(i.^ and since 
j4„ A^^ &c., do not contain o^, a^, &c., therefore h^A^+h^A,^-\-&c.^ 
is what the determinant would become if we were to make in it 
aj = 5j, a^ = i^t &c.; but the determinant would then have two 
columns identical, and would therefore vanish (Art. 14). 

28. We can now briefly write the solution of a system of 

equations 

a^x + h^y + CjS + &c. = f , 

a^ + i^ + CjS -1- &c. = 77, 

«8a; + % + CjS + &c. = ?; &c., 
for, multiply the first by ^„ the second by A^^ &c., and add, and 
the coefficients of y, 2, &c., will vanish identically, while the 
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coeflScient of x will be a^A^ + a^A^ + &c., -which is the deter- 
minant formed out of the coefficients on the left-hand side of 
the equation, which we shall call A. Thus we get 
Ax = ^,? + A^Tj + A^^+ &c., 

Az = (7,f + C^r, + C^^ + &c., &c. 

29. The reciprocal of a given determinant is the determinant 
whose constituents are the minors corresponding to each con- 
stituent of the given one. Thus the reciprocal of [afi^c^] is 

A, A, G. 

A, s,, G, 
A, A, 0, . 

where A^^ B^, &c., have the meaning already explained. If we 
call this reciprocal A', and multiply it by the original deter- 
minant A, by the rule of Art. 22 we get 

«A + ^A + c.O,, a^A^ + b,B^ + c^G,, a^A^ + \B^-^ c^C^ 
«.^2 + K^. + c. C„ a^A^ + \B^ + c, (7„ a^A^ + \B^ + c, C, 
«A + ^^8 + «iC'a, %A + KB, + c^C,, a^A^ + \B^ + c^G^ 

But (Art. 27) a,^, + 5,5, + c, C, = A, a^A^ + 6.5, ^-0^^ = 0, &c. 

This determinant, therefore, reduces to 



= A' 



Hence [a},f^){A^B^C,) = {a,\c^y', therefore {A^B^G,) = {a^\c^)\ 
And in general, A'A = A" ; therefore A' = A""\ 

30. If we take the second system of equations in Art. 28, 
and solve these back again for |, tj, &c., in terms of Aa;, Ay, &c., 
we get 

A'^ = a, Aa; + b,A?/ + c, Aa + &c., 

where a„ b„ c, are the minors of the reciprocal determinant. 
But these values for ^, t;, ?, &c. must be identical with the ex- 
pressions originally given; hence remembering that A' = A""', 
we get, by comjiarison of coefficients. 



^, 


0, 





0, 


A, 





0, 


0, 


A 



a, = A-V, 



b^^A'-J,, c,^A-c„&c., 
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which express, In terms of the original coefficients, the first 
minors of the reciprocal determinant. 

31. We have seen that, considering any one column a of a 
determinant, every element contains as a factor a constituent 
from that column, and therefore the determinant can be written 
in the form Sa^^y. In like manner, considering any two 
columns a, 6 of the determinant, it can be written in the form 
'2 [afig) Ajiij^ where the sum 2 (aySj) is intended to express all 
possible determinants which can be formed by taking two rows 
of the given two columns. 

For every element of the determinant contains as factors, a 
constituent from the column a, and another from the column h ; 
and any term aJbgC^d^^ &c., must, by the rule of signs, be accom- 
panied by another, — a^h^c^d^^ &c. Hence we see that the form 
of the determinant is 2 (a,6j) A^ , ; and, by the same reasoning as 
in Art. 16, we see that the multiplier Ap , is the minor formed by 
omitting the two rows and columns In which a^, hg occur. 

In like manner, considering any p columns of the deter- 
minant, it can be expressed as the sum of all possible deter- 
minants that can be formed by taking any p rows of the selected 
columns, and multiplying the minor formed with them, by the 
complemental minor ; that is to say, the minor formed by erasing 
these rows and columns. For example, 

= («.5J Ma) - («t^3) Ma) + («.^) («A«6) - («i^5) Ma) 
- [^A) {Ci<?a) + («A) (c.^a)- 

The sign of each term in the above is determined without diffi- 
culty by the rule of signs (Art. 8). 

It Is evident, as in Art. 27, that if we write in the above a 
c for every I, the sum S [afi^ [%^4^^ ma^X vanish identically, 
since it is what the determinant would become if the c column 
were equal to the i column. 

» 

32. The theorem of Art. 30 may be extended as follows : 
Any minor of the order p which can he formed out of the inverse 
constituents -4„ 5,, cfcc, is equal to the complementary of the cor- 

E 
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responding minor of the original determinant, multiplied hy the 
{p— 1)'" power of that determinant. 

For example, iu the case where the original determinant is 
of the fifth order, 

{A,B,) = A (cAe,), {A,B^ C,) = A'^ {d,e,\ &c. 

The method in which this is proved in general will be sufficiently 
understood from the proof of the first Example. We have 

Aa; = A^^ + A^r, + AJ;+ A^m + A^v, 

Ay=B^^ + B^v + Bj: + B^w + B^v. 
Therefore 

AB,x - AA^ = [A^B^i ? + (^,5J r+ (^A) « + iAB) V. 
But we can get another expression for x in terms of the same 
five quantities, y, f , f, a>, v. For, consider the original equations, 

f = a^x + 5,2/ + CjS + d^ + e^w, 

f = a,a3 + &,y + Cgg + d^w \ e^u, 

(o = a^x + bJ/ + cji + d^w + e^M, 

v = a^x + \y + c^z ■(- (Z^w + e^u, 

and eliminate a, w, m, when we get 

(«.C3«Z,e> + [\c^d^e^)y = [c^d^e;;^ ^ - [c^d^e^) f + (cXe,) « - M^) t; ; 

and since [a^c^d^e^ is by definition = 5^, comparing these equa- 
tions with those got already, we find {A^B^ = A (c^d^e^), &c. 

Q.E.D. 

Ex. 1. If a determinant vanish, its minors A^, A^, &c. are respectively proportional 
to Bi, B^, &c. For we have just proved that A^B^ — A^B^ = AC, where C is the 
second ' minor obtained by suppressing the first two rows and columns. If then 
A = 0, we have A^ : A^ : : B^ : B„ &c. 

Ex. 2. A particular example of the above, which is of frequent occuiTence, is 
obtained by applying these principles to the determinant considered, Ex. 16, p. 16. We 

thus find, using the notation of that example ( " | f „ ) - ( " ) = A I " „ 1 ; (see Solid 
Geometr!,,v.iS). ^'"'' ^^^ W V PJ " 
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SYMMETRICAL AND SKEW SYMMETRICAL DETERMINANTS. 

33. In this lesson it is convenient to employ the double 
suffix notation, and to write the constituents a^,, a,^) <^°- 5 *^^ 
we therefore begin by expressing in this notation some of the 
results already obtained. We denote the constituents of the 
reciprocal determinant, by a^^, a^^, &c., where, if a,, be any con- 
stituent of the original, a„ is the minor obtained by erasing the 
row and column which contain that constituent. The equations 
of Art. 27 may then be written 

^riKri + ««ari! + '^.As + &c. = A, 
a,ja,,j + a^a^,^ + a^a^^ + &c. = 0, 

or more briefly 2^a„aA, = ^j 2,a„a^,j = ; that is to say, the sum 
of the products a„a,/^ (where we give every value to s from 
1 to n) is = 0, when r and / are different, and = A when r = r. 

Since any constituent a„ enters into the determinant only in 
the first degree, it is obvious that the factor a,.^, which multiplies 
it, is the differential coefficient of the determinant taken with 
respect to a„; similarly, that the second minor (Art. 31) which 
multiplies the product of two constituents a^^, a,^ is the second 
differential coefficient of the determinant taken with respect to 
these two constituents, &c. 

If any of the constituents be functions of any variable x, 
the entire differential of the determinant, with regard to that 

variable, is evidently a„ -j^ + a^^ -j-- + &c. 

Ex. If «!, «i, &0. denote the first differentials of u, v, &c. with respect to x ; «2, v^ 
the second differentials, &c., prove 



dx 


U, V, w 


— 


«, V, w 
Ml, Oi, Wi 


«Z, %, W2 




«3, V^, W, 



The differential is the sum of the nine products of the minor obtairied by suppressing 
each term into the differential of that term, viz. 

But the first three terms denote the result of changing in the given determinant the 
* Portions marked thus may be omitted on a first reading. 
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first row into «,, »„ w„ and therefore vanish; the second three terms vanish as 
denoting the result of changing the second row into %, tfj, w^; and there only 
remain the last thi'ee terms which denote the result of changing the last row into 
■Uj, I),, Wj. The same proof evidently applies to the similar determinant of the 
»'" order formed with n functions. 

34. The determinant Is said to be symmetrical (Art. 10) 
when every two conjugate constituents are equal {a„ = aj. In 
this case It is to be observed that the corresponding minors will 
also be equal (a„ = a„) ; for It easily appears that the deter- 
minant got by suppressing the r"" row and the s'" column, dliFers 
only by an interchange of rows for columns, from that got by 
suppressing the s'" row and the r" column. It appears from 
the last article that if any constituent a„ were given as any 
function of its conjugate a„, the differential coeflScient of the 

determinant, with regard to a„, would be a„ + a„ -j-^ . In the 

present case then where a„ = a ^, a,, = a„, the differential coeffi- 
cient of the determinant, with regard to a„, is 2a^,. The diffe- 
rential coefficient, however, with respect to one of the terms In 
the leading diagonal a^^, remains as before a„, since such a term 
has no conjugate distinct from itself. 

35. If, as before, a^^ denote the first minor of any deter- 
minant answering to any constituent a„, and if /S,.^ denote the 
first minor of the determinant a„ answering to any constituent 
«,,[, which will, of course, be a second minor of the original 
determinant, then this last may be written 

where we are to give i every value except r, and Jc every value 
except s. For any element of the determinant which does not 
contain the constituent a„ must contain some other constituent 
from the r" row and some other from the /" column ; that is to 
say, must contain a product such as a^^a^, where i and k are 
two numbers different from r and s respectively. But as we 
have already seen the aggregate of all the terms which multiply 
«„ is a„; and the coefficient of a^,.a^ (by Art. 31) differs only 
in sign from that of «„%; that is to say, differs only In sign 
from the coefficient of a,^ In a„. Therefore - ^8,.^ is the value 
of the coefficient In question. 
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Thus then if we have calculated a symmetric determinant 
of the n — l'" order, we can see what additional terms occur 
in the determinant of the w™ order. Let A be the determinant, 
D that obtained by suppressing the outside row and column, 
jS„ any minor of the latter, and we have 

where r is supposed to be different from s, and every value is 
to be given to r and s from 1 to n — 1. 

Again, we have occasion often, as at p. 15, to deal with 
determinants such as 

'flD <^12) "■131 \ 

%ii %) "ni \ 

"lil "■iit '''as) \ 



\l \t \ 



obtained by bordering a symmetric determinant horizontally 
and vertically with the same constituents. This is in fact a 
symmetric determinant of the order one higher, the last term 
vanishing, and is 

or generally - S,a„V - 2S„a„\A- 

36. If any symmetric determinant vanishes, the same deter- 
minant bordered as in the last article, is, with sign changed if 
need he, a perfect square, when considered as a function of 
\j, \, Xg, &c. We saw (Art. 32, Ex. 1) that when the deter- 
minant vanishes aj^a^^ = a,/, &c., whence it is evident that 
a,„ ttgj, &c. must have all the same sign, and where we have 
generally a,, = + \/{a„a,). Further, since it was shewn in the 
same example that when a determinant vanishes, the constituents 
in the second row are proportional to those in the first, it follows 
that the signs to be given to the radicals are not all arbi- 
trary. If, for instance, in the above we write a^^ = + V(«iiO> 
Kjg = + '\/(«ii°'s8)> ^^^^ '^^ ^^^ forced to give the positive sign 
also to the square root in 0123 = V(«22°'as)* Substituting then 
these values in the result of the last article, it becomes, if 
aj„ &c. be positive, the negative square, 

- [\ ^K) + \ V(«,J + \ Vi«3a) + &C.}', 
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and if a,„ &c. be negative the determinant is a positive square. 
What has been just proved may be stated a little dliferently. 
We may consider the bordered determinant as the original de- 
terminant ; of which that obtained by suppressing the row and 
column containing \ is a first minor, and a^^ obtained by sup- 
pressing the next outside row and column is a second minor. 
And what we have proved with respect to any symmetrical 
determinant wanting the last term a„„, is that if the first minor 
obtained by erasing the outside row and column vanish, then 
the determinant itself and the second minor, similarly obtained, 
must have opposite signs. And this will be equally true if a„„ 
does not vanish. For in the expansion of the determinant, a^„ 
is multiplied by the first minor, which vanishes by hypothesis, 
and therefore the presence or absence of a„„ does not affect the 
truth of the result. 

37. A sJcew symmetric determinant is one in which every 
term is equal to its conjugate with its sign changed. The 
terms arr in the leading diagonal, being each its own conjugate, 
must in this case vanish ; otherwise each could not be equal to 
itself with sign changed. 

A shew symmetrical determinant of odd degree vanishes. For 
if we multiply each row by — 1 ; in other words, if we change 
the sign of every term, it is easy to see that we get the 
same result as if we were to read the columns of the original 
determinant as rows and vice versa. Thus then, a skew 
symmetrical determinant is not altered when multiplied by 
(—1)"; and therefore when n is odd, such a determinant must 
vanish. 

It is easy to see that the minor a„ differs by the sign of 
every term from the minor a„, and therefore a^^= (— l)"'''a„. 
Hence a„=a„ when n is odd, and is equal with contrary 
sign when n is even. a„ is itself a skew symmetric deter- 
minant and therefore vanishes when the original determinant 
is of even degree. 

The differential coefficient of the determinant, with regard 

to any constituent a„, being a^. + a.^^-^' is a„-a„. When 
therefore n is even it is = 2a and when n is odd it vanishes. 
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38. Every shew symmetrical determinant of evm degree is 
a perfect square. 

We have seen (Art. 35) that any determinant Is 

and In the present case a^^ vanishes, as does also a„,^, which Is 
a skew symmetric of odd degree. On this account therefore 
we have, as In Art. 36, ^J = 0„^,/, and therefore exactly as 
in that article, the determinant is shown to be 

K V(^„) + «« V(^.J + %^ v(/333) + &c.}^ 

The determinant is therefore a perfect square if /S^^, 13^ are 
perfect squares, but these are skew symmetries of the order 
n — 2. Hence the theorem of this article Is true for deter- 
minants of order n If true for those of order n-2, and so on. 
But It Is evidently true for a determinant of the second order 

which Is = a^'. Hence It Is generally true. 



0, «.. 
-a,., 



39. We have seen that the square root of the determinant 
contains one term a^.i,„»/{^^.^ ,.,-1), where /8„_j „_j contains no 
terms with either of the suffixes n~l or n. But taking any 
two of the remaining suffixes, such as n — 3, n — 2, we see that 
V(^„-,,^J contains a term «,.3,„_,\/(7„-3,n-3)) where y^_^^^_^ con-' 
tains no term with any of the four suffixea of which account has 
already been taken. Proceeding In this manner we see that 
the square root will be the sum of a number of terms such 
as «,2«3A6-"'''n-) 11! ^^^^ °^ which is the product of ^n con- 
stituents, and In which no suffix Is repeated twice. The form 
however obtained In the last article a^^ ^/{^u) ± "'a™ '^{^•ii) + ^^• 
does not show what sign is to be affixed to each term. Thus 
if the method of the last article be applied to the skew sym- 
metric of the fourth order, its square root appears to be 
^'''m ± '^13^24 ± ^lAs J ^^^ ^* ^^® ^°^ been shown which signs we 
are to choose. This however will appear from the following 
considerations: If in the given determinant we interchange 
any two suffixes 1,2; since this amounts to a transposition of 
the first and second row, and also of the first and second column, 
the determinant Is not altered. Its square root then must be 



32 SYMMETRICAL AND SKEW SYMMETRICAL DETERMINANTS. 

a function, such that If we interchange any two suffixes it will 
remain unaltered, or at most change sign. But that it will 
change sign is evident on considering any term a^^a^^, &c. 
which, if we interchange the suffixes 1 and 2, becomes a^^a^., 
&c. ; that is to say, changes sign, since a^,, = — a^^. It follows 
then, in the particular example just considered, that the signs 
of the terms are a^^a^ — 0,^3'^^ + OiAs ; for if we give the second 
term a positive sign, the interchange of 2 and 3, which alters 
the sign of the last term would leave the first two unchanged. 
And generally the rule is, that the square root is the sum of 
all possible terms derived from «,2«a4""'''n-i » ^7 interchange of 
the suffixes 2, 3...M, where, as in determinants, we change sign 
with every permutation. 

40. We can reduce to the calculation of skew symmetric 
determinants, the calculation of what Mr. Cay ley calls a skew 
determinant, viz. where, though the conjugate terms are equal 
with opposite signs, a-f. = — a^;, yet the leading terms a,-,-, a^j, &c. 
do not vanish. We shall suppose, for simplicity, that these 
leading terms all have a common value \. We prefix the 
following lemma : If in any determinant we denote by i), the 
result of making all the leading terms =0, by Z>,- what the 
minor corresponding to a,-,- becomes when the leading terms are 
all made =0, by i),.^ what the second minor corresponding to 
'"'iflu becomes when the leading terms vanish, &c.; then the 
given determinant, expanded as far as the leading terms are 
concerned, is 

A =i) + 2a,,Z»,+ Sa,,a,^,.,+...+ a,,a,,...«„„, 
where in the first sum i is given every value from 1 to m, where 
in the second sum «', h are any binary combinations of these 
numbers, &c. 

For the part of the determinant which contains no leading 
term is evidently D. Since the terms which contain a,-,- are 
o,(^,v, where A^ is the corresponding minor, the terms which 
contain a,-,- and no other leading term are got by making the 
leading terms = in ^,.,-, &c. 

41. If this lemma be applied to the case of the skew deter- 
mmant defined in the last article, all the terms D,, 2?„, «S;c. 
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are skew symmetric determinants ; of which, those of odd order 
vanish, while those of even order are perfect squares. The 
term ranajj- ■■«„„, is 't", and the determinant is 
A = \" + X''-'Si), + X"-^2Z)^ + &c., 

where D^^ Z)^, &c. denote skew symmetrical determinants of the 
second, fourth, &c. orders formed from the original in the 
manner explained in the last article. 



Ex. 1. 



A, ^12, ^13 
t/21> A, tigs 
t^Sl) %2J A 



where Oj, = — 0,2, &c. =: A.' + X {a^^ + a^^ + a^. 
Ex. 2. The similar skew determinant of the fourth order expanded is 

\* + X^ (dij" + fflia^ + a^^ + a^ + a^ + a,^) + {ay^a^ + Oi^a^^ + ana,^\ 

42. Mr. Cayley (see Grelle^ Vol. xxxii., p. 119) has applied 
the theory of skew determinants to that of orthogonal substitu- 
tions, of which we shall here give some account. It is known 
(see Solid Geometry, p. 10) that when we transform from one 
set of three rectangular axes to another, if a, 6, c, &c. be the 
direction-cosines of the new axes, we have 

X=ax-\-'by + cz, Y=a'x-\-h'y + c!z, Z=a"x + b"y + c"z; 
that we have X' + Y' + Z' = x' + y' + z% 

whence a" + a" + a" = 1, &c., a6 + a'V + a"b" = 0, &c. ; 
that also we have 

x = aX+o^Y+a!'Z, y = hX ■{■ V Y -^ h" Z, s = cX+c'Y-{ c"Z, 
and that we have the determinant formed by 
a,b,c', a', b\ c' ; &c. = ± 1. 
It is also useful (in studying the theory of rotation for example) 
instead of using nine quantities a, &, c, &c. connected by six 
relations, to express all in terms of three Independent variables. 
Now all this may be generalized as follows: If we have a 
function of any number of variables, it can be transformed by 
a linear substitution by writing 

X = a^,X+ a,, F+ a,^Z+ &c., y = %X+ a,, Y+ a^^Z+ &c., &c., 
and the substitution is called orthogonal If we have 
x' -{■ f + z' + &c. = X' +Y'' + Z-'+ &c., 
which implies the equations 

«u' + «2i' + &c. = 1 , a^.r,^.^ + a,^fl^, + &c. = 0, &c. 

F 
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Thus the n' quantities a,„ &c. are connected by ^n (w + 1) re- 
lations and there are only ^n{n—l) of them independent. 
We have then conversely 

X= a^^x + a^jj + a^^z + &c., F= a^^x + a^,^ + a^^z + &c., &c., 

equations •which are immediately verified by substituting on the 
right-hand side of the equations for x, y^ z, &c. their values. 
And hence, the equation X^+Y'' + &c. = x' + i/' + &c. gives us 
the new system of relations 

^u" + «i/ + &c- = h «.Ai + «,A2 + &c. = 0. 
Lastly, forming by the ordinary rule for multiplication of 
determinants, the square of 4he determinant formed with the 
w' quantities rt^^, &c., every term of the square vanishes except 
the leading terms which are all = 1 . The value of the square 
is therefore = 1. Thus the theorems which we know to be 
true in the case of determinants of the third order are gene- 
rally true, and it only remains to show how to express the w" 
quantities in terms of ^n (w — 1) independent quantities. 

43, Let us suppose that we have a skew determinant of the 
(»-!)" order, \^, 5,^, &c. where h-^ = - 6^., and \, = 6,, = 6,.,. = 1; 
and let us suppose that we form with these constituents two 
different sets of linear substitutions, viz. 

^ = K^ + KV + K^+ &c., X= ij + \,v + hj+ &c., 

y = K^ + Kv + hj+ &c., r= bj + b,^v + bj+ &c., 

^ = K^ + K.V + hj+ &o., Z= hj + h^r, + hj+ &c., 

from adding which equations we have, in virtue of the given 
relations between J^^, h^^^ &c., 

a; + JS:= 2^, y+Y= 2r], &c. 

If now the first set of equations be solved for ^, rj, &c. in terms 
of 33, y, &c., we find, by Art. 28, 

A| = /3„a- + /3,,2/ + ^„z + &c., Av = ^,,x + ^^ + &c., 

(where y8,„ yS,^, &c. are minors of the determinant in question ;) 
and putting for 2f, a;+ X, &c., these equations give 
AX= {2/3„ - A) a. + 2/3,,y + 2^83,^ + &c., 
A r= 2^,,.-r + (2^^,, - A) jr + 2^3,z + &c., &c., 
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which express X, Y, &c. in terms .of x, y, &c. But if we had 
solved from the second set of equations ^, 17, &c. in terms of 
X and F, we should have got 

Af = ^,,X+ ^., Y+ /3,3Z+ &c., A^ = ^,,X+ /?,, Y+ ^^Z+ &c., 

whence, as before, 

Ax = (2/3„ - A) X+ 2^8^, F+ 2/3,,^+ &c., 
Ai/ = 2/3,,Z+ (2^,^ - A) r+ 2^,3^+ &c. 

Thus, then, if we write 



2^n-A. 



2/3,,- A. 






Wi, 



= a.i 



A "' A "'A '" A 

we have a?, y, &c. connected with X, F, &c. by the relations 

a! = a„X+a,2F+&c., ?/ = a2jX+a22^+&c., &c., 

Z= a^^x 4- a^i^/ + &c., F= oSj^a; + a^^y 4- &c., &c. 

We have then a;, «/, &c., X, F, &c. connected by an orthogonal 
substitution, for if we substitute in the value of a;, the values 
of X, F, &c. given by the second set of equations, in order that 
our results may be consistent, we must have 

«n'' + «i2' + <^J + &c, = 1 , a„a,, + «„«,, + a,3ffl,3 + &c. = 0, &c., 
Thus then we have seen that taking arbitrarily the \n[n — \) 
quantities, Sj^j ^la? &c., we are able to express in terms of these 
the coefficients of a general orthogonal transformation of the 
w'" order. 



Ex. 1. To form an orthogonal transformation of the second order. Write 

I - \, 1 I = 1 + X2, 
then ft, = /S-H = 1, /3,2 = X, /Su, = - X, and our transformation is 

{\ + V)x =(l-X'i)X+2\r, (1 + X2)2, =-i\X+{l-V)Y, 

(1 + X2) X= (1 -\^x - "iXy, (1 + X!i) r= 2Xa! + (1 - X^) y. 

Ex. 2. To form an orthogonal transformation of the third order. Write 



A = 



M. 



1, \ 
-X, 1 



■.X + X^ + li^ + vK 



Then the constituents of the reciprocal system are 

1 + X', v + \fi, —n + Xv 

- V + X/i, i + />■', X + fiv 

fi + \i/, — X + fiv, 1 + v^ 
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consequently the coefficients of the orthogonal substitution hence derived are 
l+X'-fi'-u', 2(i< + Xrt> 2(\i;-ju), 

2 (V - "). 1 + m' - X» - v', 2 (/*» + X), 
2 (Xj/ + rt, 2 (/lu - X), 1 + i/« - X« - /x', 

where each term is to be divided by 1 + X'' + (<? + i/'.* 



♦LESSON VL 

SYMMETRICAL DETERMINAiJTS. 

44. If -we add the quantity X to each of the leading terms 
of a symmetrical determinant, and equate the result to 0, we 
have an equation of considerable importance in analysis.f We 
have already given one proof (Mr. Sylvester's) that the roots 
of this equation are all real (Ex. 10, p. 22), and we purpose In 
this Lesson to give another proof by M. Borchardt (see Liouville, 
Vol. XII., p. 50) chiefly because the principles involved in this 
proof are worth knowing for their own sakes. First, however, 
we may remark that a simple proof may be obtained by the 
application of a principle proved in Art. 36. Take the de- 
terminant 

;„ + X, «!„ a,rt &c. 

&c. 

and form from it a minor, as in Art. 36, by erasing the outside 
line and column: form from this again another minor by the 

* The geometric meaning of these coefficients may be stated as follows : Write 
\ = a tan J9, fi = b tan JO, v = c tan J9, then the new axes may be derived from the 
old by rotating the system through an angle 6 round an axis whose direction-cosines 
are a, b, c. The theory of orthogonal substitutions was fest investigated by Buler, 
(Nov. Comm. Petrop., Vol. xv., p. 75, and Vol. XX., p. 217) who gave formulae for the 
transformation as far as the fourth order. The quantities X, /i, v, m the case of the 
third order, were introduced by Eodrignes, Limville, Vol. v., p. 405. The general 
theory, explained above, connecting linear transformations with skew determinants 
was given by Cayley, Crelle, Vol. xxxil., p. 119. 

t It occurs in the determination of the secular inequalities of the planets (see 
Laplace, Mecanique Celeste, Part r., Book ii., Art. 56). 
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same rule, and so on. We shall thus have a series of functions 
of A, whose degrees regularly diminish from the n'" to the 1°' ; 
and we may take any positive constant to complete the series. 
Now, if we substitute successively in this series any two values 
of \, and count in each case the variations of sign as in Sturm's 
theorem, it is easy to see that the diiference in the number of 
variations cannot exceed the number of roots of the equation 
of the w* degree which lie between the two assumed values 
of X. This appears at once from what was proved in Art. 36, 
that if X be taken so as to make any of these minors vanish, 
the two adjacent functions in the series will have opposite signs. 
It follows, then, precisely as in the proof of Sturm's theorem, 
that if we diminish \ regularly from +00 to — oo , then as X 
passes through a root of any of these minors, the number of 
variations in the series will not be affected ; and that a change 
in the number of variations can only take place when X passes 
through a root of the first equation, namely, that in which X 
enters in the n'" degree. The total number of variations, there- 
fore, cannot exceed the number of real roots of this equation. 

But obviously, in all these functions the sign of the highest 
power of X is positive ; hence, when we substitute + 00 , we get 
no variation ; when we substitute — 00 , the terms become alter- 
nately positive and negative, and we get n variations; the 
equation we are discussing must, therefore, have n real roots. 
It is easy to see, in like manner, that the roots of every one of 
the series of functions are all real, and that the roots of each 
are interposed as limits between the roots of the function next 
above it in the series. 

45. It will be perceived that in the preceding Article we 
have substituted, for the functions of Sturm's theorem, another 
series of functions possessing the same fundamental property, 
viz. that when one. vanishes, the two adjacent have opposite 
signs. M. Boi'chardt's proof, however, which we now proceed 
to give, depends on a direct application of Sturm's theorem. 

The first principle which it will be necessary to use Is a 
theorem given by Mr. Sylvester [Philosophical Magazine, De- 
cember, 1839), that the several functions in Sturm's series, 
expressed in terms of the roots of the given equation, difi"er 
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only by positive square multipliers from the following. The 
first two (namely, the function itself, and its derived) are of 
course, (a!-a) (£c-/8) (a;-7), &c., ■2{x-fi){x-'y),&c.; and 
the remaining ones are 

2(a-/8)'(a!-7)(a;-S),&c.; 2(a-/3)"(^-7)=(7-a)'(«'-S),&c.,&c., 
where we take the product of any k factors of the given equa- 
tion, and multiplying by the product of the squares of the diffe- 
rences of all the roots not contained in these factors, form the 
corresponding symmetric function. We commence by proving 
this theorem.* 

46. In the first place, let U be the function, V its first 
derived, B^, B^, &c. the series of Sturm's remainders : then it is 
easy to see that any one of them can be expressed in the form 
AV- BU. For, from the fundamental equations 

Z7= Q^ V- i?„ F= Q,B^ - R,, i?, = Q,B, - B„ &c., 
we have 
B^ = Q,V-U, 

and so on. We have then in generalf B/i = AV—BU, where, 
since all the Q^s are of the first degree in x, it is easy to see that 
A is of the degree Jc — 1, and B of the degree k — 2, while B^ 
is of the degree n — k. 



* I suppose that Mr. Sylvester must have originally diviued the form of these 
functions from the characteristic property of Sturm's functions, viz. that if the 
equation has two equal roots a = /3, every one of them must become divisible by 
X — a. Consequently, if we express any one of these functions as the sum of a 
number of products (x — a) {x — /3), &c., every product which does not include 
either x — a or a; — /3 must be divisible by (a — /3)2 ; and it is evident in this way 
that the theorem ought to be true. The method of verification here employed does 
not differ essetitially from Sturm's proof, Liomille, Vol. vii., p. 356. 

t The theory of continued fractions which, we are virtually applying here shows 
that if we have Sk = AtV-Bi:U, Rk+i = AuiV — Bui^^, then ^jBiti - -^i+iBj ^ 
constant and =1. In fact, since Rhti = QhSt — Rtc-i, we have 
^i+i = QkAt - Aic-i, Bjcn = QjeBu — Bk-i, 
whence AtBim — Aht^Bit — At-yBn — AtBu-j, 

and by taking the values in the first two equations above, namely, whore * = 2, 
and k = 3, we see that the constant value = 1. 
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But now this property would suffice to determine i?^, i?^, &c. 
directly. Thus, if in the equation B^ = Q^ V- U we assume 
Q^ — ax + 5, where a and b are unknown constants, the condition 
that the coefficients of the two highest powers of x on the right- 
hand side of the equation must vanish (since R^ is only of the 
degree w — 2) is sufficient to determine a and h. And so in 
general, if in the function AV—BU we write for A the most 
genera] function of the k — 1"' degree containing k constants, 
and for B the most general function of the k — 2'"J degree, con- 
taining ^ — 1 constants, we appear to have in all 2^ — 1 constants 
at our disposal, and have in reality one less, since one of the 
coefficients may by division be made = 1.* We have then just 
constants enough to be able to make the first 2k — 2 terms of 
the equation vanish, or to reduce it from the degree n + k — 2 
to the degree n — k. The problem, then, to form a function of 
the degree n-k^ and expressible in the form AV—BU, where 
A and B are of the degrees ^— 1, k — 2, is perfectly definite, 
and admits but of one solution. If, then, we have ascertained 
that any function B/^ is expressible in the form AV—BU, where 
A and B are of the right degree, we can infer that i?^ must be 
identical with the corresponding Sturm's remainder, or at least 
only difi'er from it by a constant multiplier. It is in this way 
that we shall identify with Sturm's remainders the expressions 
in terms of the roots. Art. 45. 

47. Let us now, to fix the ideas, take any one of these 
functions, suppose 

2 (a - ^y (/8 - 7)'' (7 - oif [x - B) {x - s), &c., 

and we shall prove that it is of the form AV—BU, where in 
the example chosen A is to be of the second degree, and B of 
the first in x. Now we can immediately see what we are to 
assume for the form of A, by making as = a on both sides of the 
equation. The right-hand side of the equation will then be- 
come J. (a - ,S) (a — 7) (a — S) (a — e), &c. since U vanishes ; and 
the left-hand side will become 

S (g - ^r [^ - 7)'^ (7 - o-Y (« - g) (« - s)> &c- 

* Just as the six ooustants ia the most general equation of a conic are only- 
equivalent to five independent constants, and only enable us to make the curve 
satisfy five conditions. 



40 SYMMETRICAL DETERMINANTS. 

It follows, then, that the supposition x = a. must reduce A to the 
form 2 (/3- 7)'^ (a- /3) (a -7), and it is at once suggested that 
we ought to take for A the symmetric function 

S(/3-7)^(a,-^)(a;-7). 

And in like manner, in the general case, we are to take for A 
the symmetric function of the product of ^ — 1 factors of the 
original equation multiplied by the product of the squares of the 
differences of all the roots which enter into these factors. It 
will not be necessary to our purpose actually to determine the 
coefficients in B, which we shall therefore write down in its 
most general form. Let us then write down 

S (a - /3)' (/3 - 7)'^ (7 - a)'' (a; - S), &c. = 2 (a - /S)" (a; - a) (a; - ;8) 

X S (a; — )S) (a; — 7), &c. + {ax +'b)[x — a) {x — /3), &c., 

which we are to prove is an identical equation. Now, since an 
equation of the j>"^ degree can only have p roots, if such an 
equation is satisfied by more than p values of x, it must be an 
identical equation, or one in which the coefficients of the several 
powers of x separately vanish. But the equation we have 
written down is satisfied for each of the n values x=a, a;=/S, &c., 
no matter what the values of a and b may 'be. And if we sub- 
stitute any other two values of x, then, by solving for a and S 
from the equations so obtained, we can determine a and b so 
that the equation may be satisfied for these two values. It is, 
therefore, satisfied for « + 2 values of a;, and since it is only an 
equation of the n + 1°' degree, it must be an identical equation. 
And the corresponding equation in general, which is of the 
n + k—1 degree, is satisfied immediately for any of the n values 
a; = 0, &c. ; while B being of the k—l degree we can determine 
the k constants which occur in its general expression, so that 
the equation may be satisfied for k other values ; the equation 
is, therefore, an identical equation. 

48. We have now proved that the functions written in 
Art. 45 being of the form AV—BU are either identical with 
Sturm's remamders, or only differ from them by constant factors. 
It remains to find out the value of these factors, which is an 
essential matter, since it is on the signs of the functions that 
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everything turns. Calling Sturm's remainders, as before, 
i2„ i?5, &c., let Mr. Sylvester's forms (Art. 45) be T,, 2;, &c., 
then we have proved that the latter are of the form T^ = \R^, 
T^ = A-j-Bj, &c., and we want to determine X^, \^ &c. We can 
at once determine X^ by comparing the coefficients of the 
highest powers of a; on both sides of the identity T^=A^V—B^U] 
for as" does not occur in ?!,, while in Fthe coefficient of as""' is n, 
and the coefficient of x is also n in A^, which = 2 (as — a) ; hence 
B^ = n'. But the equation T^ = A^V—B^U must be identical 
with the equation J?^ = Q^ V— U multiplied by \j ; we have, 
therefore, X^ = n^. 

To determine in general \^ it is to be observed that since 
any equation T^ = Ag^ V— B^ U is X^ times the corresponding 
equation for i?^, and since in the latter case it was proved 
(note, p. 38) that J-^B^^., — ^i^j5^= 1, the corresponding quan- 
tity for Tj, ?\+j must =X^X^^j. Now from the equations 

T,^A,V-B,U, T,,, = A,,,V-B,„U, 

we have 

A,^,T,-A,T,,, = {Afi,,^-A,,fi,) U=\\,,U. 

Now, comparing the coefficients of the highest powers of x on 
both sides of the equation, and observing that the highest power 
does not occur in -^^^^+1, we have the product of the leading 
coefficients of A/,^^ and T^ = X^X^^^. But if we write 

S (a - ^Y =2>., S (a - ^y (a - 7)'^ (/3 - yT =P., &c., 
we have, on Inspection of the values in Arts. 45, 47, the 
leading coefficient in T^=p^, in T^=2>aJ^^-j ^^^ ^^ A^**} i° 
-4,=^j, in ^4=^8, &c. Hence 

f'=\\^ P,'=\\i a'= W) &c., whence X3=-^ > \= ^ j &c. 

The important matter then is, that these coefficients are all 
positive Bquares, and, therefore, as in using Sturm's theorem 
we are only concerned with the signs of the functions, we may 
omit them altogether. 

49. When we want to know the total number of imaginary 
roots of an equation, it is well known that we are only con- 

G 
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cemed with the coefficients of the highest powers of x in 
Sturm's functions, there being as many pairs of imaginary roots 
as there are variations in the signs of these leading terms. 
And since the signs of the leading terms of T^, T^, &c. are the 
same as those of B^, J?3, &c., it follows that an equation has as 
many pairs of imaginary roots as there are variations in the 
series of signs of 1, «, S (a - ^)\ 2 (a - yS)" (/3 - 7)^ (7 - a)''', &c. 
This theorem may be stated in a different form by means of 
Ex. 3, p. 20, and we learn that an equation has as many pairs 
of imaginary roots as there are variations in the signs of 1, s,, 
and the series of determinants 



«o> «. 




««. «,) «2 




«.) «. 


) 


«1> ^^ «3 








«!,) «3> «4 


» 



^rtl »*■ 



&c., 



the last in the series being the discriminant ; and the condition 
that the roots of an equation should be all real is simply that 
every one of these determinants should be positive. 



50. We return now, from this digression on Sturm's theo- 
rem, to M. Borchardt's proof, of which we commenced to give 
an account, Art. 45 ; and it is evident that in order to apply 
the test just obtained, to prove the reality of the roots of the 
equation got by expanding the determinant of Art, 44, it will 
be first necessary to form the sums of the powers of the roots of 
that equation. For the sake of brevity, we confine our proof 
to the determinant of the third order, it being understood that 
precisely the same process applies in general; and, for con- 
venience we change the sign of \ which will not affect the 
question as to the reality of its values. Then it appears im-. 
mediately, on expanding the determinant, that s^ = a^^ + a^^ + aJ^^, 
since the determinant is of the form \^ — X" («„ + a^ 4- a^) + &c. 
And in the general case s, is equal to the sum of the leading 
terms. We can calculate s^ as follows : The determinant may 
be supposed to have been derived by eliminating a?, y, a be- 
tween the equations 

\x=a,^+ff„y+a,30, ^]/=a^,x-\-a^+a^z, \z=a,^x+a^^y+a^^z. 
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Multiply all these equations by \, and substitute on the right- 
hand side for \x, \y, \s thelr«values, when we get 

'^''a'=(«n''+«,/+«.3">+(«.i«i„+«iA2+«.3«iis)2^+(«i,«8i+«t2«82+«iaO«» 

\"s =(a3^a, ^+a^,a^.^-+ «88«i3)«'+ («8.«8i+«aA2-)- «8s«28)a'+ («..'+«8/+«a3")«) 
from which eliminating x, y, z, we have a determinant of form 
exactly similar to that which we are discussing, and which 
may be written 






"aiJ ''32> 

Then, of course, in like manner, 

^2 = K + &22 + ^88 = < + < + «38" + 2«.2' + 2«2a'' + "^^ ' 

The same process applies in general and enables us from Sp to 
compute Sp^y Thus suppose we have got the system of equations 
Vx^d.^x+d^jj+d.^z, Vy=d^p+d^-\d^/., \-z=d,,x+d,j+d^z, 

from which we could deduce, as above, Sp = <^„ + d,^^ + d^ ; then 
multiplying both sides by X, and substituting for \x, &c. their 
values, we get 
X'^'x = (c?„a,, + £?,,«,, + ^,3« J X + {«?„«„ + <7, A, + «Zi3a,,) y 

+ KAi+^i2«a2-|-«^ia«83)«) 

'^'^V = (<^2.«,l + ^22«12 + «?28«13) =» + (^21«21 + ^22«22 + <a«28) 2^ 

+ KAi + '«'22«82 + '^28«83)«J 

X'^'z = (c?3,a„ + d,,a^^ + d^^aj x 4 {d,,a^, + d^^a^^ + c?3,a,,) y 

+ Kl«a. + ^32«82-+«^a3«88)«> 

whence s^^^ = d^^a^^ + «?,,«,, + (?33«33 + 2(^^^a,, + 2c?,3a,3 + id^.a^^ 

51. We shall now show, by the help of these values for 
Sp, &c. and of the principle established Art. 24, that every 
one of the determinants at the end of Art. 49 can be expressed 
as the sum of a number of squares, and Is therefore essentially 
positive.* Thus write down the set of constituents 
1, 1, 1, 0, 0, 0, 0, 0, 



a„, flSonV a. 



«„., «, 



11) "■22» "as) "23) "si) "12) "'23) "31 ) "l2 



«., 



«„.( a.. 



a„ 



* M. Kummer first found out by actual trial that the discriminairit of the cubic 
which determines the axes of a surface of the second degree is resolvable into a sum 
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then it is easy to see that 



is the determinant formed 



from this by the method of Art. 24, and which expresses 
the sum of all possible squares of determinants which can be 
formed by taking any two of the nine columns written above. 

The determinant 
sum of the squares 

K - «J" + (% - %)' + («33 - »J + 6 [a J + a,,'' + a J), 
and is therefore essentially positive. Again, if we write down 



is thus seen to be resolvable into the 



1, 1, 1, 


0, 


0, 


0, 


0, 


0, 





«n) «.2) «83» 


«28J 


«SH 


«.,) 


%> 


«8H 


«.2 


hii Ki Ki 


K, 


K, 


K, 


5.3, 


K 


K 



where J,„ &c. have the meaning already explained, it will be 



easily seen from the values we have found that 



*0» «„ 


«» 


«1, «2J 


«3 


«., "s) 


«4 



is the 



determinant which, in like manner, is equal to the sum of the 
squares of all possible determinants which can be formed out of 
the above matrix. And so in like manner in general. 



LESSON VII. 

SYMMETRIC FUNCTIONS. 

52. We assume the reader to be acquainted with the theory 
of the symmetric functions of roots of equations as usually given 
in works on the Theory of Equations. Thus we suppose him 
to be acquainted with Newton's formula for calculating the sums 
of the powers of the roots of the equation 

x" -p.x"-^ +P.p'^ -A*""' + &c- = 0> 
viz. Si-j^, = 0, s,-pA + 2i'j = 0, »3-i'/i!+i'A-32', = 0, (fee, 



of squares. [CrelU, Vol. XXTI., p. 268). The general theory given here is due, as 
we have said, to M. Borchardt. 
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whence s,=^,, s.=p^-2p^, 83=^^,'- 3p,^,+ Sp,, &c.; 
and with the formulsB 

Sa'/SY = sj^g - s^^s, - s^,^s^ - s,^^s^ + Is^f^, &c. 
. If we have any homogeneous function of the coeflScients 
2?i, Pj, &c., we shall use the word order of that function, in 
the usual sense, viz. to denote the number of factors of which 
each term consists. Thus, if any term were p'p^p^^ the order 
of the function would he r + s + t. If the function be not 
homogeneous, the order of the function is as usual regulated 
by the order of the highest term. By the weight of a function 
we shall understand the sum of the suffixes attached to each 
factor. Thus, if any term were p^p^pl-, the weight of the 
function would be r + 2s + 3* ; or, again, if any term were 
PrPiPti this term would be of the third order, while its weight 
would \i& r + s + t. In the case of every function, with which 
we shall be concerned, the weight will be the same for every 
term. 

53. On inspecting the expressions given above for s^, s^, s^, &c. 
in terms of the coefficients, it is obvious that the weight of every 
term in s^ is two, in S3 is three, and it is easy to conclude by 
induction that the weight of every term in s^ is n. In like 
manner, it is evident that the weight of Sa^jS" is m+^, of 
^a'"l3'y^ is m+p + q, &c. 

This may be proved in general as follows: If for every 
■root a, /3, 7, &c. we substitute X times a, \ times j8, \ times 7, 
&c,, we evidently multiply the function Sa'^^SV by X"^"""'. But 
it is known that if we multiply every root by \, we multiply 
i'l by \ P^ by V, Ps by \°, &c. It follows then that ^tt'lS^y'' 
expressed in terms of the coefficients must be such that if we 
substitute for p^, Xp„ for p^, X^p^, and so on, we shall multiply 
every term by X'^^^; and this, in other words, is saying that 
the weight of every term is m +^ + g. y' 

54. Since 

p^ = a + ^ + y + &c., ^^ = a(/3 + 7 + &c.) + ^7 + &c., &c., 
and none of the coefficients, p„ p^, &c. contains any power 
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of a beyond the first, it is plain that the order of any symmetric 
function Sa"')8''7' (where m is supposed to be greater than p 
or q) must be at least m. For of course, unless there are at 
least m factors, each containing a, a" cannot appear in the pro- 
duct. But, conversely, any symmetric function, whose order is 
TM, will contain some terras involving a'". Fot if g',, q^^ j^, &c. 
be the sum, sum of products in pairs, in threes, &c. of yS, 7, S, 
&c., we have p, = a + j„ p^ = aq^ + q^,j>^ = aq^ + q„ &c., and the 
coefficient of the highest power of a in such a terra as p^p^'p^, 
will be q'q^q^ ', aad, conversely, the multiplier q^q^q^ can only 
arise from the term p^p^pl- It therefore- Icannot be made to 
vanish by the addition of oth^' terms? It follows thetl that 
the order of any symmetric function 2a"/S''7' is equal to the 
greatest of the numbers m, p, g' ; for we have proved that it 
cannot be less than that number, and that it cannot be greater, 
since functions of a higher order would contain higher powers 
of a than a", "^i^ ^'h - Ji^ilrJ kr.v. A - '.^ . S^l . 

By the help of the two principles just proved we can write 
down the literal part of any symmetric function, and it only 
remains to determine the coefficients. Thus if it were required 
to form Sa''' (fi — 7)-, we see on inspection that this is a function 
whose weight is four, and that it is of the second order; that 
is to say, there cannot be more than two factors in any term. 
The only terms then that can enter into such a function are 
fi.1 i'si'i) 19 ti ^"^^ *^® calculation would be complete if we knew 
with what coefficients these terms are to be aifected. 

65. Symmetric functions of the differences of the roots of 
equations* being those with which we shall have most to deal, 
it may not be amiss to give a theorem by which the sum of 
any powers of the differences can be expressed in terms of 
the sums of the powers of the roots of the given equation. 
Expanding (a; — a)" by the binomial theorem, and adding the 
similar expansions for (as — /S)", &c., we have at once 

S (a; - a)"" = s^a;" - ms^x^'' -f \m [m - 1) s^x"^ - &c. 

Now if we substitute a for x in 2 (a; - a)"* it becomes 
(a — yS)"" 4- (a — 7)" + &c. ; similarly if we substitute /S for x it 

* Such functions have been called critical functions, 
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becomes {l3 — a)'" + [^ - jf + &c., and so on; and If we add 
the results of all these substitutions, If m be odd, the sum 
vanishes, since the terms (a - /S)", (yS - a)" cancel ..each other. 
If m be even, the result is 2S(a — /S)"'. But when the same 
substitutions are made on the right-hand side of the equation 
last written, and the results added together, we get 

V» - '««l«m-. + iw (W - 1) S./^^ - &C. 

If m be odd, the last term will be — s s„, which will cancel the 
first term, and, in like manner, all the other terms will destroy 
each other. But if m be even, the last term will be identical 
with the first, and so on, and the equation will be divisible by- 
two. Thus then when m is even, we have 

2 (a - ^r = Vm - '^^i V. + im{m-l) s,s^_, - &c., 
where the coefficients are those of the binomial until we come 
to the middle term with which we stop, and which must be 
divided by two. Thus 

56. Any function of the differences, will of course be un- 
changed if we increase or diminish all the roots by the same 
quantities, as, for instance, if we substitute x-\ for x in the 
given equation. It then becomes 

x" - [p, + n\) x'-' + [f^ + («-!) \p, + i« (n - 1) V} a:""^ 

- {^3 + (« - 2) \p, -H &c.} x^^ + &c. = 0. 

Now any function </> of the coefficients p„ p^^ &c, will, when 
we alter j)j into Pi + Sp„i'2 into^^-h ?ip^, &c., become 

If then, in any function of p^, p^, &c., we substitute ^, + nX 
for p„ A + (** "" •^) ^Pi + i« (« - 1) ^'^ for P^^ &<=• and arrange the 
result according to the powers of X, it becomes 

^ + X |. g + (« - l)i.. ^ + (« - 2)p, g + &c.} + V (&c.) ^>,^ 

But since we have seen that any function of the differences is 
unchanged by the substitution, no matter how small \ be, it is 
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necessary that any function of the differences, when expressed 
in terms of the coeflScients, should satisfy the differential equation 

»» j^+(«- ^)Pi :y^+(«-2)/'„ j^4&c. =0. 
dp^ >^'dp^ '^^dp^ 

Ex. 1. Let it bft required to form S (a — /3)'. We know that its order.and weight 
are both = 2. It must therefore he of the form Ap^ + Bp^. Applying the differential 
equation, we have {(n - 1) ^ + 2»B} i?] = 0, whence B is proportional to ts - 1 and 
Ato — 2n. The function then can only differ by a factor from (n — 1) p^' — 2np2. 

The factor may be shewn to be unity by supposing a = l and all the other 
roots = 0, when jp, = 1, p2 = 0, and the ralue just written reduces to » - 1 as it 
ought to do. 

Ex. 2. To form for a cubic the product of the squares of the differences 

(a — /3)^ (/3 — y^' (y — a)^. This is a function of the order 4 and weight 6. It must 

therefore be of the form 

Ap,^ + Bp^p^p, + Cp,pt' + JOp,' + Ep^p^. 

d d d 

Operating with 3 t — ^"Pij — ^Pi-j-it becomes 
api opg a/>3 

{2A + 3B) p^p^ + {2B + 9 C) p^p^^ + (5 + 6i) + 6.E) p^^p^ +{fl + iE) p,p', 

and as this is to vanish identically, we must have C = — iE, B = 18E, A = ~ THE, 
D~~ iE, or the function can only differ by a factor from 

PiW + ISpii'ift - 4P2' - ip^Pi' - 27i)3«. 
The factor may be shown to be unity by supposing y and consequently /jj to be = 0. 

57. We shall in future usually employ homogeneous equa- 

tions. Thus writing - for a;, and clearing of fractions, the 

equation we have used becomes 

X -p^x y+p^x f...±p,y =0. 
We give a;" a coefficient for the sake of symmetry ; and we find 
it convenient to give the terms the same coeflScients as in the 
binomial theorem ; and so write the equation 

aX + nap^'y + \n {n - 1) a^-y +. . .na^.^xy"^' + a J' = 0. 
One advantage of using the binomial coefficients is, that thus 
all functions of the differences of the roots will, when expressed 
in terms of the coefficients, be such that the sum of the numerical 
coefficients will be nothing. For we get the sum of the nu- 
merical coefficients by making a„ = a, = a^ = &c. = 1 ; but on this 
supposition all the roots of the original equation become equal, 
and all the differences vanish. 

When we speak of a symmetric function of the roots of the 
homogeneous equation, we understand that the equation having 
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been divided by a^y", tbe corresponding symmetric function has 
been formed of the coefficients — , — , &c. of the equation in - , 

% % y 

and that it has been cleared of fractions by multiplying by the 
highest power of a^ in any denominator. In this way, every 
symmetric function will be a homogeneous function of the 
coefficients a^, a,, &c.; for before it was cleared of fractions, it was 
a bomogeneous function of the degree 0, and it remains homo- 
geneous when every term is multiplied by the same quantity. 
Or we may state the theory of the symmetric functions of the 
roots of the homogeneous equation, without first transforming it 

to an equation in - . If one of the roots of the latter equation 

be a, then it is evident that the homogeneous equation is satisfied 
by any system of values «', y' for which we have a;' = ay', since 
it is manifest that we are only concerned with the ratio oa : y' . 
And since the equation divided by y" is resolvable into factors, 
so the homogeneous equation is plainly reducible to a product 
of factors {y'x — y^) {y"x — yx") {y"'x — yoc") , &c. Actually mul- 
tiplying and comparing with the original equation, we get 

«o = y'y"y"\ &<=., wa, = - ^xy'y", &c., \n [n - 1) «, = ^x'x'y'", &c. 

a^ = ±x'x"x"', &c., ««„_, = + "Ey'x'x", &c. 

By making all the y's = 1, these expressions become the ordinary 
expressions for the coefficients of an equation in terms of its 
roots x', x", &c. And conversely, any symmetric function ex- 
pressed in the ordinary way in terms of the roots x\ x", may 
be reduced to the other form, by imagining each x divided by 
the corresponding y', and then the whole multiplied by such 
a power of y'y", &c. as will clear it of fractions. Thus the 
sum of the squares of the differences ^{x'—.x"y becomes 
^{x'y"-y'x")'yy"", &c. And generally any functions of 
the differences will consist of the sum of products of deter- 
minants of the form {x'y" — y'x") [x'y'" - y'x'"), &c. by powers 

of y'r y'\ &°- 

58. The differential equation which we have given for 
functions of the differences of the roots, requires to be modified 
when the equation has been written with binomial coefficients. 

H 
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Thus, if in the equation a^x" + na^''^y + &c. = 0, we write a; 4 X 
for cc, the new a, becomes a^ + \a„, o^ becomes a, + 2a,\ + a^^ 
a, becomes a^ + SXa^ + 3Va, + \°a„, &c., and any function ^ of 
the coefficients is altered by this substitution into 

Any function then of the differences, since it remains unaltered 
when for x we substitute 03 + X, must satisfy the equation 

a. -J? + 2a, -j^ + 3a ^ + &c. = 0. 

In like manner any function which remains unaltered, when for 
y we substitute 2/ + X, must satisfy the equation 

na.^+(«-l)a,g + (n-2)«3g^ + &c. = 0. 

Functions of the latter kind are functions of the differences of 
the reciprocals of the roots, and in the homogeneous notation 
consist of products of determinants of the form oiy" — y'oc\ &c, 
by powers of as', a?", &c. Functions of the determinants 
x'y" — y'x" alone, and not multiplied by any powers of the a;'B 
or the ^'s, will satisfy both the differential equations. 

59. It is to be observed, that the condition 

is not only necessary but sufficient, in order that j) should be 
unaltered by the transformation x + \ for x. We have seen 
that the coefficient of X in the transformed equation then 
vanishes, and the coefficient of X" is without difficulty found 
to be 

where in the latter symbol tbe a„, a„ &c. which appear explicitly, 
are not to be differentiai»i.But it will be seen that this is 
precisely 
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For when we operate with the symbol on itself, the result will 
be the sum of the terms got by differentiating the a„ a^, &c. 
which appear explicitly, together with the result on the supposi- 
tion that these a„ a^, &c. are constant. Thus then, the coeffi- 
cient of X* vanishes, since a^-j — (- &c. is supposed to vanish 

identically. So in like manner, for the coefficients of the other 
powers of X. 

Ex. To form for the cubic a„a!' + SaiX^y + 3a^^ + a^, the function 

This can be derived from Ex. 2, p. 48, or else directly as foUowa. The function is to 
be of the order 4 and weight 6. It must therefore be of the form 

Operate with o,, ^ — h ia, -, — I- 3ffi» -5— , and we get 

(5 + 6^) a3a^f,%+ (ZC+%S)a^aiaia„+{2E + QD+ZB) ajajBiaj + (45+30) fflja,OiOi = 0. 
Equating separately to the coefficient of each term, and taking ^ = 1, we find 
B = - 6, C = 4, il = 4, £ = - 3. 

60. M. Serret writes the operation «„ ~ + &c. in a compact 

form, which is soni.etimes convenient. If we imagine a fictitious 
variable ^, of which the coefficients a„, a„ &c. are such func- 
tions, that 

da, da„ „ c?a. 



_i 



= 2'^!) :«?=H) &c., 



di;" "' d^~ '' d^ 

then evidently | = a/£ + 2a, ^ 4- 3a, f ^ + &c. 

In like manner na, -^ + &c. may be written in the compact 

form -r where ?/ is a variable, of which a„, a,, &c. are sup- 
dr] 

posed to be such functions that 

da„ ^«, / iN p 

-^ = na, -^ = {n^l)a„&c. 

61. It is worth while to add an observation of M. Brioschi 
as to the meaning of the first of these operations when expressed 
in terms of the roots. Let there be any function of the coeffi- 
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cients ^„ p^^ &c., let us express these coefficients in terms of 
the roots, and examine the differential of the function with 
respect to any root. Now if g'„ g'^, &c. denote the sum, sum 
of products in pairs, &c. of all the roots, omittmg any one root 
a, then evidently 

da. 'do. ^^ doL ^^' ^"•' 
, d d d d „ 

We have of course corresponding expressions for the diffe- 
rentials with respect to the other roots, and if now we add 

all together, the coefficient of -5— will evidently be n. That of 

T— will be (m - 1)^, ; for since g-, =^, - a, when we add, the 
coefficient in question will be np^ — (a + /3 + 7 + &c.) = {n—l)p^. 
In like manner the coefficient of -j— = (n — 2) p^, and we have 

It is evident now why, when the operation on the right-hand 
side of this equation is applied to any function of the diffe- 
rences of the roots, the result vanishes, since when the equi- 
valent operation -j- + &c. is applied to any difference, the result 

vanishes. 

In the same manner, if the equation had been written with 
binomial coefficients, we should have had 

'*"£''" '*»' *** ^^ ~^^~di^ '*"" *^°'' 
whence, exactly as before, 

d d „ . d ^ d „ 
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OEDER AND WEIGHT OF ELIMINANTS. 

62. When we are given h homogeneous equations in h 
variables (or, what conies to the same thing, h non-homoge- 
neous equations in ^- 1 variables) it is always possible so to 
combine the equations as to obtain from them a single equation 
A = 0, in which these variables do not appear. We are then 
said to have eliminated the variables, and the quantity A is 
called the Eliminant* of the system of equations. Let us take 
the simplest example, that which, we have already considered in 
the first lesson, where we are given two equations of the first 
degree aa; + ^ = 0, ax + 6' = 0. If we multiply the first equation 
by a', and the second by a, and subtract the first equation from 
the second, we get aV — a!h = 0, and the quantity ah' — ah is the 
eliminant of the two equations. Now it will be observed, that 
we cannot draw the inference ah' — a'h=0 unless the two given 
equations are supposed to be simultaneous, that is to say, unless 
it is supposed that both can be satisfied by the same value 
of X. For evidently when we combine two equations <j} [x) = 0, 
yjr (x) = 0, and 'draw such an inference as Icf) [x) + m^jr {x) = 0, 
It is assumed that x means the same thing in both equations. 
It follows then that ah' — dh = is the condition, that the two 
equations can be satisfied by the same value of a;, as may 
also be seen immediately by solving both equations for a;, 
and equating the resulting values. And so generally, if we 
are given any number of equations U=0, V=0, W=0, &c., 
we may proceed to combine them, and draw an inference such 
as IU+ m V+ n W= 0, only if the variables have the same values 
in all the equations. And if by combining the equations, we 
arrive at a result not containing the variables, this will vanish if 
the equations can be satisfied by a common system of values 
of the variables, and not otherwise. The eliminant may then 
in general be defined as that function of the coefficients of the 

* Eliminants are also called resultants. 
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system, of equations, whose vanishing expresses that they can be 
satisfied by a common system of values of the variables, 

63. We have now to show how elimination can be per- 
formed, and what is the nature of the results arrived at. We 
commence with two equations written in the non-homogeneous 
form 



X — ( 



£,x"-' + q^al'-^ - &c. = 0, or \|r {x) = 0. 



U he elimmant of these equations^is, as we have seen, the condi- 
tion that they should have a common root. If this be the case, 
some one of the roots of the first equation must satisfy the 
second. Let the roots of the first equation be a, /3, 7, &c, ; 
and let us substitute these values successively in the second 
equation, then some one of the results i|^(a), ■<|^ (/3), &c. must 
vanish, and therefore the product of all must be sure to vanish. 
But this product is a symmetric function of the roots of the first 
equation, and therefore can be expressed in terms of its coeffi- 
cients, in which state it is the eliminant required. The rule 
then for elimination by this method is to take the m factors 

i|f (a) = a" - g',a""'+ g'^a""" - &c., 

^(^)=;S"-^,/3"-+^,^"-''-«&c., 

<f (7) =7" - 2,7"-'+ 2,7"" -&c., &c., 
to multiply all together, and then substitute for the symmetric 
functions (a/Sy)", &c., their values in terms of the coefficients of 
the first equation. 

Ex. To eliminate x between a;'-^ia!+^j = 0, x' - jiX + jj = 0. Multiplying 
(a^ - Jia + gj) (^ - ji/S + 52), we get 

a^^ - },a/3 (a + j3) + y^ (a^ + ^ + J,V/3 - J,3j (a + ^) + q.^- ; 
and then substituting a + /3 =r^j„ a^ =Pi, a? + ^ =P' — ^Pii '^^ ^™ 

Pi' -PiPili + ?2 iPi' - ^Pi) + VAx- - iiliPi + ?/> 
or (i)2 - qiY + (Pi - ?i) (Piii -Pill), 

which is the ehminant required. 

64. We obtain in this, way the same result (or at least 
results differing only in sign), whether we substitute the roots 
of the first equation in the second, or those of the second in the 
first. In other words, if a', /S', 7', &c. be the roots of the 
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second equation, the eliminant may be written at pleasure as 
the continued product of «;J>(a'), ^ (/3'), ^(7), &c., or as the 
product of T|f (a), yjr (/3), i|c (7), &c. For remembering that 
^ (a;) = {x — a)[x — 0) (« - 7), &c., the first form Is 

{a' - a) (a' - 0) (a' - 7), &c. (/3' - «) (/3' - 0) {0' -^ 7), &c., 

and the second Is 

(a - a') [a - /3') (a - 7'), &c. (/3 - a') (/3 - /3') (/3 - 7'), &c. 

In either case we get the product of all possible differences 
between a root of the first equation and a root of the second ; 
and the two products can at most differ in sign. 

65. If the equations had been given in the homogeneous 
form, with or without binomial coefficients, 

a^x" + m.a.p^^y + \m («i — 1) a^ai^'y + &c. = 0, 
S^a;" + nh^x'~^y +^n [n — 1) a;"~y + &c. = 0, 
we can reduce them to the preceding form by dividing them re- 
spectively by a„2/", 6„,«/", when we have p^— * ) ?i = — j~ j <^c- 

% "a 

We substitute then these values for p^^ q^, &c. in the resist 

obtained by the method of the last article, and then clear of 
fractions by multiplying by the highest power of 0,,, or ^ojin, 
any denominator. - Thus the eliminant of a^x' + 2a^xi/ + a.j/", 
h^x' + ^h^xy + J^y", obtained In this manner from the result of 
Ex., Art. 63, is 

It Is evident thus that the eUminant is always a homogeneous 
function of the coefp,cients of either equation. For before we 
cleared of fractions, it was evidently a homogeneous function 
of the degree 0, and It remains homogeneous when every term 
is multiplied by the same quantity. 

The same thing may be seen by applying to the equations 
directly the process of Art. 63. Let the values v/hich satisfy 
the first equation be x'y'^ ^"y"i &c. ; then, if the equations have 
a common factor, some one of these values must satisfy the 
second equation. We must then multiply together 

(6„a;'" + n\x!'-y + &c.) [b^x"" + nb^a^'"- 'y" + &c.) (&c.). 
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and then substitute for the symmetric functions (a;'*", &c.)", &c. 
their values in terms of the coefficients of the first equation, as 
found by Art. 57. 

66. The eliminant of two equations of the tw'" and n'" orders 
respectively, is of the w"" order in the coefficients of the first equa- 
tion, and of the m^ in the coefficients of the second. 

For it may be written either as the product of m factors 
1^ (a), -yjr (/8), &c., each containing the coefficients of the second 
equation in the first degree, or else as the product of n factors 
<j) (a'), (f) (/S'), &c., each containing in the first degree the coeffi- 
cients of the first equation. Or confining our attention to the 
form ^■^a.)%i^), &c. we can see that this form, which obviously 
contains the coefficients of the second equation in the degree 
■m, contains those of the first In the degree w, since the sym- 
metric functions which occur in it may contain the «"■, and no 
higher, power of any root (Art. 54). 

67. The weight of the eliminant is mn ; that is to say, 
the sum of the suffixes in every term is constant and =mn. 
For if each of the roots a, yS ; a', /S', &c. be multiplied by the 
same factor \, then since each of the mn differences a — a' (see 
Art. 64) is multiplied by this factor \, the eliminant will be 
multiplied by X"". But the roots of the two equations will be 
multiplied by A, If for ^„ q^ we substitute \p,, \q^; for p^, q^; 
V^g, Vg'jj ; &c. We see then that if we make this substitution 
in the eliminant, the effect will be that every term will be 
multiplied by X'"" ; or, in other words, the sum of the suffixes 
in every term will be mn. The same thing may also be seen 
to follow from the principle of Art. 53. In i/r (x) the sum of 
the index of every term and the suffix of the corresponding 
coefficient is n ; that is to say, i/f [x) consists of the sum of a 
number of terms, each of the form §'„_,•«'. If then we lake any 
terms at random in each of the factors ■<|^(a), ■^(/8), &c., the 
corresponding term In the product will be 2'„_,5„_i2'„.*a*/3'7', &c., 
and if we combine with this all other terms in which the same co- 
efficients of the second equation occur, we get g'„_,g'„_jg'„_i2a''/8'7*, 
&c. The sum of the suffixes of the g's is w-t+w— y+n-/cH-&c., 
or since there are m factors, the sum Is ■mn — [i+j-\-h + &c.). 
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But, by Art. 53, the sum of tte suffixes of the ^'s in the ex- 
pression for 2a'j8''7*, &c. is {+j + k + &c. Therefore the sum 
of both sets of suffixes is mn, which was to be proved. 

The result at which we have arrived may be otherwise stated 
thus:* If Pji q^ contain any new variable z in the first degree; 
if p^, S2 contain it in the second and lower degrees / if p^i £3 in 
the third^ and so on; then, the eliminant will in general contain 
this variable in the mn'^ degree^ , 

It is evident that the results of this and of the last article are 
equally true if the equations had been written in the homo- 
geneous form a^x'" + &c., because the suffixes in the two forms 
mutually correspond. And again, from symmetry it follows that 
the result of this article would be equally true if the equations 
had been written in the form ajxT + ma^.^x'^^y + &c., where the 
suffix of any coefficient corresponds to the power of x which 
it multiplies, instead of to the power of y, 

68. Since the eliminant is a function of the differences 
between a root of one equation -and a root of the other, it 
will be unaltered if the roots of each equation beolacreased by 
the same quantity^ that is to say, if we substitute a; + \ for a; 
in each equation. It follows then, as in Art. 56, that the elimi- 
nant must satisfy the differential equation 

aA , . JA p 
+ n^ + (n-l)e,^^4&c. = 0, 

or, as in Art. 58, if the equations had been written with 
binomial coefficients, we haVe 

69. Oiven two homogeneous equations between three variables^ 
of the m'" and w*' degrees respectively^ the number of systems of 

" Or again thus : if in, the eliminant we substitute for each coefficient pa, the term 
a* which it multiplies in the original equation, every term of the eliminant will be 
divisible by k™". Or, in the homogeneous form, if we substitute for each coefficient 
Oo tli6 term aft/"'-'', which it multiplies, every term of the eliminant will be divisible 
by a:'"'*u""*. 

I 
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values of the variables which can be found to satisfy simultaneously 
the two equations is mn.* 

Let the two equations, arranged according to powers of x, be 

ax"" + {by + cz) a;"-' + [dy^ + eyz + fo^) x"^^ + &c. = 0, - 

a'«" + {b'y + c'z) x"-' + {dy + e'ys +f'z') x'^ + &c. = 0. 

If now we eliminate x between these equations, since the co- 
efficient of a;'""' is a homogeneous function of y and a of the first 
degree, that of te"*"" is a similar function of the second degree, 
and so on, — it follows from the last Article that the eliminant 
will be a homogeneous function of y an J z of the mw"" degree. 
It follows then that mn values of y and z'f can be found which 
will make the eliminant = 0. If we substitute any one of these 
in the given equations, they will now have a common root when 
solved for x (since their eliminant vanishes) ; and this value of x, 
combined with the values of y and a already found, gives one 
system of values satisfying the given equations. So we plainly 
have in all mn such systems of values. We shall, in Lesson x., 
give a method by which, when two equations have a common 
root, that common root can immediately be found. 

Ex. To find the co-ordinates of the four points of intersection of the two conies 

ax' + by' + cz' + %fyz + Igzx + Ikxy = 0, a'x' + b'y' + dz' + If'yz + 2^22; + Vi'xy = 0. 

Arrange the equations according to the powers of x, and ehminatS that variable; 
then, by Art. 6jP the result is 

{{aV) y' + '2 {af) yz + (ac') z')' 

+ i [{ah,') y + {ag') z] [{bh') f + {{bg') + 2 (fK)] y'z + {(cA') + 2 IJg-)\ z'y + {eg') «»] = 0, 

where, as in Lesson i., we have written [ah') for aV — a'b. This equation, solved for 
y : z, determines the values corresponding to the four points of intersection. Having 
found these, by substituting any one of them, in both equations, and finding their 
common root, we obtain the con'eBponding .value of a; : «. We might have at once 
got the four values of x : z by eliminating y between the equations, but substitution 
in the equations is necessary in order to find which value of y corresponds to each 
value of X. By making 2 = 1, what has been said is translated inix) the language of 
ordinary Cartesian co-ordinates. 



"■ These equations may be considered as representing two curves of the m* and 
»'" degrees respectively; the geometrical interpretation of the proposition of this 
Article being, that two such curves intersect in mn points. The equations are re- 
duced to ordinary Cartesian equations by maJdng z = l. 

f The reader vrill remember that when we use homogeneous equations, the ratio 
of the variables is aU with which we are concerned. Thus here, zf may be taken arbi- 
trarily, the corresponding value of y being determined by the equation iny -.z. 
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70. Any symmetric functions of the mn values which simul- 
taneously satisfy the two equations can ie expressed in terms of 
the coefficients of those equations. 

In order to be more easily understood, we first consider 
non-homogeneous equations in two variables. Then it is plain 
enough that we can so express symmetric functions involving 
either variable alone. For eliminating y, we have an equation 
in X, in terms of whose coefficients can be expressed all sym- 
metric functions of the mn values of x which satisfy both equa- 
tions. Similarly for y. Thus, for example, in the case of two 
conies ; x^y^, &c., being the co-ordinates of their points of intersec- 
tion, we see at once how to express such symmetric functions as 

«=- + ^„ + «=,„ + ^u„, y\ + y\, + y\„ + y\.n &c-) 

and the only thing requiring explanation is how to express sym- 
metric functions into which both variables enter, such as 

To do this, we introduce a new variable, i = \a; + ytt3/, and by the 
help of this assumed equation eliminate both x and y from the 
given equations. Thus y is immediately eliminated by substi- 
tuting in both its value derived from < = Xa; + /fy, and then we 
have two equations of the m*" and n'" degrees in a;, the eliminant 
of which will be of the «in'' degree in i, and its roots will be 
obviously Xas, -f yiiy,, \a;„ + //.?/„, &c., where a;^y,, a;„y„ are the 
values of x and y common to the two equations. The coefii- 
cients of this equation in t will of course involve X and /*. We 
next form the sum of the A'" powers of the roots of this equa- 
tion in <, which must plainly be =(Xa5, +/"■«/,)'+ (Xa;„+/;ty„)* + &c. 
The coefficient, then, of X* in this sum will be Sa;/ : the coeffi- 
cient of X*~V gives us Saj/'^y,, and so on. 

Little need be said in order to translate the above into the 
language of homogeneous equations. We see at once how to 
form symmetric functions involving two variables only, such as 
'^yi^iPm^imi f°'' these are found, as explained. Art. 57, from the 
homogeneous .equation obtained on eliminating the remaining 
variable; the t)nly thing requiring explanation is how to form 
symmetric functions involving all these variables, and this is 
done precisely as above, by^ substituting t = \x + ii,y. 
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Ex. To form the Bymmetrio functiona of the co-ordinatea of the four points 
common to two conies. The equation in the last Example gives at once 

y,y.,yu,y.,„ = (oO* + 4 (ag') {eg') ; ZAA,A,« = («*')' + 4 («'»') (**') i 

and from symmetry, a;,x„a!„,a!„„ = (6c')' + 4 {b/') [cf), 

- S (y.y„y„A„,) - 4 (K) (a/') + {ah') (fig') + [ag') (eh') + 2 (ag') (fg-)}, &c. 

To take an Example of a function involTing three variahles, let us form 

which corresponds to S {x'y') when the equations are written in the non-homogeneous 
form. 

By the preceding theory we are to eliminate between the given equations, and 
t = \x + iJLy; and the required function will be half the coefficient of X;u in 
2 (*V(AA/.)- ^ *^^ result of elimioation be 

At* + (B\ + Cfi) t'z + {D\' + E\fi + Ffi?) (V + &c. 

S (<V, A,2^,„) = (•B'*- + W - 2^ {D>? + £Xm + •?>'). 
and 2 (3;,y,^V^,/^^«,) =BC- AE. 

By actual elimination 

A = (ai')2 + 4 (a^O (SA'), B = 4 [(pa') (bg') + (bf) (ah') + (6A') (a/') + 2 (W) {^J'). 

C= 4 {(oSO (a/') + (ag") (bh") + (ah') (bg') + 2 (ah") (fh')], 

E = i {{ac') (bh') + (be') {ah') - 2 {af) (hf) - 2 (bg^ (hg') + 4 (hf) (hg% 

71. To form the eliminant of three homoffeneous equations in 
three variables, of the m"", w'", andp^'^ degrees res2}ectively. 

The vanishing of the eliminant is the condition that a system 
of values of a;, y, z can be found to satisfy all three equations.* 
When this, then, is the case, if we solve for any two of the 
equations, and substitute successively in the remaining one the 
values so found for a;, y, z, some one of these sets of values must 
satisfy that equation, and therefore the product of all the results 
of substitution must vanish. Let, then, x', y', z' ; x", y", z", &c. 
be the system of values which satisfy the last two equations, and 
which (Art. 69) are np in number : we substitute these values 
in the first, and multiply together the nj) results (j) {x', y', z'), 
<}) (as", y", s"), &c. The product will plainly involve only sym- 
metric functions of x', y', z', &c. which (Art. 70) can all be 
expressed in terms of the coeflScients of the last two equations ; 
and, when they are so expressed, it is the eliminant required. 



♦ If the three equations represent curves, the vanishing of the eliminant is the 
condition that all three curves should pass through a common point. 
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72. The elimmant is a homogeneous function of the np"' order 
in the coefficients of the first equation ; of the mp'" in those of the 
secohd ; and of the mri^ in those of the third. 

For each of the np factors ^ (»', y\ s') Is a homogeneous 
function of the first degree in the coefficients of the first equation ; 
and the expression of the symmetric functions- in terms of the 
coefficients only involves coefficients of the last two equations, 
from solving which a;', y\ s', &c. were obtained. The eliminant 
is therefore of the ?ip"* degree in the coefficients of the first 
equation; and in like manner its degree in the coefficients of 
the others may be inferred. 

73. The weight of the eliminant will he mnp ; that is to say, 
If all the coefficients in the equations which multiply the first power 
of one of the variables^ z, he affected with a suffix 1 , those which 
multiply s" with a suffix 2, and so on ; the sum of all the suffixes 
in each term of the eliminant will he equal to mnp. In other 
words: If all the coefficients which multiply z contain a new 
variable in the first degree ; — if those which multiply s" contain it 
in the second and lower degrees^ and so on ; then the eliminant 
will contain this variable in the degree mnp. 

This Is proved as in Art. 67. In the first place, it is evident 
that if a homogeneous equation of the w*" degree be satisfied by 
values 03', y\ s' ; and if the equation be altered by multiplying 
each coefficient by a power of \, equal to the power of s, which 
the coefficient multiplies, then the equation so transformed will 
be satisfied by the values \a;', \y\ z' ; or, in general, that the 
result of substituting \,a;', \y, a' in the transformed equation is 
A," times the result of substituting x', y\ z' in the untransformed. 
Thus, take the equation a;^ + ^' — a° — z^x — zi^^ the transformed 
is ic'+y -XV — XVa; — Xz?/^; and obviously the result of sub- 
stituting Xa;', X?/', z' in the second is X' times the result of 
substituting a;', y', z' in the given equation. If, then, the three 
given equations be all transformed by multiplying each coeffi- 
cient by a power of X equal to the power of s, which the 
coefficient multiplies, then it follows, that if a;', y\ z' be one of 
the system of values which satisfy the two last of the original 
equations, then the transformed equations will be satisfied by 
(Xa;', X^', s'), and the result of substituting these values in the 
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first will be X"*^ (a;', y\ z'). The elirainant, then, which is the 
product of mp factors of the form ^ [x', y\ z') will be multiplied 
by X"'"*". If then any term in the eliminant be afip^^ "fee, 
where the suffix corresponds to the power of a, which the 
coefficient multiplies, since the alteration of % into X'aj, h, 
into Vi„ &c., multiplies the term by X"'"", we must have 
h-\-l+ &c. = mnp. Q. E. D. 

74. It is proved in like manner that three equations are in 
general satisfied by mnp common values; that any symmetric 
function of these values can be expressed in terms of their co- 
efficients ; and that we can form the eliminant of four equations 
by solving from any three of them, substituting successively in 
the fourth each of the systems of values so found, forming the 
product of the results of substitution, and then, by the method 
of symmetric functions, expressing the product in terms of the 
coefficients of the equations. In this way we can form the 
eliminant of any number of equations ; and we have the follow- 
ing general theorems: The eliminant of h equations in Ic—l 
independent variables is a homogeneous function of the coefficients 
of each eqttation, whose order is equal to the product of the degrees 
of all the remaining equations. If each coejicient in all the 
equations be affected with a suffix equal to the power of any one 
variable which it multiplieSy then the sum of the suffixes in every 
term of the eliminant will be equal to the product of the degrees 
of all the equations. And, again, if we are given h equations 
in h variables^ the number of systems of common values of the 
variables, which can be found to satisfy all the equations, will be 
equal to the product of the orders of the equations. 
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75. The method of elimination by symmetric functions is, 
in a theoretical point of view, perhaps preferable to any other, 
it being universally applicable to equations in any number of 
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variables ; yet as it is not very expeditious in practice, and does 
not yield its results in the most convenient form, we shall in 
this Lesson give an account of some other methods of elimi- 
nation. The following is the method which most obviously 
presents itself. It is in substance identical with what is called 
elimination by the process of finding the greatest common 
measure. We have already seen that the elimin'ant of two 
linear equations ax -i- h = 0, a'x + h' = is the determinant 
ab' — ha = 0. If now we have two quadratic equations 
oa;^ + 6a: + c = 0, a!x' + i'x + c' = 0, 

multiplying the first by a', the second by a, and subtracting, 
we get 

{ah') X + iac) = ; 

and, again, multiplying the first by c', the second by c, sub- 
tracting, and dividing by «, we get 

(ac')a!+(Sc')=0. 

The problem is now reduced to elimination between two linear 
equations, and the result is 

(ac7+(6a')(Sc') = 0. 

76. So, again, if we have two cubic equations 

ax^ + ba? + cx-{ d=% dx^ + Vx' + c'a; + £^' = 0, 

we multiply the first by a', the second by a, and subtract; 
and also multiply the first by d\ the second by d, subtract and 
divide by x. The problem is thus reduced to elimination be- 
tween the two quadratics 

{ab') a' + {ad) x + {ad) = 0, {ad) x" + {bd') x + {cd') = 0. 
• By the last article, the result is 
{{ad'Y- {ah') {cd')Y+{{ad') {ac') - {ah') [bd)} { {ad) {dh') - {ac'){dc')]= 0. 
Now it is to be observed that the equation 

{ab') {cd') + {ac') {db') + {ad) {bd) = 
Is identically true. Consequently when we multiply out, the 
preceding result becomes divisible by {ad'), and the reduced 
result is 
{ad'f - 2 {ad') {ah') {cd') - {ad) (ac) {bd) 

+ {adf {cd') + {hd'Y {ab') - {ah') {bd) {cd') = 0. 
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The reason that in this process the irrelevant factor [ad') is in- 
troduced is that, if ad' = a'd, and therefore a to a' in the same 
ratio as d to c?, we must get results differing only by a factor, 
if from the first equation multiplied by a we subtract the second 
equation multiplied by a, or if from the first equation multiplied 
by d'j we subtract the second equation multiplied by d. Thus 
on the supposition {ad') = 0, even though the orighial two cubics 
have not a common factor, the two quadratics to which we re- 
duced them would have a common factor. In general then 
when we eliminate by this process, irrelevant factors are intro- 
duced, and therefore other methods are preferable. 

77. tier's Method. If two equations of the m'" and n'" 
degrees respectively have a common factor of the first degree, 
we must obtain identical results, whether we multiply the first 
equation by the remaining n — l factors of the second, or the 
second by the remaining m — 1 factors of the first. If then we 
multiply the first by an arbitrary function of the (w - 1)"" degree, 
which, of course, introduces n arbitrary constants ; if we multiply 
the second by an arbitrary function of the (m- 1)'" degree, intro- 
ducing thus m constants ; and if we then equate, term by terra, 
the two equations of the (m + « — 1)"" degree so formed, we shall 
have m + n equations, from which we can eliminate the m + n 
introduced constants, which all eflter into those equations only 
in the first degree; and we shall thus obtain, in the form of 
a determinant, the eliminant of the two given equations. 

Ex. To eliminate between ai? + Ixy + cy' = 0, a'x' + J'ay + c'y' = 0. 
We are to equate, term by term, 

{Ax + By) (ax' + ixy + cy'^ and {A'x + B'y) (a'x^ + I'xy + cy). 
Tbe four resulting equations are 

Aa — A'a! =0, 

Ab-VBa- Alt/ - B'a' = 0, 
Ac + Bb- A'c' - B'V = 0, 

Be - B'a' = 0, 

from which eliminating A, B, A', B', the result is the determinant 

a, 0, a', 
bj a, b'j a' 
c, b, c', b' 
0, 0, 0, c' 
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78. This method may be extended to find the conditions that 
the equations should have two common factors. In this case it 
is evident, in like manner, that we shall obtain the same result 
whether we multiply the first by the remaining n — 2 factors of 
the second, o^ the second by the remaining m — 2 factors of the 
first. As before, then, we multiply the first by an arbitrary 
function of the n — 2 degree (introducing n~l constants), and 
the second by an arbitrary function of the m — 2 degree ; and 
equating, term by term, the two equations of the m + n — 2 de- 
gree so found, we have m + n—1 equations, from any m + n- 2 
of which, eliminating the m + n — 2 introduced constants, we 
obtain m + n — 1 conditions, equivalent, of course, to only two 
independent conditions. 

Ex, To find the conditions that 

aa;' + bx'y + cxf + dt/' = 0, aV + b'x^y + dxf + dy = 0, 
should have two common factors. Equating 

(Ax + By) [aa? + IxHj + cxy^ + df) = (A'x + B'y) {a'x? + Vxhj + c'xy'' + d'f), 

we have Aa — A'a' =0, 

Ab +Ba- A'V - So! = 0, 
Ac +Bb- A'c' - B'b' = 0, 
Ad + Bc - Aid' - B'd = 0, 

Bd -B'd' = 0, 

from which, eliminating A, B, A', B', we have the system of determinants [for the 
notation used, see Art. 3], 



a, bj c, dj 

0, a, bj c, d 

a', V, d, d', 

0, a', V, d, d' 



= 0. 



79. Sylvester's dialytic method. This method is identical in 
its results with Euler's, but simpler in its application, and more 
easily capable of being extended. Multiply the equation of the 
m* degree by a?""*, a;""'''?/, a;""y, &c. ; and the second equation 
by cq"^', x'^Vj ^''^Vj *°-j *°^ ^® ^^"^ S^* m + n equations, 
from which we can eliminate linearly the m + n quantities 
a;"-^', a;"^"-"?/, x'^'°^Yi &c., considered as independent un- 
knowns. Thus in the case of two quadratics, multiply both 
by X and by y, and we get the equations 

ax' + 'ba?y + cxy^ = 0, 

ax^y + hxy" + cy^ = 0, 

aV + h'x^y + c'xy^ = 0, 

a'x'y + h'xy^ + cY = 0, 
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from which, eliminating a;', a;'y, xy'^ y^, we get the same deter- 
minant as before 

a, J, c, 
a, S, c 

a , 5 , c 

111 I 
a, J c 

In general, it is evident by this method, that the ellminant 
is expressed as a determinant of which n rows contain the coeffi- 
cients of the first equation, and m rows contain the coefficients 
of the second. Thus we obtain the rule already stated for the 
order of the eliminant in the coefficients of each equation. 

80. Bezoufs method. This process also expresses the elimi- 
nant in the form of a determinant ; but one which can be more 
rapidly calculated than the preceding. The general method 
will, perhaps, be better understood if we apply it first to the 
particular case of the two equations of the fourth degree 

ax*+ hx^y + c^y + dxy^+ ey*= 0, a'x* + I'x^y + c'x'y' + dxy'^ + e'y = 0. 

Multiplying the first by a', the second by a, and subtracting, 
the first term in each is eliminated, and the result, being divisible 
by y, gives 

(«&') a;' + [ad) x^y + [ad!) xf + (ae') / = 0. 

Again, multiply the first by dx + 5'y, and the second by ax + Jy, 
and the two first terms in each are eliminated, and the result, 
being divided by y\ gives 

{ad) x' + [[ad') + [hd)] x'y + {[ad) + [hd')} xf + [hd) f = 0. 

Next, multiply the first by ax' + h'xy + djf ; and the second by 
ax^ + Ixy + cy' ; subtract, and divide by y" ; when we get 

[ad') x' 4 {[ad) + [hd')} x'y + {[hd) + [cd')} xf + [cd) / = 0. 

Lastly, multiply the first by aV + h'a?y + dxy' + cZ'/ ; the second 
by a^ + hi^y + cxy'' + dy^ ; subtract, and divide by y* ; when we 

get 

[ad) x' + [hd) a?y + [cd) xf + [dd) y' = 0. 

From the four equations thus formed we can eliminate linearly 
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the four quantities, as', x'y^ xy^^ y, and obtain for our result the 
determinant 

{ah\ {ac') , {ad') , [ae!) 

[ad), {ad')-h{lc'), (ae') -^ (bd') , {he') 

{ad'), {ae') + {Id'), + {Id) + {cd'), (ce') 

{ad), {hd), {cd), [dd) 

81. The process here employed is so evidently applicable to 
any two equations, both of the w'" degree, that it is unnecessary 
to make a formal statement of the general proof. On inspection 
of the determinant obtained in the last article, the law of its 
formation is apparent, and we can at once write down the deter- 
minant which is the eliminant between two equations of the 
fifth degree by simply continuing the series of terms, writing an 
[af) after every {ad), &c. Thus the eliminant is 

{ah'),{ad) ,{ad') ,{ad) ,{af) 

{ad) , {ad') -t{bd) , {ad) -^{hd') , {af')^hd) , [hf) 

{ad'),{ae')+{bd'),{af')-\.{bd)+{cd'), +{hf)+{ce') , ,(.3/) 
(ae') , {af')+{bd) , +{bf')+{ce') , +{cf)+{dd), {df) 

(«/'), +(5/'), +{of), +W),{ef) 

It appears hence that in the eliminant every term must con- 
tain a or a'; as was evident beforehand, since if both of these 
were =0, the equations would evidently have the common 
factor y = 0. 

It appears also that those terms which contain a or a' only in 
the first degree are {ab') multiplied by the eliminant of the equa- 
tions got by making a and a' = in the given equations. For 
every element in the determinant written above must contain a 
constituent from the first row, and also one from the first column ; 
but as all the constituents of the first row or column contain a or 
a', the only terms which contain a and a' in only the first degree, 
are {ab') multiplied by the corresponding minor ; and this, when 
a and a' are made = 0, is the next lower eliminant. 

82, It only remains to show that the process here employed 
is applicable when the equations are of -different dimensions ; 
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and, as before, we commence with a particular example, viz., 
the equations 

ax* + hx'^y + easy + dx^f + ey* = 0, a'x^ + b'xy + dy' = 0. 

Multiply the first by a', the second by aa?^ and subtract, when 
we have 

{la!) x' + {ca') x'y + {da') xf + (ea') f = 0. 

In like manner, multiply the first by a'x 4 Vy^ and the second by 
[ax + hy) a;", and we get 

[a^] x' + {{cb') + [da')} x'y + {{db') + (ea')} xy' + {eV) f = 0. 

This process can be carried no further ; but if we join to the 
two equations just obtained the two equations got by multiply- 
ing the second of the original equations by x and by ^, we have 
four equations from which to eliminate a;', a?y^ ajy", y'. 

And in general, when the degrees of the equations are un- 
equal, m being the greater, it will be found that the process of 
Art. 80 gives us n equations of the {m- 1)'" degree, each of 
these equations being of the first order in the coefficients of each 
equation : to which we are to add the m — n equations found by 
multiplying the second equation by af'"^^ as"^"'^, &g., and we 
can then eliminate the m quantities a;*""', x"^^y, &c., from the m 
equations we have formed. Every row of the determinant con- 
tains the coefficients of the second equation, but only n rows 
contain the coefficients of the first. The eliminant is, therefore, 
as it ought to be, of the «'" degree in the coefficients of the first, 
and of the wi'" in those of the second equation. 

83. Cayley^s statement of Bezoufs method. If two equations 
^ (a;, y), i|r (a?, y), have a common root, then it must be possible 
to satisfy any equation of the form + Xif^ = 0, independently 
of any particular value of X. Take then the equation 

(a;, y) ■^Jr {x', y') - ^ [od, y') '^{x,y)=0; 

which, if ^ and yfr have a common factor, can be satisfied inde- 
pendently of any particular values of x and y'. We may in the 
first place divide it by xy'—yx', which is obviously a factor: then 
equate to the coefficients of the several powers of x', y' ; and 
then eliminate the powers of x and y as if they were independent 
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variables, when the result comes out in precisely the same form 
as by the method of Art. 80. 

Ex. To eliminate tetween an? + hxy + c-ip = 0, oV + h'xy + dy' = 0, 
{ax^ + Ixy + cf) (aV + J'a;y + cy^) - {a'x^ + h'xy + dy^) (aas'^ + W^ + cj/'^), 
when divided by xy' — ja;', gives 

{{aV) X + {ac') y} x' + {{ao') x + (6c') jf} j^' = ; 
and eKminating », y between the coefficients of x' and y', separately equated to 0, 
we get the eUminant 

{adf + (Ja') (Sc') = 0. 

84. We proceed now to the theory of functions of three 
variables, the eliminant of which, however, except in particular 
cases, has not been expressed as a determinant, though it can 
always be expressed as the quotient of one determinant divided 
by another. We shall show, in the first place, how to form a 
ftmction of great importance in the theory of elimination. Given 
Ti equations In h variables, m = 0, ■u = 0, w = 0, &c., and if we 

write Mj, Mjj, Mg) <^°' ^^"^ T' 1 T i 1~ ^ ^^"> ^^^"^ *^® determinant 

"ij «2» «3» &c. 
^1) '^25 ^3> &c- 
Wn '-"a) «'a) &c. 
&c. 

is called Jacobi's determinant, or simply the Jacohian of the 
given equations, and will be denoted in what follows by the 
letter J. 

85. If any nwmher of equations are satisfied hy a common 
system of values^ that system will satisfy the Jacohiar^; and when 
the equations are of the same degree^ it will also satisfy the diffe- 
rentials of the Jacolian with regard to each of the variables. 

The proof of this for three variables applies in general. By 
the theorem of homogeneous functions, we have 
OJM, + yu,^ + aWg = WM, 
asv, + yv^ + zv^ = nv, 
xw^ + yw^ + zWg = nw. 

Now if, as In Lesson iv., we write the minors of the Jacobian, 
got by suppressing the row and column containing m,, v^, &c., 
C7j, Fj, &c., then If we solve these equations, we find (Art. 28) 
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Jx = Z7,WM + FjMU + TFjMJo, from which It appears at once that if 
M, D, w vanish, J will vanish too. Again, diiFerentiating the 
equation just found, we have 

dJ dU^ , dV^ , dW. , „^ T/^ ^^/^ 
'"^""""^■^"""^■^"^"^^"'^"''^■'"''^ ' ^^ '^' 

But, remembering (Art. 27) that 

we see that the supposition m = 0, i; = 0, m = (in consequence of 
which J is also = 0) makes -^ , -j- also to vanish. 

86. We can now express as a determinant the eliminant of 
three equations, each of the second degree. For their Jacobian 
is of the third degree, and therefore its differentials are of the 
second. We have thus three new equations of the second 
degree, which will be also satisfied by any system of values 
common to the given equations. From the six equations, 

then, M, V, w, T— , -T- , -y- , we can eliminate the six quantities 

a;^, y\ «", yx^ «aj, xy, and so form the determinant required. 

Again, if the equations are all of the third degree, J is of the 
sixth, and its differentials of the fifth, and if we multiply each 
of the three given equations by a;^, ?/'■', z''', yz^ zx, xy, we obtain 
eighteen equations, which, combined with the three differentials 
of the Jacobian, enable us to eliminate dialytically the twenty- 
one quantities, a;"*, x^y^ &c., which enter into an equation of the 
fifth degree. This process, however, cannot, without modifi- 
cation, be extended further. 

87.* Mr. Sylvester has shown that the eliminant can always 
be expressed as a determinant when the three equations are of 
the same degree. Let us take, for an example, three equar 
tions of the fourth degree. Multiply each by the six terms 
(a;'"", xy, y'^ &c.) of an equation of the second degree [or gene- 

* The beginner may omit the reat of this Lesson. 
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rally by the ^n(n- 1) terms of an equation of the degree (n-2)]. 
We thus form eighteen [fra {n - 1)] equations. But since these 
equations, being now of the sixth [2n-2] degree, consist of 
twenty-eight [n (2h - 1)] terms ; we require ten [|»i (« + ])] ad- 
ditional equations to enable us to eliminate dialytically all the 
powers of the variables. These equations are formed as follows : 
The first of the three given equations can be written in the 
form Ax* + £i/+Cz; the second and third, in the form 

A'x* + B'i/+G'z, A"x' + £"ij + C"s; 
and the determinant (AB'G") which is of the sixth degree in 
the variables must obviously be satisfied by any values which 
satisfy all the given equations. We should form two similar 
determinants by decomposing the equations into the form 
Ay* + Bx+ Gs, Az* + Bx+ Gy.. So again, we might decompose 
the equations into the forms Ax^ + By'' + Gz^ A'x^ + B'y' + (7'z, 
A"^ + B"y' + G"z (for every term not divisible by a;' or y' must 
be divisible by z) ; and then we obtain another determinant 
{AB'G") which will be satisfied when the equations vanish 
together. There are six determinants of this form got by inter- 
changing a;, y, and z in the rule for decomposing the equations. 
Lastly, decomposing into the form Ax^ + By' + Gz\ &c. we 
get a single determinant, which, added to the nine equations 
already found, makes the ten required. In general, we decom- 
pose the equations into the form Aal' + By^ + Cz"*^ such that 
a+j8 + 7 = w+2, and form the determinant AB' C" ; and it can 
be very easily proved that the number of integer solutions of 
the equation a + iS-|-7 = »i + 2 is |n(re+l), exactly the number 
required. 

88. When the degrees of the equations are different, it is 
not possible to form a determinant in this way, which shall give 
the eliminant clear of extraneous factors. The reason why 
such factors are introduced, and the method by which they are 
to be got rid of, will be understood from the following theory, 
due to Mr. Cayley : Let us take for simplicity three equations, 
M, v, w, all of the second degree. If we attempt to eliminate 
dialytically by multiplying each by a;, y, z, we get nine equa- 
tions, which are not sufficient to eliminate the ten quantities 
a;', x'y^ &c. Again, if we multiply each equation by the six 
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quantities, a;', a;y, y, &c., we have eighteen equations, which are 
more than sufficient to eliminate the fifteen quantities a;*, x'y, &c. 
If we take at pleasure any fifteen of these equations, and form 
their determinant, we shall indeed have the ellmlnant, but it will 
be multiplied by an extraneous factor ; since the determinant Is of 
the fifteenth degree in the coefficients, while the ellmlnant is only 
of the twelfth (Art. 72, mn + np +pm = 12, when m = n=p = 2). 
The reason of this is, that the eighteen equations we have formed 
are not independent, but are connected by three linear relations. 
In fact. If we write the identity uv = viij and then replace the 
first M by its value, ax' + hi/' + &c., and in like manner, with the 
V on the right-hand side of the equation, we get 

ax\ + by^ + cz^v + 2fi/zv + &c. = a'x'u + i'y'u + &c. 

In like manner, from the identities vw=wv, wu=uw, we get two 
other identical relations connecting the quantities x'u, y'u, a?v, 
a?w, &c. The question then comes to this : " If there be m +p 
linear equations in m variables, but these equations connected by 
p linear relations so as to be equivalent only to m independent 
equations, how to express most simply the condition that all 
the equations can be made to vanish together." In the present 
case OT = 15, p = 3. 

89. Let us, for simplicity, take an example with numbers 
not quite so large, for Instance, «i = 3, p = 1. That is to say, 
let us consider four equations, s, i, m, v, where s = a^x + h^y + c,3, 
t=a^x+l^y +c^z, &c., these equations not being independent, but 
satisfying the relation, D^s + D^t H- D^u -I- D^v = 0. Now I say, 
in the first place, that if we form the determinant {ajjjs^) of any 
three of these equations, s, ^, m, this must contain D^ as a factor. 
For If D^ = 0, we shall have s, t, u connected by a linear rela- 
tion, so that any values which satisfied both s and t should satisfy 
u also; and therefore the supposition D^ = would cause the 
determinant {afi^c^) to vanish. And In the second place, I 
say that we get the same result (or, at least, one difiering 
only in sign) whether we divide {aj),/:^) by I)^ or (oSj^jCj by 
i>3. For (Art. 15) B^ {afi^cj Is the same as the determinant 
whose first row is a^, 5j, c„ the second, a^, J^, c^, and the third, 
I)^a^, DJ)^^ D^c^•. but we may substitute for D^a^ Its value 
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— B^a^ — Dfi^ — Dji^^ and in like manner for Bp^^ D^c^. The 
determinant would then (Art. 18) be resolvable into the sum 
of three others; but two of these would vanish, having two 
rows the same, and there would remain D^ {afi^c^ = — D^ [afi^c^. 
It follows then that the eliminant of the system may be ex- 
pressed in any of the equivalent forms obtained by forming the 
determinant {afi^o^ of any three of the equations, and dividing 
by the remaining constant D^. 

Suppose now that we had five equations s, t, u, «, w, con- 
nected by two linear relations I>^s + D^t + D^u + D^v + D^w = Of 
JE^s 4- S^t + E^ -t- E^ + E^o = 0. Eliminating w from these 
relations, we have [D^E^) s+ {D,^E;jt+{D^E^)u+ {D^E^jv^O, 
and we see, precisely as before, that the supposition [D^E^ = 
would cause the determinant {afi^c^ to vanish ; and that we 
get the same result whether we divide {afi^c^ by {JDJS^ or 
divide the determinant of any other three of the equations by 
the complemental determinant answering to (D^E^). This 
reasoning may be extended to any number of equations con- 
nected by any number of relations, and we are led to the 
following general rule for finding the eliminant of the system 
in its simplest form. Write down the constants in the m +j) 
equations, and complete them into a square form by adding 
- the constants in the j) relations : thus 
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then the eliminant in its most reduced form is the determinant 
of any m rows of the left-hand or equation columns, divided 
by the determinant got by erasing these rows in the right-hand 
columns. 

Thus, then, in the example of the last Article, we take 
the determinant of any fifteen of the equations, and, dividing 
it by a determinant formed with three of the relation rows, 
obtain the eliminant; which is of the twelfth degree, as it 
ought to be. 

L 
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90. And, in general, given three equations of the Tn'", w'", 
and p"" degrees, we form a number of equations of the degree 
m + n+j) — 2, by multiplying the first equation by all the terms 
x"'^'^, sa"'^^y^ and so on. We should in this manner have 

^{n +p - 1) (« +p) + i(i> + m - 1) (^ + «i) + \[m + w - 1) (w + n) 

equations. But the number of terms, aj'"'*'^''-^^ &c., to be elimi- 
nated from the equations formed, is |(to + w + p — 1) (m + w +^), 
or, in general, less than the number of equations. But again, 
if we consider the identity wo = vu^ which is of the degree «i + w, 
and multiply it by the several terms af"", &c., we get \{p— 1)^ 
identical relations between the system of equations we have 
formed; and in like manner |(n— l)w + ^(m — l)m other iden- 
tities ; and the number of identities subtracted from the number 
of equations leaves exactly the number of variables to be elimi- 
nated, and gives the eliminant in the right degree. 

91. If we had four equations in four variables, we should pro- 
ceed in like manner, and it would be found then that the case 
would arise of our having m + w linear equations in m variables, 
these equations not being independent, but connected by n+^ 
relations ; these latter relations again not being independent, 
but connected by p other relations. And in order to find the 
reduced eliminant of such a system, we should divide the deter- 
minant of any m of the equations by a quantity which is itself 
the quotient of two determinants. I think it needless to go into 
further details, but I thought it necessary to explain so much of 
the theory, the above being, as far as. I know, the only general 
theory of the expression of eliminants as determinants; since 
whenever, in the application of the dialytic method, any of the 
equations is multiplied by terms exceeding Its own degree, we 
shall be sure to have a number of equations greater than the 
number of quantities which we want to eliminate. 
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LESSON X. 

DETERMINATION OF COMMON ROOTS. 

92. When the eliminant of any number of equations 
vanishes, these equations can be satisfied by a common system 
of values, and we purpose in this Lesson to show how that 
system of values can be found without actually solving the 
equations. The method is the same whatever be the number 
of the variables ; but for greater simplicity we commence with 
the system of two equations, (j!) = 0, i/r = 0, where 

= V" + «»-.«''"-' + %^^'^' + &c. = 0, 
il^ = h^i^" + \_^x"-' + 5„_X" + &c. = 0. 

Let us suppose that some root of the second equation, x = a. 
satisfies the first, and therefore that B the eliminant of the system 
vanishes. Now in d) we may alter the coefiicients (a into a +A , 
a„_j into «,^i + -4„_i5 &c.) ; and the transformed equation 

«X + «.-.«''""' + &c. + Ay- + j,„.y- + &c. =. 

will obviously still be satisfied by the value a; = a, provided only 
that the increments A^^ ^„,_,) &c. are' connected by the single 
relation 

since the remaining part of the equation, by hypothesis, vanishes 
for 03 = a. The transformed equation then has a root common 
with 1^, and therefore the eliminant between ■^ and that trans- 
formed equation vanishes. But this eliminant is obtained from 
JS, the eliminant of ^ and i/r, by altering in it a^ into «„+^4„^, &c. 
The eliminant so transformed is 

We have jB = by hypothesis ; and since the increments A^^ &c. 
may be as small as we please, the terms containing the first 
powers of these increments must vanish separately. We have 
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then A -, — l- A , ^= (- &c. = 0. This relation must be iden- 

tical with the relation yl,„a^+ ^,„_,a"' '-I- &c. = 0, which. we have 
seen is the only relation that the increments need satisfy. It 
follows then that the several differential coefficients are pro- 
portional to a"*, a"~\ &c., and therefore that a can be found 
by taking the quotient of any two consecutive differential co- 
efficients. 

COE. 1. If ttp, ttg be any two coefficients in ^, we must have, 

, ^ ^ dR dR dR dR . ^, ^. ^ .^, 

when it = 0, -s- : -^ — " t— : i — • 5 smce the quotient either 
aUp daf_f. da J "■ag_^ 

of the first by the second, or of the third by the fourth will = a'. 

It follows that -^ -^ 5 5 — vanishes wTien i? = 0, and 

da,, dag_f da^ dup^g. 

therefore must contain iZ as a factor; or, in other words, 

dR dR dR dR , . „ r X T I. 

-Tj- -Tj -,- ^=— contains it as a factor it we have » ^ ff = r + s. 

dup dUg da^ da, -^ 

CoE. 2. It is evident, by parity of reasoning, that the diffe- 
rential coefficients of the eliminant, with regard to the several 
coefficients in -^^ are proportional to a", a""^, &c. ; and hence, as 

in the last corollary, that, when J? = 0, ^— : -; — '•'• ^n- '• t? — i 

dap dap ^ dbg dbg , 

^, dRdR dR dR , . „ . , , , 

or that -^ -. 51-^7- contains ii as a factor when we have 

dap dbg da^ db, 

p + q^r-i s. 

CoE. 3. Or, again, if we substitute in the second equation 
the values of a, a""', &c. given above, we have 

, dR , dR ^ 

when R = 0. But the left-hand side of this equation cannot 
contain i? as a factor, for it obviously contains the coefficients 
of ^ in a degree less by one than that in which R contains 
them. It must therefore vanish identically. 

93. The results of the preceding article may be confirmed 
by calculating the actual values of the differential coefficients 
of B. We know (Art. 63) that iS = ^ (a) ^ (/8) </> (7) &c. But 
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since ^(a) =a^a" + «„^_ja'"'' + &c., we have —^^a."; and 

dctp 

therefore 

g^ = aF4> (/3) <^ (7)^ /S",^ (a) <^ (7).^ &c. 

Tf then a satisfies (^, we have if> (a) =0, and -^ = a^c^ (/S) <;f) (7) &c. 

In like manner j- = a'^ (/3) (^ (7) ; and therefore, as before, 

dR dR __ p _ , 
dup ' dag " 

Again, if we multiply together, 
S ^^ = «^"i<^(/3)r {<A(7)r&c- + ^(«''y8'+«'^'') <^(7)&c.+&c.; 
and it can easily be seen that the series multiplying R is 

-^ — =— . If now we subtract -j- -rz- , the terms not multiplied 
da^dttg da^ da^ "^ 

by R will destroy each other if we have j> + q = r+ s, and there 

will remain 



dR dR_dRdR_ f d'R _ d'R \ 
da„ da„ da^. da, \da da^ da^daj ' 



■p "■"■} " 

dR dR dR dR 



By a similar process we can show that -7— -n 5 tt is 

"" dttp dbg dag do 

divisible by R. but the quotient is not -= — ^, = — jj- . 

da^dog da^dOp 

94. What has been said is applicable, as we shall presently 
see, to a system of equations in any number of variables. The 
following simpler method only applies to a system of two equa- 
tions. In that case we have seen (Art. 80) that the ellminant 
can be expressed in the form of the determinant resulting from 
the elimination of fls"'"', sc""^, &c. from a system of equations 
linear in these quantities. When this determinant vanishes, the 
equations are consistent with each other, and if we leave out 
any one of them, the remainder will suffice to determine x. 
Hence if ySj^, yS^^, &c. represent the minors of the determinant 
in question, we have tc™"', tc"'"", &c. severally proportional to 

/^u) ^12) i^isj <^°-j o'^ to ^^21) /^225 /^28) ^^-1 ^^- These values are 
simpler than those found by the preceding method; since they 
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are a degree lower than the di g crimiiiant in the coefficients of 
each equation; whereas the values found by differentiating the 
;„\H^^:;:j ^i3criminaH t are a degree lower than it only in the coefficients 
of one of the equations. For example, the common value 
which satisfies the pair of equations 

ax'-Vhx + c = 0, a'a? + J'a; + c' = 

is by this method found to be — -, — ^ = — -7-7^ ; whereas by the 

■' [ac ) [ab)^ •' 

preceding method it is given in the less simple form 

2c' jac') - b' {be') _ a' {be') - c' jab') 
a' {be') - c' {ab') ~ - 2a! {ac') + b' {ab') ' 

All these values are equal in virtue of the relation which is 
supposed to be satisfied {ac'f = {ab') [bo'). 

95. If we substitute in any of the equations used in the last 
article, the values -3 for »'""', &c., this equation must be 

m— 1 

satisfied when B = 0, and therefore the result of substitution 
must be divisible by B. In other words, if a,,, a j, &c. be the 
constituents of any of the lines of the determinant of Art. 80, 

we must have a„ -j 1- a^^ -, h &c. divisible by B. But if 

we examine what a^,, &c. are, we see that a^ is the determinant 

(a 6 _), &c,, and thus that the function a, ^ |-&c. contains 

the b coefficients in a degree one higher than B while its weight 
exceeds that of i? by n — r+1. Consequently the remaining 
factor must be 6„_^, multiplied by a numerical coefficient. To 
determine this coefficient we suppose all the terms of i|r to 
vanish except J„_^,. Now it follows at once from the method of 
elimination by symmetric functions that if i|r consist of factors 
F, W, &c., the eliminant of <f) and i|c is the product of the 
eliminants of ^, V; <j), W; &c. For if V be {x—a.){x—^) &c., 
and W be {x — a.') {x — 13') &c., the eliminant of ^ and V is 
<f> (a) 4> (/S) &c., that of ^ and W is cj) {a!) (f> {^') &c,, and the 
product of all these is the eliminant of <p and 1^. 

Again, if -yjr reduce to the single term b^x'yi^, since the elimi- 
nant of (^ and X is a„ and of ^ and y is a^, the eliminant of 
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^ and ■\jr will be h^'a^'aj. The only one then of the series of 
terms -^ , &c., which will not vanish when all the coefficients 

of lif, except J„ are made to vanish, will be -fi , and this will 
be ah^'af'^a^. But in the case we are considering, it will 
be found that the term by which -=- is multiplied will be &„«„, 

and hence that in general, when a = w — >• + 1, 

dB, dR „ , > -r., 

"^' ^r~ + «^ ^;7- + &c. = (« - r + 1) Rb^_,.^^. 

a«„,_l ""m-2 

Ex. In order to make what has been said more intelligible, we repeat the proof 
for the partionlar case of the two cubios a^ + a^^ + a^x + Uj, h^x^ + ^x^ + h-^x + 6,,, 
then we have the system of equations (Art. 80) 

(0362) x' + (ajSi) X + {aji„) = 0, 

{ajii) x-' + {{ajj^ + (ajj,)} x + {aj)^ = 0, 

("A) «^ + («2*o) » + {"A) = 0. 

Substituting then, suppose in the second equation ; the f oUowing quantity must be 
divisible by -ffi, 

, , . dB ,, , . ^ T M dji , , ^ dR 

But, considering the order and weight of the function in question, it is seen at once 
that the remaining factor must be J^ multiplied by a numerical coefficient. To deter- 
mine that coefficient, let Jj, 6,, J3 all vanish, then the quantity we ai-e discussing 

reduces to — ij (% -= — h cto j- ) • But S, on the same supposition, reduces to h^a^p,^ ; 

and therefore the function we are calculating at most differs in sign from liji. 

96. There is no difficulty in applying the method of 
Arts. 92, 93 to the case of any number of variables. For 
greater clearness we confine ourselves to three variables, but 
the same proof applies word for word to any number of vari- 
ables. Let there be three equations ^ = 0, i/r = 0, % = 0, where 
^ = a^j„„£B"'-|-...+ aa /3_ya;«?/V4-&c., and let the values sdy's! 
satisfy all the equations; then they will still satisfy them if 
in ^ we alter a„_„^„, a„_,3_ ^ into a„^„_„ + .4„,„,„, aa,,3,y + -4„ ^_y, &c. 
provided only that ^^^^^^-f &c. + ..4„ jS^yxya'^H- &c. = 0. 
But, as in Art. 92, the equation must also be satisfied 

, dR . dR „ 

and comparing these two equations, we see that the value of 
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each term x''y'^z''' must be proportional to the differential of 
the eliminant with respect to the coefficient which multiplies it. 
We obtain the values of »', y', z\ by taking the ratios of the 
differentials of M with respect to the coefficients of any terms 
which are in the ratio of «, y, z. And this may be verified 
as in Art. 93. For let the common roots of i/r, ■^ substituted 
in ^, give results ^', ^", &c. Then B = <f>'(j>"<j)"' &c. And 

-r^^ = xy^z'-'cj,"^'" &c. + x"y^z"-'tf>'cl)" &c. + &c. ; 

and if we suppose 0' to vanish, the value of this differential 
coefficient reduces to its first term, and it is seen as before, that 
the differential with regard to each coefficient is proportional 
to the term which that coefficient multiplies. The same corol- 
laries may be drawn as in Art. 92. 

97. And more generally, in like manner, if the coeffi- 
cients of (p be functions of any quantities a, h, c, &c. which 
do not enter into ilc, %, it is proved by the same method, that 

-T— : ^r '•'• -7- ■• -w where in the latter differentials x, y, z. are 
da db da db ) ^) i 

supposed to have the values a;', y\ z\ which satisfy all the 

equations. For either, as in Art. 93, we have when i/)' = 0, 

da=£'^'^ ^"■Tb^^b'^^ &c.; or agam, as m Art. 92, 
if a, &, c be varied, so that the same system of values continues 
to satisfy ^, we have 

da db dc ' 

while, because in this case, the eliminant of the transformed ^ 
and of the other equations continues to vanish, we have 

^- Sa + ^=- S6 + -y- So + &c. = 0, 
da db dc ' 

and these two equations must be identical, 

98. The formulae become more complicated if we take the 
differentials of the eliminant with respect to quantities a, 5, &c. 
which enter into all the equations. As before, if w^e give these 
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quantities variations, consistent with the supposition that the 
eliminant still vanishes, we have 

dB -, dR c,, dR o „ „ 

Now in the former case, where a, &, c, &c. only entered into 
one of the equations, a change in these quantities produced no 
change in the value of the common roots, since the coefficients 
remained constant in the other equations, whose system of 
common roots was therefore fixed and determinate. But this 
will now no longer be the case, and the common -roots of 
the transformed equations may be different from those of the 
original system. Let the new system of common roots be 
X +hx\ y' ^^y\ s' + Sa', &c., then the variations are connected 
by the relations 

f Sa+§ S& + &c. + ^ S^' + ^ Sy+&c. = 0, 
da do dx dy '^ ' 

*!: Sa+5 S6 + &c.4#''8^' + #' Sy + &c. = 0, &c. 
da do ^ dx dy ' 

If there are h such equations, there will be ^ — 1 independent 
variables ;* we may therefore, between these- Tc relations elimi- 
nate the k—1 variations hx, By', &c., and so arrive at a re- 
lation between the variations Ba, Bb, &c. only; the coefficients 

of which must be severally proportional to -j- , -w- , &c. 

Ex. 1. Let there be two equations and one raiiable. The final relation then is 

\da dx da dxj \db dx do dx J 

and the several coefficients are proportional to -=- , -=^ , &o. If the equations had 
been given in the homogeneons form, we might have taken x as constant, and sub- 
stituted -^ , -r- for -—-, -r- in the preceding formula. This makes no change, 
ay ay dx dx 

because it was proved, Art. 85, that the common root satisfies the Jacobian, or makes 
dcp d\fr _ d(p dtjf 
dx dy ~ dy dx' 



* If the equations had been given as homogeneous functions of k variables, still 
since their ratio is all we are concerned vrith, we may suppose any of the variables z 
to be the same in aU the equations and may suppose &' = 0, 

« M 
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Ex. 2. If there are three equations, the coefficient of Sa is 

d<j> d\}f dx 
da ^' da^ da 

<t>i, V'li Xi 
where i^,, <f>2 denote the difierential coefficients of <l> with respect to x and j, &0. 

99. If a system of equations is satisfied by two common 
systems of values, not only will the eliminant B vanish, but 
also the difi^erential of M with respect' to every coeflScient in 
either equation. For evidently the values of the differentials, 
given Art. 93, all vanish if both <f) (a) and <}} (/3) = 0, or, in 
Art. 96, if (f>', ij)" both = 0. In this case the actual values of 
the two common roots can be expressed by a quadratic equa- 
tion in terms of the second differentials of B. The following, 
though for brevity, stated only for the case of two equations, 
applies word for word in general. We have (see Art. 93) 

£^ = '>f^'i> (7) 4> (S) &c. 4 ySv^ (a) <l> (8) &c. + &c., 

which, when <p (a), (f> (/S) = 0, reduces to the single term 
a'/S"^ (7) ^ (S) &c. 
In like manner, in the same case, 

c?|£^=('''^'+"''^'^ '^^'y) "^(^^ ^°-' 5^==«'^'^w^(^) '^'=- 

If then we solve the quadratic in \ : /t, 

^,d'B ^ ' /b , ^^B „ 

X T— 5 — A,/i T = 1- M -7—0 = 0, 

dag da^da, da^ 

the roots will give the ratios a" : a', jS" : /S'. 

If the equations have three common systems of values, all 
the second differentials of B vanish, and the common roots are 
found by proceeding to the third . differential coeflScients and 
solving a cubic equation. 
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LESSON XL 



DISCEIMINANTS. 



. 100. Bepoee entering on the subject of discriminants, we 
shall explain some terms and symbols which we shall frequently 
find it convenient to employ. In ordinary algebra we are wholly 
concerned with equations^ the object usually being to find the 
values of x which will make a given function =0. In what 
follows we have little to do with equations, the most frequent 
subject of investigation being that on which we enter in the next 
Lesson : namely, the discovery of those properties of a function 
which are unaltered by linear transformations; It is convenient, 
then, to have a word to denote the function itself, without being 
obliged to speak of the equation got by putting the function =0 : 
a word, for example, to denote aa? + hxy-'rGjf without being 
obliged to speak of the quadratic equation ax' + hxy + cy^ = 0. 
We shall, after Mr. Cayley, use the term quantic to denote a 
homogeneous function in general; using the words quadric, 
cubic, quartic, quintic, n^", to denote quantics of the 2nd, 3rd, 
4th, 5th, w'" degrees. And we distinguish quantics into binary, 
ternary, quaternary, m-ary, according as they contain 2, 3, 4, 
n variables. Thus, by a binaty cubic, we mean a function 
such as ax^ + hx^y + cxy^ + dy^ ; by a ternary quadric, such as 
ax/' + hy^ + cs" +■ 2fyz + 2gzx + ihxy, &c. Mr. Cayley uses 
the abbreviation (a, &, c, cT^x, yY to denote the quantic 
ax^ + Shx'y ■+ 3cxy' + dy", in which, as is usually most con- 
venient, the terms are affected with the same numerical coeffi- 
cients as in the expansion of {x+yf. So the ternary quadric 
written above would be expressed (a, 5, c, f, g, K^x, y, zf. 
When the terms are not thus affected with numerical coeffi- 
cients, he puts an arrow-head on the parenthesis, writing, for 
instance (a, b, c, d'%x, yY to denote ax^ + bx'y 4 cxy' + dy". 
When it is not necessary to mention the coefficients, the quantic 
of the n^ degree is written (cc, «/)", {x, y, a)", &c. 
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101, If a quantlc in h variables be differentiated with respect 
to each of the variables, the eliminant of the h differentials is 
called the discriminant of the given quantic. 

If n he the degree of the quantic, its discriminant is a homo- 
geneous function of its coefficients, and of the order h{n— 1)'~\ 
For the discriminant is the eliminant of k equations of the 
(n— 1)™ degree, and (Art. 74) must contain the coefficients of 
eAich of these equations in a degree equal to the product of the 
degrees of all the rest, that is (w — 1)'"\ And since each of 
these equations contains the coefficients of the original quantic 
in the fi.rst degree, the discriminant contains them in the 
k[n— 1)*"' degree. Thus, then, the discriminant of a binary 
quantic is of the degree 2 (« — 1) ; of a ternary, is of the degree 
3 (w - l)' ; &c. 

102. If in the original quantic every coefficient multiplying the 
first power of one of the variables x, be affected with a suffix 1, 
every term multiplying the second power by a suffix 2, and so on ; 
then the sum of the suffixes in each term of the discriminant is 
constant and =n{n— 1)'"^ It was proved (Art. 74) that if 
every coeflicient in a system of equations were affected with a 
suffix corresponding to the power of x w^hich it multiplies, then 
the sum of the suffixes in every term of their eliminant would be 
equal to the product of the degrees of those equations, viz., 
= mnp &c. Now suppose, that in the first of these equations 
the sufiSx of x", instead of being 0, was I ; that of x^ was Z + 1 , 
and so on ; it is evident that thfe effect would be to increase the 
sum of the suflSxes by I for every coefficient of the first equation 
which enters into the eliminant ; and since (Art. 74) every term 
contains np &c. coefficients of the first equation ; the total sum 
of sufiixes is mnp &c. + Inp &c. = [m + l) np &c. Now, in the 
present example, it is evident that every coefficient in the k—1 
differentials ZJ^, C^, &c.,* multiplies the same power of x as 
it did in the original quantic U. But in the remaining diffe- 
rential, U^, every coefficient multiplies a power of x one less 
than in Z7, and the coefiicient multiplying any term x' in this 



* We write, as before, i7„ Pg, U^, &c. to denote the differeutial coefficients of U 
with respect to x. y, .i, &c. 
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differential will be marked with the suiEx l+l, since it arose 
from diflferentiating a term x'*^ in the original quantic. It 
follows, then, that the sum of suffixes in the discriminant 
must ={n- If +{n- 1)'"' = n{n- 1)'"'. 

We shall briefly express the results of this and of the last 
article by saying that the order of the discriminant is )fc(?i-l)'"'; 
and its weight, n{n-lf~^. Thus for a binary quantic the weight 
of the discriminant is w («- 1). 

103. If a binary quantic contain a square factor, then, as is 
well known, the discriminant vanishes identically. For the two 
differentials must each contain that factor in the first degree, 
and therefore, since they have a common factor, their eliminant 
vanishes. In like manner, if a ternary quantic be of the form 
X'tj) -f XF-f + Y\, where X= ax + hy-\- cz, F= a'x + I'y + c'a, 
then the discriminant must vanish, since every term in "any of 
the differentials must contain either X or F, and therefore the 
differentials have common the system of roots derived from the 
equations X= 0, F= 0. In like manner, the discriminant of a 
quaternary quantic vanishes, if the quantic can be expressed as 
a function in the second degree of X, F, , Z, these being any 
linear functions of the variables.* We shall call those values 
which make all the differentials vanish, the singular roots of the 
quantic. 

104. We shall now discuss the properties of the discriminant 
of the binary quantic 11= a^x" -h-na^x''~^y + \n {n— 1) a^x^'^y' + &c. 

The eliminant of U and U^ is a^ times the discriminant ; and 
the eliminant of U and U^ is a^ times the discriminant.^ For 
since nU=xU^+yU^, the result of substituting in nil any root 
of £^ is y' UJ ; and . when all the results of substitution are 
multiplied together, the product will be y'y"y" &c. (which is 
= «„, see Art. 67), multiplied by the product of the results of 
substituting the same roots in Z/^,, which is the discriminant. 



* lu other words, the Tanishing of the discriminant of an algebraical equation 
expresses the condition that the equation shall have equal roots ; and the Tanishing 
of the discriminant of the equation of a curve or surface expresses the condition that 
the curre or surface shall have a double point. 

t We do not take account of mere numerical factors. 
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105. To express the discriminant in terms of the values 
^i2'i) '"a^sj t^C') which make the quantic vanish. 

Let U={pcy^-yx^{xy^-yx;j{xy^-yx;) &c. (see Art. 57); 
then 

^i = J/,(a:y2-2/a;J(a;^3-^a!3) &c. +y.ixy^-yx^)ixy-yx^ &c. +&c.; 
and the result of the substitution in U^ of any root a;,y, of U is 
2', (^lya-yi^Jl^i^s-yA) &c. Similarly, the result of sub- 
stituting x^y^ is y^ [x^^ - x^y^j {x^,-y,x^) &c. If, then, all the 
results of substitution are multiplied together, the product is 
+ y ^.2/8 &c. {x,y^ - 2/,a;.J= (« j, - y^xj [x.^^ - y^x^f &c. 

This, then, is the ehminant of U and C7|, and if we divide it 
by a„, -which is =y,y^y^ &c., we shall have the discriminant 
= (a^i^!- ^/.a;,/ {x^y^ - y^x^Y &c. If we make in it all the y's = 1, 
we get the theorem in the well-known form that the discriminant 
is equal to the product of the squares of all the diiferences of 
any two roots of the equation. We shall, for simplicity, refer 
to the theorem in the latter form. 

106. 'The discriminant of the product of two quantics is equal 
to the product of their discriminants multiplied hy the square of 
their eliminant. For the product of the squares of differences of 
all the roots evidently consists of the product of the squares of 
differences of two roots both belonging to the same quantic, 
multiplied by the square of the product of all differences between 
a root of one and a root of the other, and this latter product is 
the eliminant (Art. 64). As a particular case of this, the dis- 
criminant of (a; — a) ^ (a;) is the discriminant of (/> {x) multiplied 
by the square of ^ (a). For if iS, 7, &c. be the roots of ^ (a;), 
then (a — /S)" (a — 7)" {13 — yf &c. is equal to the square of 
(a— /S) (a — 7) &c. which is <^ (a), multiplied by the product of 
the squares of all differences not containing a. 

107. The discriminant of (a^, a,...a„_j, a^x, y)" is of the 
form a^cj) + d\_^-*lr, where i|r is the discriminant of the equation of 
the [n — 1)" decree (a^,, a,...a^_2, a^_^x^ tJIT^- For we evidently 
get the same result whether we put any term a^ = in the 
discriminant; or whether we put a,, = in the. quantic, and then 
form the discriminant. But if we make a^ = in the quantic, we 
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get X multiplied by the [n - 1)'° written above, and (Art. 106) 
its discriminant will then be the discriminant of that {n — 1)'° 
multiplied by the square of the result of making in it a; = ; 
that is, by the square of «,,_j. In like manner we see that the 
discriminant is of the form a^^ + a^-i^J* 

108. The discriminant being- a function of the determi- 
nants x^y^ — aj^y,, &c. must satisfy the two differential equa- 
tions (Art. 58), • 



na„ 



' da, ^ da„ 



a, -=- + 2«,-7- + 3a,-^ + &c. = ; 



or, if the original equation had been written with binomial 
coefficients, 

d!^ . ,, (ZA , „ . d\ dC^ g 

Ex. To form tlie discriminant of (a,,, a„ Oj, ...^a;, y)», which we suppose arranged 
according to the powers of a^. We kaow (Art. 107) that the absolute term ia 
a^D, where D is the discriminant of (aj, a^j ■•^%pt S')""'- The discriminant then is 

a^D + a(,0 + a^^ + &o. ; operating on this with lij ^ — V ia^ -j — I- Soj -= — h &o., we 

may equate separately to zero the coefficient of each power of a„. Thus then the 
part independent of a„ is 

ai<p + ia^a^D + a,^ ( ia^ -s— + Sa, -5 — I- &c. ) D, 

or, remembering that [°'2 -3T + ^"3 -^ + ^"-j D = Q, we, have 

and the discriminant is 

(Oi^ - iaifl^ D + aja„ {a^ j- + 2^4 ^ + &o.J D + V'/' + &o. 

In like manner, from the coefficient of a^ we can determine i/r, but the result is not 
simple enough to seem worth writing down. 

* This theorem was first pubhshed by Joachimethal ; I had, hewever, previously 
been led by simple geometrical considerations to the following theorem in which it 
is inolpded. If a^ contain a factor z, and if o„ contain a' as a factor, the. discriminant 
will be divisible by z'. If % contain « as a factor, if o, contain z'', and a,, contain 2', 
the discrinunant will in general be divisible by »». In like manner, if % contain x ; 
1*2, »2 ; «;„ z' ; and a„ «', the discriminant will be divisible by s'^ iSio. 
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109. If the discriminant of a> binary quantic vanishes, the 
qnantic has equal roots, and the actual values of these roots can 
be found by a process similar to that employed in Lesson X. 
Let U= a^x + 0^03""'+ a^''^ + &c. be a quantic whose discrimi- 
nant vanishes, and having therefore a square factor (cc — a)'''. 
Then evidently F, where 

F= ^/' + Ay-^ + A^-' + &c. 

will also be divisible by a; — a, provided that A^^ A^^ &c. be any 
quantities satisfying the condition 

^„a" + ^,a"-' + ^/-■' + &c. = 0. 

In this case then we shall have ZZ+XF divisible by a; — a. 
Let it = (a; — a) {(« — a) (a;) +Xi/»- (a;)}. It follows then, from 
Art. 107, that the discriminant of TJ-^-W is the discriminant 
of the quantity within the brackets, multiplied by the square 
of the result of substituting a for x inside the brackets. But 
this result is X'^ (a). ' We have proved then that in the case 
supposed, the discriminant of JJ-\- A, F is divisible by X". 

But since Z7+A,F is derived from TJ by altering a^ int<J 
a^-\- \^„, &c., the discriminant of TJ-\-W is derived from the 
discriminant of f/ by a like substitution, and is therefore 

^ ( . dA . dA. . dA „ \ , , , „ , 

By hypothesis A = 0. But the discriminant will not be divisible 
by V unless the coefficient of X vanish. Now the relation thus 
obtained between A^^ A^, &c. must be Identical with the relation 
A^a" + ^,a"' ' + &c. = 0, which we have already seen is the only 
relation that need be satisfied by A^, A^, &c. In order that the 
discriminant of U+ X V may be divisible by X". We must have 
therefore the quantities a", a""', a""", &c. respectively propor- 
tional to -5— , -5— , ^3— , &c. Dividing any one of these terms 

by that consecutive, we get an expression for a. We may state 
this result: When the discriminant vanishes^ the several differ 
rential coefficients of the discriminant with respect to a„, a,', &c. 
are proportional to the differential coefficients of the quantic with 
respect to the same quantities . 
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110. This result may be confirmed by forming the actual 
values of t— , &c. in terms of the roots ; which may be done 
by solving from the n equations, 

dA _d^ da^ dA da^ „ 
do. da^ da. da^ da. 

We know the expressions for A, a^, a^; &c. in terms of the 
roots (see Art. 61), and therefore from these n equations can 

find the n sought quantities -^, &c. The result will be 
found to be 

£^=s(^-7r(7-sr(s-/3r 

x{(a-/3)(a-7) + (a-yS)(a-S)+(a-7)(a-S)}, 
where the product of the squares of all the differences, not con- 
taining a, is multiplied by the sum of the products (m - 2 taken 
together) of the differences which contain a, 

~-^ = Sa (^ - 7)^ (7 - ^r (S - ^r {(« - /3) (a - 7) + &c.}, 

^ = Sa'' (^ - 7)'^ (7 - W (S - ^y {(a - ;8) (a - 7) + &c.}, &c., 

and the supposition 0. = ^ reduces these sums to quantities which 
are in the ratio 1, a, a", &c. As in Art. 92, it follows from the 

theorem of the last article that ^ ^ 5 ;— is divisible, by 

aup dttg da^ da^ 

A when p + q = r Jr s. If more than two of the roots are equal 

to each other, all these diflferentials vanish identically, and we 

find the equal roots by proceeding to second differentials of the 

discriminant. 

111. We know, from Art. 94, that instead of the functions 
in the last two articles, which are of an order in the coefficients 
only one lower than the discriminant, we may substitute func- 
tions of an order two lower, and possessing the same pi'operty, 
viz. that they vanish when more than two roots are equal, and 
that if two roots are equal (a = /S) they are to each other in 
the ratios 1, a, a", &c. If we proceed by Bezout's method of 
elimination (Art. 80) to eliminate between the two differen- 
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tials J7„ Z7j ; the resulting equations of the (« - 2)'" degree, when 
expressed in terms of the roots are 2 (a — 0)' (as — 7) (a; — 8) = 0, 
2?,(a-/S)'(a;-7) {x-B) = 0, S2,(a-/8)^&c.=0, where q^, q^,&c. 
are the sum, sum of products in pairs, &c. of all the roots 
except a and j8.* The discriminant is then, by Bezout's 
method, expressed as a determinant, whose constituents are 
S (oi-^r, ^q, (a-^r, ^q, (a-^)S&c., 
2?.(a-/3r, 22,^ [a- 13)% ^q,q,{a-li)%&c., 
Sy,{«-^r, 2M,(a-/3r, 22," (a-ySf, &c., &c. 

And when the given equation has two roots equal, the first 
minors of this determinant will, by Art. 94, be in the ratio 
1, a, a", &c. A somewhat simpler series, possessing the same 
property, is 2 {/S - 7)" (7 - ^Y (« " ^Y, 2a (^- 7)'^ (7-8)= {S-^f, 
2a''(/3-7f,&c. 

112. The following proof of the theorem of Art. 109 is 
applicable to the case of a quantic in any number of variables. 
For simplicity, we confine ourselves to the case of two inde- 
pendent variables, the method, which is that of Art. 98, being 
equally applicable in general. Let the coefiicients in U be 
functions of any quantities a, &, &c., and let variations be given 
to these quantities consistent with the supposition that the dis- 
criminant still vanishes, and therefore such that 

da do 

And if the effect of this change in a, b, &c. is to alter the 
singular roots from x, y into x-^ Sx, y + By; since these new 
values satisfy C^, C^, U^, &c., we must have 

dU^ . dU, „ „ dU, ^ dU ^ ^ 
-T-' 8a + -^/ Bb + &c. + -j-> 8a; + -^ By = 0, 
da db dx dy " 

-^ Ba + -j^ Bb + &c. + -y-^ Bx + -^ By = 0, 
da do dx dy 

dV^ „ dU^ „ „ -dU^ » dU,^ ^ 
da do dx dy ^ 

* The first of these functions of degree m — 2 is one of the series to which we 
are led by Sturm's process ; but any of the others may be substituted for it, and will 
give rise to another series possessing the same property. 
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Multiply these equations by a;, ?/, z respectively and add; 

then since nU=xU^ + yU^ + zU^^ the coefficient of Ba will be 

dU , . dU^ dU, dU, dU, ^. 
n -J- ; and since -y-^ = ■— , -^ = — r-i , the coefficient of Sx 
da dx dy ^ dx dz ' 

will be {n — 1) C^, which will vanish, since TJ^ is satisfied for the 

singular roots. We get therefore 

-^— Sa 4- -yr ^b + &c. = 0, 
da do ' 

and therefore the differentig,ls of A with respect to a, b, &c. are 
proportional to the differentials of U with respect to the same 
quantities, it being understood that the x, y, z which occur in 
the latter differentials are the singular roots. 

113. The theorem proved for binary quantics (Art. 107) may 
be extended to quantics in general. Let a be the coefficient 
of the highest power of any of the variables, b, c, d, &c. those 
of the terms involving the next highest power; then the dis- 
criminant is of the form 

a6 + {<f>, X, ■f , &c.Jb, c, d^ &c.)\ 
Thus, for a ternary quantic to which, for greater simplicity, 
we confine ourselves, if a be the coefficient of z'' ; b, c those of 
s"~'a;, »""*y, then if in the discriminant we make a = 0, the re- 
maining part will be of the form b'<f> + boyfr -{■ c'x. To prove 
this: first, let U be any quantic whose discriminant vanishes 
V any other satisfied by the singular roots of U, then I 
say that the discriminant of U+W will be divisible by \^. 
For let Z7= as" + fe"-'a! + &c., V=Az'' + Bz'^'x-\-&c., then 
the coefficient, of \ in the discriminant of U+XV will be 

A -^ + B -j= + &c., and (Art. 112) -=- , &c. are pi;oportional 

to a", a""'a;, &c. The coefficient of \ is therefore proportional 
to the I'esult of substituting the singular roots in F, and there- 
fore Vanishes. 

Now in the case we are considering, the supposition of. 
a = 0, S = 0, c = must make the discriminant vanish, since 
then all the differentials vanish for the singular roots a3 = 0, 
y = 0. Any other quantic V will vanish for the same values, 
provided only A = 0. The general form of the discriminant 
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then must be such that if we substitute for b, b + XB ; for n, 
c + XC, &c., and then make a, b, c = 0, the result must be 
divisible by V; or, in other words, if we put for h, XB; for c, 
XG, &c., and then make a = 0, the result is divisible by \', 
which was the thing to be proved. 

114. Concerning discriminants in general, it only remains 
to notice that the discriminant of a quadratic function in any 
number of variables is immediately expressed as a symmetrical 
determinant. And conversely, from any symmetrical deter- 
minant, we may form a quadratic function which shall have 
that determinant for its discriminant. The simplest notation 
for the coefficients of a quadratic function is to use a double 
suffix, writing the coefficients of a;", y', &c., a^,, a^^^ a^^, &c., 
and those of xy, xz, &c., a,j, a^^ ; a^^ and a^j being identical in 
this notation. The discriminant is then obviously the sym- 
metrical determinant 

«11, «,.) «,8) &C. 
««> «1!1!) «li3> &<=. 
«B,> «8») «3»» &C. 

&c, 



LESSON XII. 

LINEAR TRANSFORMATIONS. 

115. Invariants. The discriminant of a binary quantic 
being a function of the differences of the roots is evidently 
unaltered when all the roots are increased or diminished by 
the same quantity. Now the substitution of a; + \ for as is a 
particular case of the general linear transformation, wher'e, in 
a homogeneous function, we substitute for each vftriable a linear 
function of the variables; as for example, in the case of a 
binary quantic where we substitute for x, Xx + f^y, and for 
y, X'x + fi'y. It will' illustrate the nature of the enquiries in 
which we shall presently engage if we examine the effect of 
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this substitution on the discriminant of the binary quadratic, 
ax' + 'Ibxy + c^/^ When the variables are transformed, it be- 
comes 

a {\x + iiyf + 2 J {\x + fiy) {\'x + fxly) + c (X'a; + fxlyy ; 

and if we call the transformed equation a's^+'ih'xy+c'if^ we have 

a = aX' + 25X\' -kcV, c' = a/i' .+ 2&/i/w.' + cfj,'", 

b' = aXfi + b (Kfi' + X'fj,) + cfi/jf. 

It can now be verified without difficulty that 

a'c' - b"' = {ac - V) (V - X»' ; 

that is to say, the discriminant of the transformed quadratic is 
equal to the discriminant of the given quadratic multiplied by 
the square of the determinant X/it' — \'/i, which is called the 
modulus of transformation. 

116. Now, a corresponding theorem is true for the discrimi- 
nant of any binary quantic. We can see h priori that this 
must be the case, for if a given quantic has a square factor, 
it will have a square factor still when it is transformed; so 
that whenever the discriminant of the given quantic vanishes, 
that of the transformed must necessarily vanish too. The one 
must therefore contain the other as a factor. The theorem 
however can be formally proved as follows: Let the original 
quantic be {xy^-yx^{xy,^—yx^ &c., then (Art.. 105) the dis- 
criminant is (a; J, - y,a;J' {x^y^ - y^x^Y &c. 

Now the linear factor [xy^ — yx^ of the given quantic be- 
comes by transformation y, (\X+/iF~) — ajj (VX+A^'I^), and 
if we write this in the form Y^X — X^ F, we shall have 
Y,=\y^ — 'K'x^^ X^ = — /xy^-\- /jb'x^. If then the transformed 
quantic be written as the product of the linear factors 
[Y^X—Xj^Y) {Y^X^ X^Y) &c., we have expressions, as above, 
for r;, X, ; Y^, X^, &e. in terms of y^, x^ ; y^, x^, &c. We 
can then, without ditficulty, verify that 

( r,X, - X, rj = (V - V/.) {y^x, ^ x,y:) .. 

It follows immediately that {Y^X^-Y^XJ {Y^X^-Y^X.Y&o. 
is equal to (y^x^ — «;,y^y {y^^ — y^^ &c. multiplied by a power 
of \ij! — X'lJb equal to the number of factors in the expression 
for the discriminant in terms of the roots. A corresponding 
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theorem Is true for the discriminant, of a quantic in any number 
of variables. 

What I have called Modern Algebra may be said to have 
taken its origin from a paper in the Cambridge Mathematical 
Journal, for Nov. 1841, where Dr. Boole established the prin- 
ciples just stated and made some important applications of 
them. Subsequently Mr. Cayley proposed to himself the pro- 
blem to determine h priori what functions of the coefficients 
of a given equation possess this property of invariance; viz. 
that when the equation is linearly transformed, the same func- 
tion of the new coefficients is equal to the given function 
multiplied by a quantity independent of the coefficients. The 
result of his investigations was to discover that this property 
of invariance is not peculiar to discriminants and to bring 
to light other important functions, (some of them involving 
the variables as well as the coefficients) whose relations to 
the given equation are unaffected by linear transformation. 
In explaining this theory, even where, for brevity, we write 
only three variables, the reader is to understand that the 
processes are all applicable in exactly the same way to any 
number of variables. 

117. We suppose then that the variables in any homo- 
geneous quantic in k variables are transformed by the sub- 
stitution 

z = X3X+ ^t, Y+ v^Z+ &c., &c., 

and we denote by A the modulus of transformation; namely, 
the determinant, whose constituents are the coefficients of 
transformation, \j, /*„ v^, &c., \, ytt^, v^, &c.,^c. 

Now it is evidently not possible in general so to choose the 
coefficients \, fi^, &c., that a certain given function ax'' + &c. 
shall assume, by transformation, another given form a'X" + &c. 
In fact, if we make the substitution in ax^ + &c., and then 
equate coefficients, we obtain, as in Art. 115, a series of equa- 
tions a' = a\" + &c., the number of which will be equal to the 
number of terms in the general function of the m'" degree in 
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k variables. And to satisfy these equations we have only a,t 
our disposal the ¥ constants X„ \, &c., a number which will 
in general be less than the number of equations to be satisfied.* 
It follows then that when a function ax' + &c. is capable of 
being transformed into a'J:" + &c., there will be relations con- 
necting the coefficients a, J, &c., a', b\ &c. In fact we have 
only to eliminate the 1<? constants from any ^'■'+1 of the 
equations a' = aXj" + &c., and we obtain a series of relations 
connecting «, a', &c., which will be equivalent to as many 
independent relations as the excess over J<? of the number of 
equations. Thus in the case of a binary quantic, the number 
of terms in a homogeneous function of the w" degree is n+1. 
If then, in any quantic aa;"-|-&c., we substitute for aj, \X->c ijl^Y^ 
and for y, \X + fi^Y, and if we then equate coefficients with 
o'X" + &c., we have w + 1 equations connecting a, a', \j, &c., 
from which, if we eliminate the four quantities X^, X^, /t,, /i^, we 
get a system equivalent to n — 3 independent relations between 
a, 6, a', 6', &c. It will appear in the sequel that these relations 
can be thrown into the form ^ (a, &, &c.) = <f> (a, b', &c.) ; or, 
in other words, that there are functions of the coefficients 
«, 6, &c. which are equal to the same functions of the trans- 
formed coefficients. The process indicated in this article is 
not that which we shall actually employ in order to find such 
functions, but it gives an a priori explanation of the existence 
of such functions, and it shows what Jiumber of such functions, 
independent of each other, we may expect to find. 

118. Any function of the coefficients of a quantic is called 
an invariant^ if when the quantic is linearly transformed, the 
same function of the new coefficients is equal to the old function 



* The number of terms in the general equation of the «"■ degree homogeneous 

. , . (n + l)(n + '2)...(n + h-l) . . 

in k vanaoles is r-s — ,-,_., ; and it is easy to see that the only 

cases where this number is not greater than l? are first ; when n = % when it becomes 
^h (h + 1), a number necessarily less than k'', k being an integer ; and secondly, the 
case 4 = 2, ra = 3, when both numbers have the same value 4. That is to say, the 
only cases where a given function can be made by transformation to assume any 
assigned form, are first, the case of a quadratic function in any number of variables j 
and secondly, the case of a cubic function homogeneous in two variables. 
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multiplied by some power of the modulus of transformation; 
that is to say, when we have 

<f> [a, h\ c, &c.) = A"^ (a, 6, c, &c.). 
Such a function is said to be an absolute invariant when ^ = ; 
that is to say, when the function is absolutely unaltered by 
transformation even though A be not = 1. If a quantic have 
two ordinary invariants, it is easy to deduce from them an 
absolute invariant. For if it have an invariant <j), which when 
transformed becomes multiplied by A", and another ■x/r, which 
when transformed becomes multiplied by A', then evidently the 
g"' power of (ji divided by the p"" power of ■\jr will be a function 
which will be absolutely unchanged by transformation. 

It follows, from what has been just said, that a binary 
quadratic or cubic can have no invariant but the discrimi- 
nant, which we saw (Art. 116) is an invariant. For if there 
were a second, we could' from the two deduce a relation 
<f> {a, h, &c.) = <p[a', 6', &c.). But we see from Art. 117 that 
there can be no relation connecting a, &, &c. with a', J', &c., 
since, with the help of the four constants \j, &c; at our dis- 
posal, we can transform a given quadratic or cubic, so that the 
coefficients of the transformed equation may have any values 
we please. In the same manner we see that a quantic of the 
second order in any number of variables can have no invariant 
but the discriminant. 

119. In the same manner as we have invariants of a single 
quantic we may have invariants of a system of quantics. Let 
there be any number of simultaneous equations aaj" + &c. = 0, 
a'aj" +&c. = 0, &c., and if when the variables in all are trans- 
formed by the same substitution, these become AX" + &c. = 0, 
^'X" + &c. = 0, &c., then any function of the coefficients is an 
invariant if the same function of the new coefficients is equal 
to the old function multiplied by a power of the modulus of 
transformation; that is to say, if 

(}> [A, B, a; B\ A", &c.) = A''(^ (a, 5, a', &', a", &c.). 
The simplest example of such invariants is the case of a 
system of linear equations. The determinant of such a system 
is an invariant of the system. This is evident at once from 
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the definition of an invariant and from the form in which the 
fundamental theorem for the multiplication of determinants has 
been stated at p. 18. 

If we are given an invariant of a single quantic, we can 
derive from it a series of invariants of systems of quantics of 
the same degree. In order to make the spirit of the method 
more clear, we illustrate it in the first instance by a simple 
example. We have seen (Art. 115) that ac — V is an in- 
variant of the quadratic aa? + 'i'bxy -|- cy\ and we shall now 
thence derive an invariant of a system of two quadratics. 
Suppose that by a linear transformation ao^ + Ihxy + cy^ 
becomes AX' + 2BXY+GT', and a'x^ + 2b'xy + c'y' becomes 
A'X'' + 2B'XY+C'Y''; then evidently by the same transfor- 
mation, {k being any constant), 

[a + ha) oa^ + 2 (5 + hV) xy-\-{G + he) f 

will become [A + kA') X" + 2 [B+hB') XY+ { (7+ hC) Y\ 

Forming then the invariant of the last quadratic, we have 
(Art. 115) 

[A+hA){C+kG')-[B-^hB'f==^'{[a + ha!){c + hd)~{l + hVY]. 

But since h is arbitrary, the coeificients of the respective powers 
of h must be equal on both sides of the equation ; and therefore 
we have not only, as we knew before, 

{A C- E') = A" [ac - 6'), {A' C - B") = A" (aV - b"), 

but also AC' + A'G- 2BB' = A" (ac' + a'c - 2bb'), 

an equation which may also be directly verified by the values 
of -4, B, &c. given Art. 115. We see then that ac' + a'c- 2bb' 
is an invariant. 

By exactly the same method, if we have any invariant of a 
quantic aa3"+&c., and if we want to form invariants of the system 
.aa;" + &c., a'x" + &c., we have only to substitute in the given 
invariant for each coefficient a, a-\- ha, for b, b + hb\ &c., and 
the coefficient of every power of h in the result will be an 
invariant. Writing down, "by Taylor's theorem, the result of 
substituting a + ha' for a, &c., the theorem to which we have 
been led may be stated thus: If we have any invariant of 
a quantic aa3" + &c., and if we perform on it the operation 

o 
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a' T- ■»- J' TT + &c., we sret an invariant of the system of two 
da do ; o 

quantics aa;" + &c., a'a;"-|- &c. We may repeat the same opera- 
tion and thus get another invariant of the system, or we may 

operate with a j" + ^" jI + <^^-) ^^^ '^^^^ S^* ^"^ invariant of 

a system of three quantics; and so on. This latter process 
gives us the invariants which we should find by substituting 
for a, a + ha' 4 ld\ &c., and taking the coefficients of the pro- 
ducts of every power of k and I. In the same manner we get 
invariants of a system of any number of quantics. 

120. Covariants. A covariant is a function involving not 
only the coefficients of a quantic, but also the variables, and 
such that when the quantic is linearly transformed, the same 
function of the new variables and coefficients shall be equal 
to the old function multiplied by some power of the modulus 
of transformation ; that is to say, if ax" + &c. when transformed 
becomes AX" + &c., a function ^ will be a covariant* if it is 
such that 

^ {A^ B, &c., X, Y, &c.) = A"^ (a, 6, &c., x, y, &c.). 

Every invariant of a covariant is an invariant of the original 
quantic. This follows at once from the definitions. Let the 
quantic be ax' + &c., and the covariant «'«"' + &c. which are 
supposed to become by transformation AX" + &c., AX'^ + SiC, 
Now an invariant of the covariant is a function of its coefficients 

such that 

^ [A', B', &c.) = A"^ (a', b', &c.). 

But A', B', &c. by definition can only difi"er by a power of 
the modulus from being the same functions of A, B, &c. that 
a, b', &c. are of a, b, &c. Hence when the functions are both 



* In the geometry of curves and surfaces, all transformations of coordinates are 
effected by linear substitutions. An invariant of a temaiy or quaternary quantic is 
a function of the coefficients, whose vanishing jxpresses some property of the curve 
or surface independent of the axes to which it is referred, as, for instance, that the 
curve or surface should have a double point. A covariant will denote another curve 
or surface, the locus of a point whose relation to the given curve is independent of 
the choice of axes. Hence the geometrical importance of the theory of invariants 
and covariants. 
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expressed in terms of the coeiEcients of the original quantic and 
its transformed, we have 

yfr [A, B, &c.) = A'l/r [a, b, &c.), 

or the function is an invariant. Similarly, a covariant of a 
covariant is a covariant of the original quantic. 

121. We shall in this and the next article establish prin- 
ciples which lead to an important series of covariants. 

If in any quantic u we substitute x + kx for x, y + Tiy for y, 
&c., where xy'z! are cogredient to xyz^ then the coeffi- 
cients of the several powers of ^, which are all of the form 

las' T-+y -J- +&C. ) M, have been called the first, second, third, 

&c. emanants* of the quantic. Now each of these emanants is 
a cova riant of the quantic. We evidently get the same result 
whether in any quantic we write x+kx for a;, &c., and then 
transform x, x\ &c. by linear substitutions, or whether we make 
the substitutions first and then write X+kX' for X, &c. For 
plainly 

\X+ fi, Y+ v^Z+ k {\X' + fi^ Y' + v^Z') 

= X, (x+ kX) + /*, ( r+ ^ T) 4- V,. {z+ kz). 

If then u becomes by transformation ?7, we have proved that 
the result of writing x + kx for a?, &c. in m, must be the same 
as the result of writing X+kX for X, &c. in Z7, and since k 
is indeterminate, the coefficients of k must be equal on both 
sides of the equation ; or 

, du , du „ TTidTJ t-ri dU „ „ 



X 



122. If we regard any emanant as a function of x\ y\ <&c. 
treating x, y, &c. as constants ; then any of its invariants will he 
a covariant of the original quanti.c when x, y, (&c. are considered 
as variables. 

d'u d' TJ 

We have iust seen that a;"" -^ — V &c. becomes X'" -t^=^+ &c. 

when we substitute for a;', X^X' + ytt^F' + &c., and for a;, 

* In geometry emananta denote the polar curves or surfaces of a point with regard 
to a curve or surface. 
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\X + /i, F + &c. It Is evidently a matter of indifference 

■whether the substitutions for x', &c. and for x, &c, are 

simultaneous, or successive. If then on transforming x', &c. 

d''u 
alone, x'" -j-j + &c. becomes aX'" + &c., then a, &c. will be 

such functions of £c, &c. as when x, y^ &c. are transformed will 

d'U 
become -Ty^, &c. Now an invariant of the given emanant 

considered as a function only of x\ y\ &c. is by definition such 

a function of its coefficients as differs only by a power of the 

modulus from the corresponding function of the transformed 

coefficients a, S, &c. But since, as we have seen, a, &c. become 

d'U 

-jYp ' ^'^' ^^^'"^ "") <^C' ^^^ transformed, it follows that the given 

d'u 
invariant will be a function of -j^ , &c., which when a;, &c. are 

transformed will differ only by a power of the modulus from 

the corresponding function of -jy^ , &c. It is therefore by 

definition a covariant of the quantic. 

Thus then, for example, since we have proved (Art. 115) 
that if the binary quantic ax^ + 2bxi/ + cy" becomes by trans- 
formation AX' + 2BXY+GY', then 

it follows now, by considering the second emanant ('*'' j~+^' j~) ** 

of a quantic of any degree, that 

d'U d'U ( d'U S ' . .•^{d\ dSi _ / d'u ^\ 
dX' • dY' XdXdY) ~ \dx' • df \dxdy) J ' 

a theorem of which other demonstrations will be given* 

123. In general, if we take the second emanant of a quantic 
in any number of variables, and form its discriminant, this will 
be a covariant which is. called the Hessian of the quantic. It 
was noticed (Art. 114) that the discriminant of every quadratic 
function may be written as a determinant. Thus then if, as 
we have done elsewhere, we use the suffixes 1, 2, &c. to de- 
note differentiation with respect to x^ y, &c., so that, for 
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example, m^^ shall denote ^ , then the quadratic emanant is 

MjjX"' + "iu^^x'y' + &c., and its discriminant, which is the Hessian, 
is the determinant 

■„■, W,„, M,..i &C. 



&c. 
&c. 



&c. 



124. We have seen (Art. 119) that the determinant of a 
system of linear equations is an invariant of the system. If 
then, given a system m, w, w, &c., we take their first emanants 
x'u^+y'u^ + ^'"a + '■^''•j ^^-r ^'^^ii' determinant 

&c. 



M,, M„, 



«,J 


%r 


%■> 


&c. 


M)„ 


w., 


«',) 


&c. 


&e. 









is a covariant of the syatea*. This is the determinant abeady 
called the Jacobian (p. 69). The Hessian is the Jacobian of 
the system of diflFerentials of a single quantic Mj, m^, m^, &c. 

125. Contravananfs. When a set of variables x, t/, &c. are 
linearly transformed, it constantly happens that other variables 
connected- with them are also linearly transformed, but by a 
substitution different from that which is applied to x, «/, &c. 
If the equations connecting x, y, a with the new variables be 
written as before 

x = \X+^L^Y+v,Z, y = X^X+,i^Y+v,Z, z = \X+,i^Y+v^Z, 

then variables ^, 17, f are saidi to be transformed by the inverse 
substitution, if the new variables, expressed in terms of the 
old, are , / 

where if in the first substitution the coefficients are the con- 
stituents of the determinant i^^i^ji'^ read horizontally, in the 
second they are the same constituents read vertically; and 
where if in the first substitution the old variables are expressed^ 
in terms, of the new, in the second the new are expressed in 
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terms of the old. Stated thus, it is evident that the relation 
between the two substitutions is reciprocal. Solving for f , i?, f 
in terms of H, H, Z, we get (Art. 28) 

Af = i,H + ilf,H + iV;Z, Ai7 = i,3 + ilf,H + iV,Z, 

where L^, M^, &c. are the minors obtained by striking out from 
the matrix of the determinant \fi^v^ (the modulus of transfor- 
mation) the line and column containing \j, yti,, &c. 

Sets of variables x, y, z; ^, rj^ f, supposed to be transformed 
according to the different rules here explained, are said to be 
contragredient to each other. In what follows, variables sup- 
posed to be contragredient to a;, y, z are denoted by Greek 
letters, the letters a, /3, 7 being usually employed in subsequent 
lessons. We proceed to explain two of the most important 
cases in which the inverse substitution Is employed. 

126. When a function of a;, y, a, &c. is transformed by 
linear substitutions to a function of Jf, Y^ Z^ &c., then the 
differential coefficients, with respect to the new variables, are 
linear functions of those with respect to the old, but are ex- 
pressed in terms of them by the inverse substitution. We have 
d _ d dx d dy d dz „ 
dX dx dX dy dX dz dX 

But from the expressions for tc, y^ &c. in terms of X, F, &c., 
we have 

dx _ ^y _-y '^'^ _ > 

dX '' dX~^^' dX~^'- 

Hence then j^ = \ -t- ->r\ ■y- + \ -j + &c. 

Similarly ^= /.^ |^ + /.^ |^ + ^^ | + &c., &c. 

Thus then, according to the definition given in the last article, 

the operating symbols -5- , -=-, -5- , &c. are contragredient to 

a;, y, a, &c. ; that Is to say, when the latter are linearly trans- 
formed, the former will be linearly transformed also, but accord- 
ing to a different rule, viz. the rule explained in the last article. 
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If, as before, m^, m^, &c. denote the differential coeflScients of u, 
and C^, U,^, &c. those of the transformed function Z7, we have 
just proved that 

Consequently, if m„ m^^, m, all vanish, U^, U^, U^ must all vanish 
likewise. Now we know that m„ u^, u^ all vanish together only 
when the discriminant of the system vanishes ; if then the dis- 
criminant of the original system vanishes, we see now that the 
discriminant of the transformed system must vanish likewise, 
and therefore that the latter contains the former as a factor, 
as has been already stated (Art. 116). 

127. In plane geometry, if a?, ^, z be the trllinear co-ordinates 
of any point, and x^ + yrj + z^=0 be the equation of any line, 
f, Tj, ^ may be called the tangential co-ordinates of that line 
(see Conies, Art. 70). Now, if the equation be transformed to 
any new system of axes by the substitution x = \X+&c., the 
new equation of the line becomes 

I (\X+ M, Y+ v,Z) + V {\X + fi, Y+ v,Z) + ? {X^X+ /.3 Y+ v,Z), 

so that if the new equation of the right line be written 
SX+ H F+ 2.2"= 0, we have 

In other words, when the co-ordinates of a point are transformed 

hy a linear substitution, the tangential co-ordinates of a line are 

transformed hy the inverse substitution. In like manner, in the 

geometry of three dimensions, the tangential co-ordinates of any 

plane are contragredient to the co-ordinates of any point. When 

we transform to new axes, all co-ordinates xyzw, x'y'z'w, &c. 

expressing different points, are cogredlent: that Is to say, all 

must be transformed by the same substitution x = X^X-l &c., 

a;' = X X' + &c., &c. But the tangential co-ordinates of every 

plane will be transformed by the inverse substitution, which has 

been just explained. 

We shall make frequent use of the principle stated in this 

article, that 

x^ + y'n + z};=X'S+YR + ZZ, 

where x, y, z being supposed to be changed by the substitution, 
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a; = \X+/*, F+&C., f, v, K are supposed to be changed by the 
inverse substitution H = \^ + \'n + \Ki &c. In other words, in 
the case supposed, x^+y7) + z^ is a function absolutely unaltered 
by transformation. 

128. If a function aa;"-F&c. becomes by transformation 
-4X"+&c., then any function involving the coeflScients and those 
variables which are supposed to be transformed by the inverse 
substitution, is said to be a contravariant if it is such that it 
diflFers only by a power of -the modulus from the corresponding 
function of the transformed coefficients and variables: that is 
to say, if 

^ (4, 5, &c., H, H, &c.) = A''(^ (a, &, &c., |, i/, &c.). 

Such functions for instance constantly present themselves in 
geometry. If we have an equation expressing the condition 
that a line or plane should have to a given curve or surface a 
relation independent of the axes to which it is referred ; as, for 
example, the condition that the line or plane should touch the 
curve or surface ; then, when we transform to new axes, it is 
obviously indifferent whether we transform the given relation 
by substituting for the old coefficients their values in terms of 
the new, or whether we derive the condition from the trans- 
formed equation of the- curve by the same rule as that by which 
it was originally formed. In this way it is seen that such a con- 
dition is of such a kind that <f) (a, &, f , &c.) differs only by a 
factor from ^ [A, B, 3, &c.). 

129. Besides co variants and contravariants there are also 
functions involving both sets of variables, and such as to differ 
only by a power of the modulus from the corresponding trans- 
formed functions: i.e. such that 

<j) {A, jB,&c., X, F,&c., E, H,&c.) = A*^ {a,h,&c,,x,y,&c.,^,r],&c.). 

Mr. Sylvester uses the name concomitant as a general word 
to include all functions whose relations to the quantic are un- 
altered by linear transformation, and he calls the functions now 
under consideration mixed concomitants. I do not choose to 
introduce a name on my own responsibility ; otherwise I should 
be inclined to call them divariants. The simplest function of 
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the kind is x^+y7)-+ z^, which we have seen (Art. 127) is trans- 
formed to a similar function; and is therefore a concomitant 
of every quantic whatever. 

130. If we are given any invariant I of the quantic 
aX + na^x-'^y + nl^x'-'-z -\-\n{n- 1) a^x'Y + &c., 
we can deduce from it a contravariant by the method used in 
Art. 119. If aX + &c. becomes by transformation ^^X^ + cfec, 
then, since x% + &c. becomes Xa + &c., it follows that 

Now an invariant of the original quantic fulfils the condition 

^ (^0, ^i, -S,, &c.) = A"./. («„, a,, 5„ &c.). 
Forming then the same invariant of the new quantic, it will be 
seen that 
^ [A^ 4 iH", A^ + AE"-*H, &c.) = A^</i (a„ + hf, a, + Tt^^, &c.), 

Since k is arbitrary we may equate the coefficients of like 
powers of & on both sides of this equation. 

But, by Taylor's theorem, these coefficients are all of the form 

We have proved then that they differ only by a power of the 
modulus from the corresponding function of the transformed 
equation. They are therefore contravanants, since it is assumed 
all along that f, tj, f are to be transformed by the inverse sub- 
stitution. Mr. Sylvester has called contravariants formed by this 
rule, first, second, &c. evectants of the given invariant. Thus 

P^ -, — h |"~'?7 T — h &Ci is the first evectant. It is to be ob- 

served that in the original quantic the coefficients are supposed 
to be written with., and in the evectant without^ binomial coeffi- 
cients. Comparing this article with Art. 119 we see that the 

function |" ^ — \- &c. may be considered either as a contravariant 

of the single given quantic, of as an invariant of the system 
obtained by combining with the given quantic the linear func- 
tion x^ + yr]-*-z^. The theory of contravariants therefore may 
be included under that of invariants. 

p 
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If we perform the operation I" -7— + &c. upon any covariant, 

we obtain a mixed concomitant, for it is proved in the same way 
that the result, which will evidently be a function involving 
variables of both kinds, will be transformed into a function of 
similar form. 

Ex. 1. "We know that ac—b^ is an invariant of ax'+iixy+cy^ ; hence cp— 26J»)+ati' 
is a contravariant of the same system. 

Ex. 2. Similarly aic + 2fgh — af — hg'^ — cV, heing the discriminant, and therefore, 
an invariant of (a? + iy^ + cz^ + Ifyz + Igsx + 2Aa;y, 

(6c -P) P + {ca - g^) rf' + {ab -K^)l^ + 1(gl-af)nl + 2 (hf- hg) l^ + 2{fg- cli) £„ 

is a contravariant of the same quantic. Geometrically, as is well known, it expresses 
the tangential equation of the conic represented by the given quantic. 

Ex. 3. Given a system of two ternary quadrics ax'' + &c., oV + Ac, then since 

ffl' (be —/') + &c. is an invariant of the system (Art. 119) ; operating with P j- + &c., 

we find that 

(Jo' + b'o - Iff) P + {ca! + c'a - Igg") rC + (nS' + a!b - 2hh') J^ 

+ 2 igh' + g'k -af'-a'f)nl+2 [hf + li'f- bg' - Vg) S£ + 2 (fg' +fg - ch' - c'h) £, 

is a contravariant of the system. We might have equally found this contravariant 

d 
by operating with o' -r- + &0. on the contravariant of the last article. Geometrically, 

it expresses the condition that a line should be cut harmonically by two conies. 

131. When the discriminant of a quantic vanishes. It has 
a set of singular roots aiy'z' [geometrically the co-ordinates of 
the double point on the curve or surface represented by the 
quantic] ; and in this case the first evectant will be a perfect 
w" power of {x'^-\-y'r] + z'^). Since we have seen that the 
evectant is a function unaltered by transformation, it is sufficient 
to see what it becomes in any particular case. Now if the 
discriminant vanishes, the quantic can be so transformed that 
the new coefficients of tc", «""'?/> *"~'^ shaU vanish; that is to 
say, so that the singular root shall be y = 0, « = 0, [geome- 
trically, so that the point yz shall be the double point]. Now 
it was proved (Art. 113) that the form of the discriminant is 

Evidently then, not only will this vanish when a„, a^, S, vanish ; 
but also Its differentials will vanish with respect to every 
coefficient except a„. The evectant then reduces itself to 
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-7— nmltiplled by the perfect w'" power I"; which is what 

{os'^ + y'v + ^'^y becomes when y' and z' = 0, and 03' = !. Thus 
then, if the discriminant of a ternary quadric vanish, the quadric 
represents two lines : the contravariant 

becomes a perfect square ; and if we identify it with {x'^+y'r)+z'^Y, 
we get x'y's' the co-ordinates of the intersection of the pair of 
lines. If a quantic have two sets of singular roots, all the first 
differentials of the discriminant vanish, and its second evectant 
becomes a perfect «'" power of 

[x'^ + y'r,-i-z'^){x"^ + fv + ^'V, 
where oo'y'z', x"y"z" are the two sets of singular roots. And 
so on. 



LESSON XIII. 



FORMATION OF INTAEIANTS AND COTARIANTS. 

132. Hating now shown what is meant by invariants, &c. 
we go on to explain the methods by which such functions can 
be formed. Three of these methods will be explained in this 
Lesson ; and a fourth in the next Lesson. 

Symmetric functions. The following method is only appli- 
cable to binary quantics. Any symmetric function of the diffe- 
rences of the roots is an invariant^ provided that each root enters 
into the expression the same number of 'times.''' It is evident that 

* If in the equation the highest power of x is written with a coefficient a„ we 
have to divide by that coefficient in order to obtain the expression for the sum, &c. 
of the roots ; and all symmetric functions of the roots are fractions containing powers 
of a„ in the denominator. When we say that a symmetric function of the roots is 
an invariant, we understand that it has been made integral by multiplying it by such 
a power of fflj ^^ '""l^ '^1®™ ^^ "^ fractions ; or, what comes to the same thing, if we 
form the symmetric function on the supposition that the coefficient of ic" is 1, that 
we make it homogeneous by multiplying^each term by whatever power of a» may 
be necessary. 
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an invariant must be a function of the differences of the roots, 
since it is to be unaltered when for x we substitute x + \. 
Now the most general linear transformation is evidently equi- 
valent to an alteration of each root a into — ; ; . By this 

change the difference between any two roots a — /8, becomes 

r—, ,- ,i ;„ . In order then that any function of the 

(\'a + /t ) (V|S + /* ) ■' 

differences may, when transformed, differ only by a factor from 

its former value, it is necessary that the denominator should be 

the same for every term; and therefore the function must be 

a product of differen,ces, in which each root occurs the same 

number of times. Thus for a biquadratic, S (a — /S)" (7 — 8)" is 

an invariant, because, when we transform, all the terms of 

which the sum is made up have the same denominator. But 

S{a — /S)" is not an invariant, the denominator for the term 

(a-zS)" being (X'a + /*')' (V/S + /*7, aud for the term {y-B)" 

being {\'y + ^i'Y{\'S + ^L'y. 

133. Or perhaps the same thing may be more simply stated 
by writing the equation In the homogeneous form. We saw 
(Art. 116) that if we change x into \x + ij,y, y into \'a; + /t'y, 
the quantity x^^ — x^^ becomes (\/a' - \'/*) {^-Sj^ - ^^xii ^''^^ 
consequently, that any function of the determinants x^y^ — x^^ 
&c. is an invariant. Now (Art. 57) any function of the roots 
expressed in the ordinary way, is changed to the homogeneous 

form by writing for a, /S, &c, — , — , &c., and then multiplying 

by such a power of the product of all the y'i as will clear it 
of fractions. If any function of the differences in which all the 
roots do not equally occur, be treated in this way, powers of 
the ^'s will remain after the multiplication, and the function will 
not be an invariant. Thus, for a biquadratic 2 (a - ^Y be- 
comes Sy/y/ (a;,y, - aj^y,)'' ; but the function S (a - /S)" (7 - 8)", 
in the expression for which all the roots occur, becomes 
S (aj^jj — aSj^j)'"' {xjy^ — x^^ which being a function of the de- 
terminants only is an invariant. 

It is proved in like manner, that any symmetric function 
formed of differences of roots and differences between x and 
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one or more of the roots is a covariant, provided that each root 
enters the same number of times into the expression. Thus 
for a cubic S (a — yS)" {x - 7)" is a covariant. 

134. We can, by the method just explained, form invariants 
or covariants which shall vanish on the hypothesis of any system 
of equalities between the roots. Thus, let it be required to form 
an invariant which shall vanish when any three roots are all 
equal it is evident that eveiy term must contain some one 
of the three differences a — /3, /3 — 7, 7 — a; and in like manner 
for every other set of three that can be formed out of the roots. 
Thus, in a biquadratic, there are four sets of three roots ; the 
difference a — /8 belongs to two of these sets, and 7 — S to the 
other two; therefore 2 (a — /3)^(7— 8)"* is an invariant which 
will vanish if any set of three roots are all equal. In like 
manner for a quintic, there are ten sets of three : a — /3 belongs 
to three sets, 7 — S to three other sets ; the remaining sets are 
ayz, aSe., ^ys, /SSs, two of which contain 7 - e, and the other 
two S - e. The function then S (a - /S)" (7 - Bf (8 - e)' (7 - e)' is 
an invariant which will vanish if any set of three roots are 
all equal. This invariant (Arts. 53, 54) is of the fourth order 
and its weight is 10. 

So, again, if we wish to form a covariant of a biquadratic 
which shall vanish when two distinct pairs of roots are equal; 
the expression must contain a difference from each of the pairs 
a-/8, 7 — S; a — 7, ^ — B; a — B, /3 — 7. Such an expression 

would be 

2(a-/3f(/3-7r(7-af(a,-8r, 

or S(a-/3)(a-7)(a-S)(a;-^)=(a!-7)^(£c-Sf, 

which are covariants of the fourth and sixth degrees respectively 
in the variables ; and of the fourth and third in the coefficients,, 
and every term of which vanishes when two distinct pairs of 
roots are equal. 

135. Mutual differentiation of covariants and contravariants^ 
When we say that ^ (a, J, f, ij, &c.) is a contravariant, f , 77, &c. 
may be any quantities which are supposed to be transformed by 

* S (a — /3) (y — S) would vanish identioaIl7. 
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the reciprocal substitution. Now we have shown (Art. 126) 

that the differential symbols t- j t- } &c. are so transformed. 

We may, therefore, in any contravariant substitute these diffe- 
rential symbols for ^, 17, &c., and we shall obtain an operating 
symbol unaltered by transformation, and which, therefore, if 
applied either to the quantic itself or to any of its covariants, 
will give a covariant if any of the variables remain after diffe- 
rentiation ; and if not, an invariant. Similarly, if applied to a 
mixed concomitant, it will give either a contravariant or a new 
mixed concomitant, according as the variables are or are not 
removed by differentiation. Or again, in any contravariant in- 
stead of substituting for ^, 77, &c., t- ? ;?- ; &c. and so obtaining 

an operating symbol, we may substitute -^ , -5— , where U is 

either the quantic itself or any of its covariants, and so obtain 
a new covariant. The relation between the sets of variables 
a;,y, », &c., f, 97, ^i &c. being reciprocal, we may, in like manner, 

substitute in any covariant, for x, y, z, &c., ti j t- j ip? &c., 

when we get an operative symbol which when applied to any 
contravariant will give either a new contravariant or an in- 
variant. 

Thus then, if we are given any covariant and contravariant, 
by substituting in one of them, differential symbols and operating 
on the other we obtain a new contravariant or covariant ; which 
again may be combined with one of the two given at first, so 

as to generate another ; and so on. 
/■ 
136. In the case of a binary quantic this method may be 
stated more simply. The formulae for direct transformation 
being 

those for the reciprocal transformation are (Art. 125) 

H = \| + \i7, H = /i,^ + /i^97, 
whence A ^ = /i^H - X^H, A17 = - /t^H + \,H, . 

which may be written 

A^ = \H + /..(-S); A (-f)=\H +/*,(-£). 
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Thus we see that, with the exception of the constant factor 
A, 57 and — ^ are transformed by exactly the same rules as 
X and y ; and it may be said that y and — x are contragredient 
to X and y. Thus then in binary quantics, covariants and 
contravariants ai'e not essentially distinct, and we have only in 
any covariant to write r] and — f for x and y when we have 
a contravariant ; or vice versd. In fact, suppose that by trans- 
formation any homogeneous function whatever ^ (a;, y] becomes 
4> (X, Y) ; the formulae just given show that ^ (»/, — f ) will 

become — <l> (H, — E), where p is the degree of the function in 

X and y. If then ^ (a;, y) is a covariant ; that is to say, a 
function which becomes by transformation one differing only by 
a power of A from a function of like form in X and Y] evidently 
j> [r], — f ) will by transformation become one differing only by 
a power of A from one of like form in E and H ; that is to say, 
it, will be. a contravariant. For example, the contravariant, 
noticed (Art. 130, Ex. l), c^ - 2b^ri + ari\ by the substitution 
just mentioned, becomes the original quantic. 

Instead then of saying that the differential symbols are 
contragredient to x and ?/, we may say that they are cogredient 
to y and — x ; and if either in the quantic itself or any of its 

covariants we write ■,- , — 3- for a; and y, we get a differential 

symbol which may be used to generate new covariants in the 
manner explained in the last article. Or we may substitute 

-^ ^ — — for a; and y, and so get a new covariant. The 

following examples will suflSciently illustrate this method : 

Ex. 1. To find an invariant of a quadratic, or of a system of two quadratics. 
Suppose that by transformation ax' + llxy + c/ becomes AT' + iBXY + OY', then 

since we have seen that A j- , — A ^ are transformed by the same rules as x and y, 

it follows that the operative symbol 

^'[^i'-^^^ + 'S) becomes by transformation {a-^^-2B^+C ^) . 

If then we operate on the given quadratic itself, we get 

4A'2(ao-62)=4(4C-B=), 
which shows that ao - i* is an invariant ; or if we operate on a'x' + ib'xy + c'y' and 
its transformed, we get 

2A2 {ac' + ca' - 266') = 'i{AC' + CA' - WB'), 
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which showa that ad + ca' — 266' is an invariant. We might also infer that 

a {bx + cyY - 26 (6a! + By) (ax + 6y) + c (ax + iij)' 
is a covariant ; but this is only the quantic itsell multiplied by ac — b^. 

Ex. 2. Every binary quantic of even degree has an invariant of the second order in the 

d d 
coefficients. We have only to substitute, as just explained, t- , — j- for a; and y, and 

operate on the quantic itself. Thus for the quartio (a, b, c, d, eTx, y)*, we find that 
ae — iid + Sc'^ is an invariant; or for the general quantic (,a„ ai...a„-i, a^Xjy)", 
we find that o„am — ruiiOn-i + in(n— 1) (LjOn-s — &c. is an Invariant ; where the coeffi- 
cients are those of the binomial, but the middle term is divided by two. 

If we apply this method to a quantic of odd degree ; as, for example, it we operate 

(P c^ d^ (p 

en the cubic aa? + Sbx'y + Scmr' + dy", with d -;-- — 3c , „ . + 36 -^ — =-„ -a-r-,, it 
' ■' " ' dx' dx'dy dxdy' dy" 

wiE be found that the result vanishes identically. We thus find however that a 
system of two oubics has the invariant {ad' — a'd) — 3 (6c' — 6'c). Or, in general, that 
a system of two quantios of odd degree, Oja;" + &c., b^x" + &c., has the invariant 

(a„5„ — o„6|,) — n (a,Jn-i — a»-i6,) + Jra (re — 1) (026,^2 — aa-ji^j — &o., 
which vanishes when the two quantios are identical. 

137. When, by the method just explained, we have found 
an invariant of a quantic of any degree, we have immediately 
by the method of Art. 122, a covariant of any quantic of higher 
degree. Thus knowing that ac — h' is an invariant of a quad- 
ratic, by forming that invariant of the quadratic emanant of 

,, , d\ d% ( d''u V . 
any quantic, we learn that -j-j -3-g — ( -= — j- J is a covariant 

of any quantic above the second degree. In like manner, from 
the invariant of a quartic ae — ihd + 3c''', we infer that for every 
quantic above the fourth degree, 

d*u d*u d*u d*u f d^u V' 

dx"" dy" dx'^dy dxdy'' [dafdy^J 

is a covariant, &c. In this way we see that a quantic in 
general has a series of covariants, of the second order in the 
coefficients, and of the orders 2 (w — 2), 2 (w - 4), 2 (« - 6), &c. 
in the variables. These covariants may be combined with the 
original quantic and with each other, so as to lead to new co- 
variants or invariants. 

Ex. 1. A quaitic has an invariant of the third order in the coefficients. We know 
that its Hessian 

(ax' + 2bxy + cf) (ct' + idxy + ey^) - {px' + Icxy + dy^'^, 

or (ac - 6^) X* + 2 (ad - 6c) 3?y + (ae + Ihd - %<?) ay + 2 (6e - cd) xf + (ce - d^ f, 
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ia a coTariant. Operate on this with {a, b, c, d, e^-r-: ~ j") j ^'^^ we get seventy- 
two times 

ace + 2bod — ad' — (^'^ — (?-, 

which is therefore an invariant. 

Ex. 2. Every quaatio of odd degree has an invariant of the fourth order in the 

coefficients. The qnantic has a quadratic covariaut , ^^ , , — &o. of the second 

order in the coefficients ; and the discriminant of this quadratic will be an invariant 
of the original quantic (Art. 120) and will be of the fourth order .in its coefficients. 
In fact, it is proved in this way that cmry quantic has an invariant of the fourth 
order; for if we taJce any of the covariants of this article which are all of even 
degree, its invariant of the second order will be of the fourth in the coefficients of 
the original quantic. But when the quantic is of even degrse, it may happen that 
the invariant so found is only the square of its invariant of the second order. 

Ex. 3. To form the invai-iant of the fourth order for a cubic; 

Its Hessian is {ax + Sy) (ex + dy) — (bx + cyY ; 

or (ae - b^) x' + {ad - -be) xy + (bd - c^) /; 

Hence {ad - be)' - 4 (ac - S") {bd - c') 

is an invariant of the cubic. In fact, it is its discriminant 
aW + 4ac' + 4(Zi' - SS^^c^ - &abed. 

138. From any invariant of a binary quantic we can gene- 
rate a covariant. For from it we can form (Art. 130) the 

evectant contravariant ?" t— + &c. ; and then in this substi- 

tuting y,—x for f and 77, we have a covariant. For example, 
from the discriminant of a cubic which has been just written 
we form the evectant 
f {ad" - Sbdd + 2c') - 3f 17 {acd + be' - 2b^ 

- 3^r," {abd+ ¥g - lac^) + tf {a^d- Zabc + 2V), 
whence we infer that the cubic has the cubic covariant 
{a^d-Zabc+'ib\ abd-{-Vc-2ac% Wd^acd-bc\ Sbtid-ad'-2c'%x,yy. 

139. The differential equation. — If n be the order of any 
binary qytxmtic^ d the order in the coefficients of any of its in- 
variants; then the weight (see Art. 52) of every term in the 
invariant is constant and = \n6. If we alter x into Xx, leaving 
y unchanged; then since this is a linear transformation, the 
invariant must, by definition, remain unaltered, except that it 
may be multiplied by a power of \ which is in this case the 
modulus of transformation. It is proved then precisely as in 

Q 
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Art. 53 that the weighty or sum of the suffixes in every term 
is constant. 

Again, the invariant must remain unaltered, if we change 
X into y, and y into a;, a linear transformation, the modulus of 
which is — 1. The effect of this substitution is the same as If 
for every coefficient a„ we substitute a„_„. Hence the sum of 
a number of suffixes 

a + /3 + 7 + &c. = (n - a) + (« - /3) + (m - 7) + &c., 
whence 2(a + jS + 7 + &c.) = w^. q.e.d. 

Cor. n and 6 cannot both be odd since their product is an 
even number ; or, a binary quantic of odd degree cannot have 
an invariant of odd order. 

140. The principle just established enables us to write down 
immediately the literal part of any invariant whose order is 
given. For the order being given, the weight is given also. 
Thus if it were required to form for a quartic an invariant of 
the third order in the coefficients, the weight must be 6, and 
the terms of the invariant must be 

Aa^af,^ + Ba^a^a^ + Ca^a^a^ + Da^ajx^ + Ea^%%i 

where the coefficients A^ 5, &c. remain to be determined. The 
reader will observe that there are as many terms in this in- 
variant as the ways in, which the number 6 can be expressed 
as the sum of three numbers from to 4 inclusive ; and gene- 
rally that there may be as many terms in any invariant as the 
ways in which its weight \nQ can be expressed as the sum of 
6 numbers from to n inclusive. 

We determine the coefficients from the consideration that 
since an invariant Is to be unaltered by the substitution either 
of a; + \ for a;, or y + X for y, evidently, as In Art. 58, every 
invariant must satisfy the two differential equations 

It being supposed that the original equation has been written 
with binomial coefficients. In practice only one of these equa- 
tions need be used ; for the second Is derived from the first by 
changing each coefficient a„ Into a„_„. It is sufficient then to 
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use one of the equations, provided we. take care that the func- 
tion we form is symmetrical with regard to x and y) that is 
to say, which does not change (or at most changes sign)* when 
we change a„ into a^„. And this condition will always be - 
fulfilled if we take care that the weight of the invariant is 
that which has been just assigned. Thus then, in the example 
chosen for an illustration, if we operate on Aa^a^a^ + &c. with 

(25+ 2 A) a^a^a^ + (i) + 6 C+ 4^) ajx^a^ 

+ {2D + 45) a^a^a^ + (6^ + 35) a^a^a^ = 0, 

whence if we take A = \, the other coefficients are found to be 
5= — 1, 5 = 2, (7= — 1, E= — 1, and the invariant is 

141. In seeking to determine an invariant of given order 
by the method just explained, we have a certain number of 
unknown coefiicients A., £, C, &c. to determine, and we do so 
by the help of a certain number of conditions formed by means 
of the differential equation. Now evidently if the number of 
these conditions were greater than the number of unknown 
coefficients, the formation of the invariant would in general 
be impossible ; if they were equal we could form one invariant ; 
if the number of conditions were less, we could form more 
than one invariant of the given order. We have just seen 
that the number of terms in the invariant, which is one more 
than the number of unknown coefficients, is equal to the number 
of ways in which its weight ^nd can be written, as the sum 
of 6 numbers, none being greater than n. But the effect of 

the operation a^-j — h &c. is evidently to diminish the weight 

by one ; the number of conditions to be fulfilled is therefore 
equal to the number of ways in which ^nd — 1 can be expressed 



* When we change x into y and y into k this is a transformation whose modulus 
is I 0, 1 I or — 1. Any inTaiiant therefore which when transformed becomes mul- 

I 1, I 
tiphed by an odd power of the modulus of transformation will change sign when we 
interchange x and y. Such inTariants are called s/ceu> invariants. 
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as the sum of 6 numbers, none exceeding n. Thus, in the 
example of Art. 140, the number of conditions used to deter- 
mine A, B, &c. was equal to the number of ways in which 
5 can be expressed as the sum of three numbers from to 4 
inclusive. To find then generally whether an invariant of a 
binary quantic of the order 6 can be formed, and whether 
there can be more than one, we must compare the number 
of ways in which the numbers ^nd^ \n6 — \ can be expressed 
as the sum of 6 numbers from to w inclusive. On this prin- 
ciple is founded Mr. Cayley's investigation of the number of 
invariants of a binary quantic, of which we give an account 
in an Appendix. 

142. Similar reasoning applies to covariants. A covariant, 
like the original quantic, must remain unaltered, when we 
change x into px^ and at the same time every coefficient a„ 
into p'a„. If then the coefficient of any power of x^ xi* in 
the covariant be aJ)fiGy, &c. it is obvious, as before, that 
/* 4- a + /3 + &c. must be constant for every term ; and we may 
call this number the weight of the covariant. 

Again, in order that the covariant may not change when 
we alter x into y and y into x, we must have 

^+a+/3 + 7-F&c. = [£-/i) + (»i-a) + (n-/3) + &c., 

where jp is the degree of the covariant in x and y ; whence if 
be the order of the covariant in the coefficients, we have 
immediately its weight =^{n9+j)). Thus if it were required 
to form a quadratic covariant to a cubic, of the second order 
in the' coefficients, n = 3, d=p = 2, and the weight is 4. We 
have then for the terms multiplying x', a+^ = 2 and these 
terms must be a^a^ and a^a^. ' In like manner the terms mul- 
tiplying xy must be a^a^, a^a^^ and those multiplying y' must 
be a^a^, af,^. In this manner we can determine the literal part 
of a covariant of any order. The coefficients are determined 
as follows; 

143. From the definition of a covariant it follows that we 
must get the same result whether in it we change x into x + Xy, 
or whether we make the same change in the original quantic 
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and then form the covariant. But this change in the original 
quantic is equivalent (Art. 58) to changing a, into a^ + A,a„, 
a^ into flj + 2aj\ + a^X", &c. Hence in the covariant also the 
change of as to a; + Xy must be equivalent to changing a^ into 
a, + \a^, &c. Let the covariant then be 

A^xf ^pA^af-'y + \p[p-i) A^af^f + &c. 

Let us express that these two alterations are equivalent, and 
let us confine our attention to the terms multiplying X. Then 

if, as In Art. 60, we use the abbreviation -jr to denote the 

d ^ d . a 
operation a^ -j — \- 2a, -j — h &c., we get 

In like manner, writing -j- for na^ -= — h (« — 1) a^ -^ — 1- &c., 
we have 

^=M. ^ = (i'-l)A,&c. 

Thus we see that when we have determined A^ so as to satisfy 

dA 
the equation — ^p = ; in other words, when ^^ is a function 

of the differences of the roots of the quantic (Art. 58), all the 
other terms of the covariant are known. The covariant Is 
In fact 

It will be observed that the weight of the covariant being 
\[nd-^p) the weight of the terfti A^ Is ^{nd-p); since the 
weight of A^ together with p makes up the weight of the 
covariant. This term J.^, whence all the other terms are de- 
rived, Is called by Mr. M. Roberts the source of the covariant. 
He observes also that the source of the product of two cova- 
riants Is the product of their sources. For if we multiply the 
covariant last written by 

„ , dB„ ,_i d'B„ x'-'Y „ 
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we get, as may be easily seen, 

A,B^7f» + -^-^ x'^'^'y + -^.-^ -j^f- + &c. 

Hence if we know any relation connecting any functions of the 
differences A^, B^, C„, &c. the same relation will connect the 
covariants derived from these functions. 

Ex. 1. To find the quadratic oovariaiit of a cubic. We have seen (Art. 142) that 
A,, is of the form Oja,, + Ba^a^. Operate on this with a„ t — I- ^a^ -r— , and we 

get (2 + 2B) aifli = 0, whence B = — l and A„ =■ B^a, — aia^. Operate then with 

d d d 

3oi "3 — h 2a2 ^ + Uj T- , and we have 2^, = ffijo, — Oja,. Operate with the same 

on Aif and we have A2 = 01% — 02^2* '^^^ covariant therefore is 
(ffljOo - aiOi) x' + (a„a3 - a^a^) xy + (o,a3 - a^^) if. 

Ex. 2. To find a cubic covariant of a cubic of the third order in the coefficients. 
Here » = 3, 6 = 3, J (mfl +p) = 6. The sum then of the suffixes of the coefficient 
of 1^ win be 3 ; and this coefficient must be of the form Aa^a^a^ + Ba,fl-fl^ + Ca^a-fi-^. 

Operate with a„ -^ — *" ^"1 rf — *" ''"2 "W ' ^'"^ ^® S^' 

{3 A + B) a^a„a„ + (2B + 3C) a^afy, 

whence if we take 4 = 1, we have B = — 3, C = 2, or .i^u = a^a„a^ — Sa^afiu + 2aia,o,. 

Operate on this three times successively with 3a, ^— + 2o, -=— + a. ^^ , and we have 

fflSo ^ da^ ' 

the remaining coefficients and the covariant is (see Art. 138) 

{a^a^a^ — Sa^iU,, + 2oiaiaj) x? + 3 {a^ai% — la^a^a^ + a^a-fi-^ x'y 

+ 3 (2030101 — 02«2''i — OaOaOii) xif + (Sa^a^ai — la^a^ti^ — a^a^a^ y'. 

144. We have seen that a quantic has as many covariants 
of the degree p in the variables and of the order 6 in the co- 
efficients, as functions A^ whose weight is \{nd — f) can be 

dA 
found to satisfy the equation -^ = 0. And, as in Art. 141, we 

see that this number is equal to the difference of the ways in 
which the numbers ^[nd - p) and \ [nd —p) — l can be expressed 
as the sum of 9 numbers from to w inclusive. It may be re- 
marked that p cannot be odd unless both n and 6 are odd. 
Hence only quantics of odd degree can have covariants of odd 
degree in the coefficients, and these must also be of odd degree 
in the variables. 

145. The results arrived at (Art. 143) may be stated a little 
differently. The operation y -j- performed on any quantic is 



FORMATION OF INVARIANTS AND COYAEIANTS. 



119 



equivalent to a certain operation performed by differentia- 
ting with respect to the coeflScients. Thus, for the quantic 
(a„, a„ a^ . . .^jjc, yf, we get the same result whether we operate 



d 



d 



d 



on it with «/ t" or with a„ y- + 2aj t- + &c. , This latter opera- 



tion then may be written 



" d' 

ydx 



; and the property already 



proved for a covariant may ' be written that we have for it 
= 0. In other words, that we get the same 



d 

yjx- 



y 



dx 



d 



result whether we operate on the covariant with y-^- ox with 

a^-j — 1- 2aj T — t- &c. In his Memoirs on Quantics, Mr, Cayley 

has started with this property as his definition of a covariant; 
a definition which includes invariants also, since for them we 



have y -5- = 0, and therefore also 



^dJT] 
dx 



= 0. 



146. It can be proved, in like manner, that quantics in any 
number of variables satisfy differential equations which may be 

&c. Thus, for the 



d 
written y-j 



y 



dx 



dx 



-[''^J' 



quantic (a, &, c,/, g^ hjx, y, a)^, we have 



d d <^ , or.^ 



d d y d „ d 
db^ 'dx^'^dg^^^^^^^^-^ 



'df ""^ dc' 

and every covariant must satisfy these two equations. "WTiile 
every invariant must satisfy the two equations 



dl dl , ^,dl „ 

«:7^ +.9' ^+2^:7^ = 0, 



dl 

a-j +i 
; dg 



dl ^ dl ^ 



dc 



' dh' '' df "' db 
as may easily be proved from the consideration that the invariant 
remains unaltered if we substitute for x^x + \y ov x-\ fiz. 
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147. It remains to explain a fourth method of finding in- 
variants and CO variants, given by Mr. Cayley in 1846 [Cambridge 
and Dublin Mathematical Journal^ vol. I., p. 104, and Grelle, 
vol. XXX.) ; which not only enables us to arrive at such functions, 
but also affords the basis of a regular calculus by means of which 
they may be compared and identified. 

Let x^, y^ ; a;^, y^ be any two cogredient sets of variables ; then 

it has been proved (Arts. 126, 116, 135) that t— j j— j 5— j t- are 

"*1 "^l "*s "2^2 

transformed by the reciprocal substitution ; that v— ^ = — r- 

is an invariant symbol of operation ; and that if we operate 
with any power of this symbol on any function of a-j, y„ as,, y^, 
we shall obtain a covariant of that function. We shall use for 

-7— ^5 T 5— the abbreviation 12. 

«»i ay^ dx^ dy^ 

Suppose now that we are given any two binary quantlcs 

Z7, F, we can at once form covariants of this system of two 

quantics. For we have only to write the variables in J] with 

the suffix (1), those in V with the suffix (2), and then operate 

on the product TJV with any power of the symbol 12 ; when the 

result must be an invariant or covariant. Thus if 

V= ax^ + 2bxj/^ + cyl' ; F= a'x^' + 1b\y^ + c>/, 

and if we operate on UV with 12", which, written at full 
length, is 

+ 37-^-7-^-2 



d^i dy^ dx^ dy^ d,x^dy^ dx,^dy^^ 
the result is ac' + cd — 256', which is thus proved to be an iijva- 
riant of the system of equations. In general, it is obvious that 
the differentials marked with the suffix (1) only apply to ?7, and 
those' with the suffix (2) only to V\ and it is unnecessary to 
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retain the suffixes after differentiation;* so that 12" applied to 
two quantics of any degree gives the covariant 

dx' dy' df dx^ dxdy dxdy ' 

If we had operated simply with 12 we should have obtained 

., -r ,. dUdV dUdV ,., 

the Jacobian -^ — _ _ __ ^ ^hich we saw, Art. 124, was 

a covariant of the system of quantics. 

Similarly the symbol 12' applied to two cubics gives the 
invariant 

{ad'-a:d)~i[hc'-Vc\ 

or to any two quantics gives the covariant 

dx"^ df dv^dy dxdf ^ dxdf dx'dy df dx^ ' 

and so in like manner for the other powers of 12. 

148. We can by this method obtain also invariants or co- 
variants of a single function U. It is, in fact, only necessary to 
suppose in the last article the quantics U and V to be identical. 
Thus, for instance, in the example of the two quadratics given 
in the last Article, if we make a = a\ b = b', c = c, the invariant 
12'' becomes 2{ac — ¥). And, in like manner, the expression 
there given for the covariant 12'' of a system Z7, V, by making 
U= V, gives the covariant of a single quantic 

d'Ud'U fd^U\^ 
da? dy'^ \dxdy) ' 

In general, whenever we want by this method to form the 
CO variants of a single function, we resort to this artifice : — We 
first form a covariant of a system of distinct quantics, and then 
suppose the quantics to be made identical. And in what 

* If TF be any function containing x^, t/i ; x^, y^ ; we shall get the same result 
whether we linearly trainsform these ' variables, and afterwards omit all the 
suffixes in the transformed equation; or whefiher'we omit the suffixes first, and 
afterwards transform x and y. This results immediately from the fact that 
"'ij Vi I '"21 Vt'i ">! S ^^ cogredient. It follows, then at once that if W written as a 
function of x^, y^; x^, ^jj be a ooTaiiant of P, 7; that is to say, IE the expression 
of the coefficients of pf in terms of 'the coefficients of U and V be unaffected by 
transformation, then W is also a covariant when the suflSxes are all omitted. 
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follows, wliea we use such symbols as 12" &c. without adding 
any subject (jf operation, we mean to express derivatives of a 
single function U. We take for the subject operated on, the 
product of two or more quantics U^^ U,^^ &c., where the variables 
a!j, y, ; cCj, y^ ; &c. are written in each respectively, instead of 
X and y; and we suppose that after differentiation all the 
suffixes are omitted, and that the variables, if any remain, are 
all made equal to x and y. 

149. From the omission of the suffixes after differentiation, 
it follows at once that it cannot make any difference what 
figures had been originally used, and that 12" and 34" are 
expressions for the same thing. In the use of this method we 
have constantly to employ transformations depending on this 
obvious principle. Thus, we can show that when n is odd, 12" 
applied to a single function vanishes identically. For, from 
what has been said 12" = 21"; but 12 and 21 have opposite 
signs, as appears immediately on writing at full length the 
symbol for which 12 is an abbreviation. It follows then that 
12" must vanish when n is odd. Thus, in the expansion of 12°, 
given at the end of Art. 147, if we make U= F, it will obviously 
vanish identically. The series 12", 12*, 12° &c. gives the series 
of invariants and covariants which we have already found 
(p. 112). It is easy to see that, when n is even, 12" applied to 
K) «i> «2— la?) ^r gives 

%%. - ««,«„-! + \n [n - 1) aA_, - &c., 
where the last coefficient must be divided by two, as is evident 
from the manner of formation. 

150. The results of the preceding Articles are extended 
without difficulty to any number of functions. We may take 
any number of quantics Z7, F, IF, &c., and, writing the variables 
in the first with the suffix (1), those in the second with the suflSx 
(2), in the third with the suffix (3), and so on, we may operate 
on their product with the product of any number of symbols 
12°, 23^, 31'', 14*, &c. ; where, as before, 23 is an abbreviation 

for -^ ; 5— T- 5 &c. After the differentiation we suppress 
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the suffixes, and we thus get a covariant of the given system of 
quantics, which will be an invariant if it happens that no power 
of X and y appear after differentiation. Any number of the 
quantics U, V, W, &c., may be identical ; and in the case with 
which we shall be most frequently concerned, viz., where we 
wish to form derivatives of a single quantic, the subject operated 
on is UJJ,JJ^&c.^ where Z7| and U^ only differ by having the 
variables written with different suffixes. 

It is evident that in this method the degree of the derivative 
in the coefficients will be always equal to the number of different 
figures in the symbol for the derivative. For if all the functions 
were distinct, the derivative would evidently contain a coefficient 
from every one of the quantics Z7, V, W, &c. ; and it will be still 
true, when U, V, W are supposed identical, that the degree in 
the coefficients is equal to the number of factors in the product 
U^UJJ^ &c. which we operate on. Thus, the derivatives con- 
'sidered in the last Article being all of the form 12" are all of the 
second degree in the coefficients. 

Again, if it were required to find the degree of the derivative 
in X and y. Suppose, in the first place, that the quantics were 
distinct, C/" being of the degree «, V of the degree w', W of the 
degree n", and so on ; and suppose that in the operating symbol 
the figure 1 occurs a times ; 2, /3 times ; and so on ; then, since 
Z7is differentiated a times ; F, /3 times, &c., the result is of the 
degree (n — a) + [n — /3) + (w" — 7) + &c. When the quantics 
are identical, if there are p factors in the product UJI^.-.U^ 
which we operate on, the degree of the result in x and y will be 
np- (a + /8 + 7 + &c.). While again, if there be r factors such 
as 12 in the operating symbol, it is obvious thata+/8+ 7+&c.).=2r. 
It is clear that if we wish to obtain an invariant, we must have 
a = jS = 7 = «. 

151. To illustrate the above principles, we make an ex- 
amination of all possible invariants of the third degree in the 
coefficients. Since the symbol for these can only contain three 
figures, its most general form is 12*. 23''. 31''; while, in order 
that it should yield an invariant, we must have 
a + 7 = a + /3 = /S + 7 = w, 
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whence a = 6 = y. The general form, then, that we have to 
examine is {12.23.31)«. Again, if a be odd, this derivative 
vanishes identically; for, as in Art. 149, by interchanging the 
figures 1 and 2, we have (12.23.31)"'= (21. 13. si)"; but these 
have opposite signs. It follows, then, that all invariants of the 
third order are included in the formula (12.23.31)"', where a 
is even. Thus, 12''.23''.31'' is an invariant of a quartic, since 
the differentials rise to the fourth degree; 12*.23''.3]* is an 
invariant of an octavic; 12^23''.31° of a quantic of the twelfth 
degree, and so on ; only quantics whose degree is of the form 
4w having invariants of the third order in the coefficients. If 
we wish actually to calculate one of these, suppose 12". 23''. 31", 

I write, for brevity, ^j, ij^, &c., instead of -y- , -=— , &c. Then 
we have actually to multiply out 

In the result we omit all the suffixes, and replace ^* by -tt &c.; 

or, when we operate on a quartic, by a^ the coefficient of x*. 
There are many ways which a little practice suggests for 
abridging the work of this expansion, but we do not think it 
worth while to give up the space necessary to explain them; 
and we merely give the results of the expansion of the three 
invariants just referred to. 12^23''. 31" yields the invariant of 
a quartic already obtained (Art. 137, Ex. 1, and Art. 140), viz.:— 

12*. 23*. 31* gives 

«« («4«o - H«i + 3«»«8) + a, (- 4a^a„ + 12a,a, - Sa^a,) 

■i-a^ (3a^a„ - Sa^ttj - 22a^a^ + 2ia^a^) '+ a^ [Ma^a^-^Qajx^ + Iba^a^a^. 
And 12". 23°. 31° gives 

«»,a(«e«o- 6a,a,+15a,a,- 1 Qa^a^ + a„(- 6«,a„+ 30a^a - Ua^a^-V^Qa^a^ 
+ a,„ (ISa^a,, — 54a,a, + '2^^%% + ISOajOSj — 135a^aJ 
4 a, (- \Q%% 4 SOa^a, + IbOa^a^ - ^^Oaf,^ + 270^^0^ 
+ ttg (- ISSa^a^ + 270a,ag + A95a^a^ - UQajx^ 
+ a, (- 540a,a, + 720a,a,) - gSOa^a^a^, 
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152. Though the above-mentioned is the only type of in- 
variants of the third order, there is an unlimited number of 
covariants, the simplest being 12^ 13, which, when expanded, is 

d^Ud'UdU d^U / d^U dU d''UdU\ 
dx^ dy' dy dx'dy \ dxdy dy df dx) 

d'U /d'U dU 2 d^ dU\ d^Ud^VdU 
dxdy' \dx^ dy dxdy dx ) dy^ da? dx ' 

Wlien this is applied to a cubic, it gives the evectant obtained 
already (Art. 138). 

The general type of invariants of the fourth order in the co- 
efficients is (12.3i)« (13.2i)'3 (14.23)''. Thus the discriminant 
of a cubic is expressed in this notation (12.34)" (13.24); but 
we cannot afford space to enter into greater details on this 
subject. 

153. The principles just laid down afford an easy proof of 
a remarkable theorem first demonstrated by M. Hermite, and to 
which we shall refer as " Hermite's Law of Reciprocity." The 
numher of invariants of the «'" order in the coefficients possessed 
hy a binary quantic of the p"^ degree is equal to the number of in- 
variants of the order p in the coefficients possessed hy a quantic 
of the n" degree. We have already proved that if any symbol 
12". 2,3". 34° &c. denotes an invariant of the order p of a quantic 
of the degree n ; then the number of different figures 1, 2, 3, &c., 
is^, and each figure occurs n times. But we might calculate by 
the method of Art. 132 an invariant 2(a-;S)" (yS-7)' {y-S)' &c., 
where We replace each symbol 34 by the difference of two roots 
(7 — S). This latter is an invariant of a quantic of the ^'^ de- 
gree, since there are by hj^pothesis p roots; and it is of the 
degree n in the coefiicients of the equation (Art. 54). 

Thus, for example, a quadratic has but the single indepen- 
dent invariant (a — /S)"*, though of course every power of this is 
also an invariant; and the general type of such invariants is 
(a — /3y"\ Hence, only quantics of even degree have invariants 
of the second order in the coefficients, and the general symbol 
for such invariants is 12*"". 

So again, cubics have no invariant except the discriminant 
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(a — yS)* (/9 — 7)'' (7 — a)" and Its powers ; and the discriminant 
is of the fourth order in the coefficients. Hence only quantics of 
the degree 4wi have cubic invariants whose general type is 
12'-^. 23". 31"". It will be proved that quartics have two in- 
dependent invariants, one of the second, and one of the third 
degree, in the coefficients; and, of course, any power of one 
multiplied by any power of the other is an invariant. Hence, 
quartics have as many invariants of the p"^ order as the equation 
2a! + 3y =p admits of integer solutions : this is, therefore, the 
number of invariants of the fourth order which a quantic of the 
2?" degree can possess. 

154. Hermite has proved that his theorem applies also to 
covariants of any given degree in x and y ; that js to say, that 
an w" possesses as many such covariants of the p'" order in the 
coefficients as a p'° has of the w'" order in the coefficients. For, 
consider any symbol, 12'^.23/'.34'' &c., where there arep figures, 
and the figure 1 occurs a times, 2 occurs h times, and so on; 
then we have proved that the degree of this covariant in x and y 
is (n — a) + (re — 6) + &c. But we may form the symmetric 
function 

S (a - /3)^ (/3 - r^y (7 - S)" {x - a)"-" [x - /S)""' &c., 

which has been proved (Art. 133) to be a covariant of the 
quantic of the p^^ degree, whose roots are a, /3, &c. Every 
root enters into its expression in the degree n, which is there- 
fore the order of the covariant in the coefficients, and it 
obviously contains x and y in the same degree as before, viz. 
(n — a) + (n — J) + &c. Thus, for example, the only covariants 
which a quadratic has are some power of the quantic itself 
multiplied by some power of its discriminant, the general type of 
which Is 

(a-ySy*(x-a)'(x-/8)', 

the order of which In the coefficients Is 2p + q, and in x and y is 
2q. Hence we infer that every quantic of the degree Sp + j 
has a covariant of the second degree in the coefficients, and of 
the degree 2g' in x and y, the general symbol for such covariants 
being 12'*, When §'=1, we obtain the theorem given (p. 113), 
that every quantic of odd degree has a quadratic covariant. 
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155, This notation affords a complete calculus, by means of 
■which invariants or co variants can be transformed, and the 
identity of different expressions ascertained. Postponing to a 
subsequent Lesson the explanation of this, we go on to show 
how the same notation is to be applied to express derivatives of 
quantics in three or more variables. If «,3/,2i, ^^y.^^-, ^^Va^z^ ^® 
cogredient sets of variables, then, by the rule for multiplication 
of determinants, the detei-minant 

is an invariant, which by transformation, becomes a similar 
function multiplied by the modulus of transformation. And if in 

the above we write for x^, -j— ; for j/^, j- ; and so on, we obtain 

an invariantive symbol of operation, which we shall write 123. 
When, then, we wish to obtain invariants or covariants of 
any function Z7, we have only to operate on the product 
UJJJJ^...Uv with the product of any number of symbols 
123* 124'^ 235'' &c., and after differentiation suppress all the 
suffixes. Thus, for example, let U^^ U^^ U^ be ternary quadrics, 
and let the coefficients in U^ be a, h, c, 2/, 2^, '2h, as at p. 83, 
then 123" expanded is 
a [I'd' + h"o' - 2/y") + h (c'a" + c"a' - ig'g") + c [aH" + «"&' - 2M') 

+ 2fyj^'+g"h! - af" - a"f) + 2g [h'f + K'f - b'g" - l"g') 

+ 2h{fg"+f"g'-c:K'-d'h'); 

which, when we suppose the three quantics CTj, C^, U^^ to be 
identical, or a = a=a" &c. reduces to six times 

ahc + "ifgh - af - &/ - ch\ 

d''U 
If in, the above we replace a, the coefficient of a?', by -^-^ &c, 

we get the expansion of 123^ as applied to any ternary quantic. 
This covariant is called the Hessian of the quantic. 

It is seen, as at Art. 149, that odd powers of the symbol 123 
vanish when it is applied to a single quantic. We give as a 
further example the expansion of 123* applied to the quartic, 
ax^ + %* + cs* + 4 [a^x'y + a^x'z + hjj'^z + hjj^x + c/x + c/y) 

+ 6 ((?2/V + e»V ^-fxY) + 12a:^» [Ix + my + nz). 
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Then 123* is 

ahc - 4 {olbji^ -1- Icfl^ + ca^:^ + 3 {ad^ + li + cf) + 4 (a^J^c, 4- a^^c^ 
— 12 (a^ncZ + a^d + J^ne + Sj^e + c;inf-^ cj.f) 
+ 12 {Ibfi^ + mc,a, + «a3&3) + 12 [dP + ejn' +>") + 6*/- 12Zfl?«. 

156. "We can express in the same manner functions contain- 
ing contragredient variables ; for if a, /3, 7 be any variables con- 

tragiredient to a;, w, s. and therefore cogredient with ^ ,-,-,— . 

dx^ dy^ cfe' 
it follows, as before, that the determinant 

\dy, ds^ dy^ dzj \dz^ dx^ dz^ dx^ ) "^ \dx^ dy~lix^J 

(which we shall denote by the abbreviation al2) is an inva- 
riantive symbol of operation. Thus, if ZJ^, TJ^ be two different 
quadrics, al2''' is the contravariant called {Conies^ p. 330), 
which expanded is 

o?[b'c"+ i\'-2f'f") + 0\c'a" +c"a'-2g'g") + 'y'{a'b"+a"b'-2h'h") 
+ 2/37 {g'h" + g"h' - a'f" - a"f) + 2ya {h'f" + h"f - b'g" - b"g') 
+ 2a/3(/y'+/y-c'A"-c"A'), 

and which, when the two quadrics are identical, becomes the 
equation of the polar reciprocal of the quadric. 

In like manner, the quantic contravariant to a quartic, which 
I have called 8 {Higher Plane Curves^ p. 101), may be written 
symbolically al2*, and the quantic T in the same place may be 
written al2''' a23'' a31^. In any of these we have only to replace 

the coeflScient of any power of a;, a;" by -5-^ to obtain a symbol 

which will yield a mixed concomitant when applied to a quantic 
of higher dimensions. Thus ali' is 



Ad'^Vd'V (d''U\'\. 



which, when applied to a quadric, is a contravariant, but, when 
applied to a quantic of higher order, contains both x, y, 2, as 
well as the contragredient a, /3, 7, and therefore, is a mixed 
concomitant. 
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In general, if we have the symbolical expression for any- 
invariant of a binary quantic, we have only to prefix a contra- 
variant symbol a to every t6rm, when we shall have a con- 
travariant of a ternary quantic of the same order. And in 
particular it can be proved that if we take the symbolical ex- 
pression for the discriminant of a binary quantic, and prefix in 
this manner a contravariant symbol to each term, we shall have 
the expression for the polar reciprocal of a ternary quantic. 

Thus, the symbol for the discriminant of a binary cubic is 
12". 34'^. 13. 24, and the polar reciprocal of a ternary cubic ia 
al2'''.a34'''.al3.a24, which is obviously of the sixth order in the 
variables a, jS, 7, and of the fourth in the coefficients. 

157. If in any contravariant we substitute t- , -5- , -r- for 

a, /S, 7, and operate on ?7, we get a covariant (Art. 135) ; and the 
symbol for this covariant is got from that for the contravariant 
by writing a new figure instead of a. Thus from a23" is got 
123", from a23.a24, is got 123.124 &c. Conversely, if in the 
symbol for any invariant we replace any figure by a contra- 
variant symbol a, we get the evectant of that invariant. Thus, 

123. 124.234.314 

is an invariant of a cubic, and the evectant of that invariant is 

123. 012.023. 031. 

In the case of a binary quantic, this rule assumes a simpler 
form; for if we substitute a contravariant symbol for 1 in 12, 

it becomes, when written at full length, ^ -3 — *? j~ > ^^* since 

^ and 7) are cogredient with —y and a;, this may be written 

X ^-\-y -J- t aH'l ™3,y be suppressed altogether, since it only 

affects the result with a numerical multiplier. Hence, given 
the symbol for any invariant of a binary quantic, its evectant 
is got by omitting all the factors which contain any one figure. 

Thus, 

12".34M3.24 

s 
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being the discriminant of a cubic, its evectant, got by omitting 
the factors which contain 4, is 12^13. 

If m a contravariant ot any quantic we substitute -5— , -=— , -j- 

for a, /S, 7, we also get a covarlant, and the symbol for it is 
obtained from that for the contravariant by writing a different 
new figure in place of every a. Thus, from a34'' we get 
134.234; and so on. 

158. In the explanation of symbolical methods which has 
been hitherto given, I have followed the notation and course 
of proceeding originally made use of by Mr. Cayley. I wish 
now to explain some modifications of notation introduced by 
MM. Aronhold and Clebsch, who have employed these sym- 
bolical methods with great success, but who perhaps have 
scarcely sufficiently recognized the substantial identity of 
their methods with those previously given by Mr. Cayley. 
The variables are denoted Xj, a;^, aj^, &c., while the coefficients 
are denoted by suffixes corresponding to the variables which 
they multiply. Thus the ternary cubic, the ternary quartic, &c. 
may be briefly denoted ^a-^^^cc^a;,, Sa.j^^oj^aj^aj^a;^, &c., where the 
numbers «, A;, ?, m are to receive in succession all the values 
1, 2, 3. It will be observed that in this notation a,;^ = a,-^,. = aj,-,., 
so that when we form the sums indicated we obtain a quantic 
written with the numerical coefficients of the binomial theorem. 
Thus when we form the sum Sa.j^aj^cB^a;,, the three terms 

''iia^i'^i^zj ^m^iP^i^^i ^in^P\^\ ^'^'^ identical, as in like manner 
are the six terms 

'"jaS^l^S^a) '^132^1^3^2) ''^213^2^1*3) ''^231*2*3'^l) ''3n^!p'l^li\ ^%ii'^^^\1 

so that the sum written at length would be 

And so in like manner in general. Now M. Aronhold uses, 
as an abbreviated expression for the quantic in general, 
{a^^-\ a^^-\-a^^-\-...fi where after expansion we are to sub- 
stitute for the products aflfii^ &c. the coefficients a,-^;. Thus 
the ternary cubic given above may be written in the abbre- 
viated form {a^x^ + a^^ + a^^ ; the terms 

a,a,rt,a;,a5,a;, + %a^a^a^^x^x^ + &c. 
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in the expansion of the cuhe being replaced by o-^^^^p^^ 
Za^^^^x^^^ &c. The quantic might equally have been written 
(Sjajj + }),p^ + ^^^^1 (Ci», + Ci^^ + cp^^ &c., it being understood 
that we are in like manner to substitute for ^pp^i o^'^Tp.^t &c. the 
coefficients a^j,, 0^,^, &c. Now the rule given by M. Aronhold 
for the formation of invariants is to to take a number of deter- 
minants, whose constituents are the symbols a^, a^j % j ^ij ^2) &c., 
to multiply all together, and after multiplication to substitute 
for the symbols afl^a,^ ^nP^vi the coefficients a,j„ a,,,,,^, &c. 
Thus M. Aronhold first discovered a fundamental invariant of 
a ternary cubic by forming the four determinants 2 + afi^c^^ 
"Sith^c^d^, S + CjC^^'^s) Si^jOs^Sg; multiplying all together and 
then performing the substitutions already indicated. This is 
the same invariant which, in Mr. Cayley's notation, would be 
designated as 123.234.341.412. 

1 59. In order to see the substantial Identity of the two 
methods, it is sufficient to observe that by the theorem of homo- 
geneous functions any quantic u of the n'" order differs only 

by a numerical multiplier from f x^ — y x^ -3 — 1- x^ -=— J m, so 

that if we write it [ap^ + ap,^ + ap^Y, the symbols a„ a^, a^ 
differ only by a numerical constant from the differential sym- 
bols -J- , &c. And we evidently get the same results whether 
with Mr. Cayley we form determinants whose constituents are 

-— - , -3— , -y- , or with Aronhold, whose constituents are 
««, ' dx^ dx^ 

«1I «25 «3- 

And the artifice made use of by both is the same. 
If we multiply 'together a number of differential symbols 

(— - + X _-)(— --J-U-— ) &c. and operate on C/l it is evident 
\dx- dyj \dx dyj ^ 

the result will be a linear function of differentials of U of an 

order equal to the number of factors multiplied together; and 

that in this way we can never get any power higher than the 

first of any differential coefficient. When then it is required 

to express symbolically a function involving powers of the 

differential coefficients, the artifice ilsed by Mr. Cayley was 
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to write the function first with difi^erent sets of variables and 

form such a function as (^ — t"^;?") [^ — ^ I''' TF') ^i^i^ ^'^^ 

after diflferentiation to make the variables identical. So in like 
manner Aronhold in his symbolic multiplication uses difierent 
symbols which have the same meaning after the multipli- 
cation has been performed. By multiplying together symbols 
a,-, otj, «;, &c., we can only get a term such as a,.^^ of the first 
degree only in the coefficients. When then we want to ex- 
press symbolically functions of the coefiBcients of higher order 
than the first, the artifice is used of multiplying together difie- 
rent sets of symbols a,-, a^, a^; 5,-, 5^, S;, &c,, the products 
ttflifln ^fifii) c,OiC„ &c, all equally denoting the coeflScient a,„. 

160. Having then so fully explained Mr. Cayley's symbolical 
method, it is unnecessary to explain at greater length one which 
only difi"ers from it by notation. Reserving, then, to a sub- 
sequent lesson illustrations of the applications of these methods, 
we only add here Clebsch's proof that every invariant can be 
expressed in the manner indicated. If we are given any in- 
variant ^ (a, h, c, &c.) of the coefficients of a single quantic, it 
has been proved. Art. 119, that by performing on it the opera- 
tion a' v + 6' -T7 + &c., we obtain a simultaneous invariant of a 
da do 

pair of quantics, a', b', c' being the coefficients of the second, 
answering respectively to a, i, c in the first. In like manner, if 

we operate on this with a" t- +5" -^ +&c., we get an invariant of 

a system of three quantics, and we can repeat this process as long 
as there remains coefficients a, h, c, &c. in the invariant. Thus, 
then, when we are given any invariant of a quantic whose order 
in the coefficients is j>, we can derive from it an invariant of 
a system of j> quantics which shall be of the first degree in the 
coefficients of each quantic. And we can fall back at any time 
on the original invariant by supposing the ^ quantics to be 

identical, For the operation Oj- + ^-jI + &c, performed on the 

Invariant could only have efi'ected it with a numerical multiplier. 
Again, W9 are at liberty to suppose all the new quantics thus 
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introduced to be perfect w'" powers. And it follows thus, that 
from any Invariant of a single quantic, we can deduce an in- 
variant of the system of p quantics, (a,a;, + a^^ + a^^ + &c.)", 
(&,«, + h^^ 4 (fee.)", (CjXj + &c.)", &c. And, as has been said, 
we fall back on the original invariant if we substitute for each 
coefficient in the introduced quantics, the corresponding coeffi- 
cient in that first given ; as, for instance, if we substitute for 
ttj", Jj", c,", &c. the coefficient of x^ in the original quantic, and 
so on. Invariants of [a^^ + (fee.)", (J^ajj + &c.)", &c. are evi- 
dently invariants of the system a^^-\-&LQ,.^ JjO;, + &c. It is 
proved then that every invariant of the p^ order of a single 
quantic can be expressed symbolically by means of an invariant 
of p quantics of the first order. The only thing that remains 
to be proved is that these last invariants are necessarily functions 
of the determinants whose constituents are the coefficients of 
the quantics. For M. Clebsch's proof of this I refer to Crelh, 
vol. Lix., p. 7, since, though not really difficult, it is^ troublesome 
to explain and would take up much space. And the same thing 
can be seen from the differential equation of invariants. Thus, 
for a system of linear quantics of the first degree, ax-thi/, &c., 
an invariant must satisfy the equation 

y dl ■,, dl T,, dl p 

which integrated as an ordinary partial differential equation 
gives / a function of db' — a'&, ah" — d'b, &c. ; and so in like 
manner in general. 



LESSON XV. 

CANONICAL FOEMS. 

161. Since Invariants and covarlants retain their relations 
to each other, no matter how the quantic Is linearly transformed, 
it is plain that when we wish to study these relations it Is suffi- 
cient tO'do so by discussing the quantic in the simplest form to 
which it is possible to reduce it. This is only extending to 
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qualities In general what the reader is familiar with in the case 
of ternary and quaternary quantics; since, when we wish to 
study the properties of a curve or surface, every geometer is 
familiar with the advantage of choosing such axes as shall 
reduce the equation of this curve or surface to its simplest form.* 
The simplest form, then, to whicli a quantic can, without loss of 
generality, be reduced is called the canonical form of the quan- 
tic. We can, by merely counting the constants, ascertain 
whether any proposed simple form is sufficiently general to be 
taken as the canonical form of a quantic, for if the proposed form 
does not, either explicitly or implicitly, contain as many con- 
stants as the given quantic in its most general form, it will not 
be possible always to reduce the general to the proposed form.f 
Thus, a binary cubic may be reduced to the form X^ -^ F' ; for 
the latter form, being equivalent to ijx + myf + {I'x + m'yY con- 
tains Implicitly four constants, and therefore is as general as 
(a, &, c, cT^x, yf. So, in like manner, a ternary cubic in its 
most general form contains ten constants; but the form 
X^ + Y^' + Z^+QwiXYZ, 'contains also ten constants, since, in 
addition to the m which appears explicitly, X, T, Z, implicitly 



* It must be owned iowever that as in the progress of analysis greater facility is 
gained in dealing with quantics in their most general form, the adTantage diminishes 
of reducing them to simpler forms. 

t It is not true, however, conversely that a form which contains the proper number 
of constants is necessarily one to which the general equation may be reduced. For 
when we endeavour by comparison of coefficients to identify such a form with the 
general equation, although the number of equations is equal to the number of 
quantities to be determined, it may happen that the constants enter into the equations 
in such a way that all the equations cannot be satisfied. Thus 

(x- a.y + (y- fif = h: + my + n 

is a form containing five constants, and yet is not one to which the general equation 
of a ternary quadric can be reduced j since the constants enter the equation in such a 
way that though we have more than enough to make the coefficients of x and y and the 
absolute term identical with those in any proposed equation, we have no means of 
identifying the coefficients of x', xy and y'^. A more important example is 

x' + y' + z* + u* + V*, 

where z, u, v are linear functions. In the case of a ternary quantic this form contams 
implicitly fourteen independent constants, and therefore seems to be one to which the 
quai-tio in general can be reduced. But Clebsch has shewn that a condition must be 
fulfiUed in order that a quartic should be reducible to this form, namely, the 
vanishing of a certain invariant. 
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involve three constants each. This latter, then, may be taken 
as the canonical form of a ternary cubic, and, in fact, the most 
important advances that have been recently made in the theory 
of curves of the third degree are owing to the use of the equation 
in this simple and manageable form. 

162. The quadratic function {a, b, cjcc, ^f can be reduced in 
an infinity of ways to the form x' + y\ since the latter form im- 
plicitly contains four constants, and the former only three. In 
like manner the ternary quadric which contains six constants can 
be reduced in an infinity of ways to the form a;" + -if + «^, since 
this last contains implicitly nine constants; and in general a 
quadratic form in any number of variables can be reduced in an 
infinity of ways to a sum of squares. It is worth observing, 
however, that though a quadratic form can be reduced in an 
infinity of ways to a sum of squares, yet the number of positive 
aind negative squares in this sum is fixed. Thus, if a binary 
quadric can be reduced to the form x^ -|- y^^ it cannot also be re- 
duced to the form t^ — v\ since we cannot have x^ + if identical 
with m'^ — v\ the factors on the one side of the identity being 
imaginary, and those on the other being real. In like manner, 
for ternary quadrics we cannot have o^ + y — z' = u' 4 v' + w", 
since we should thus have x" -i- y'' = z' + u^ + v" + v/^ or, in other 
words, 

x'+f=z'+ (Ix -hniy + nsf+ {I'x + m'y + w'a)'+ (?'« -f m"y + ?i"«)^, 

and if we make x and y = 0, one side of the identity would 
vanish, and the other would reduce itself to the sura of four 
positive squares which could not be = 0. And the same argu- 
ment applies in general. 

163, We commen/ie by showing that, as has been just 
stated", a cubic may always be reduced to the sum of two cubes. 
To do this is in fact to solve the equation; since when the 
quantic is brought to the form X" -t- Y", it can immediately be 
resolved into its linear factors. Now, if the cubic (a, h, c, d'^x, yf 
become by transformation [A, B, 0, jy^.^: ^Tt then, since 
(Art. 122) the Hessian {ax + hy\cx + dy) - {bx + cy)'' is a co- 
variant, it will by the definition of a covariant, be transformed 
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into a similar function of A,B, C, B, X, Y. That is to say, 
we must have 

[ac - &') x' + [ad- be) xy + (6c?- c') if 

= {AG- B') X' + {AD - BG) Zr+ [BB - C) P. 
Now, if in the transformed cubic, B and G vanish, the Hessian 
takes the form ABXY; and we see at once that we are to talce 
for X and Y the two factors into which the Hessian may be 
broken up. When we have found X and F, we compare the 
given cubic with AX" + DY% and determine A and B by 
comparison of coefficients. 

Ex. To reduce 4a!' + 9a;2 + 18a; + 17 to the form AX^ + Sr'. The Hessian is 
(4a + 3) {6x + 17) - (3a! + 6)2 
oi' 15a!'i + 50a: + 15, 

whose linear factors are a: + 3, 3a; + 1. Comparing then the given cubic with 

A{x + 3y + D {3x + 1)', 
we have A + 21 D = 4^i7A + D = 17, whence 72SD = 91, 728^ = 455, or 4 is to Z) 
in the ratio of 5 to 1. The given cubic then only differs by a factor (viz, 8) from 

6 (a; + 3)3 + (3a: + 1)^, 
and it is obvious that the roots of the cubic are given by the equation 
Sa: + 1 + (a: + 3) 3J(5) = 0. 

164. It is evident that every cubic cannot be brought by 
reaZ transformation to the form AX' + BY', for this last form 
has one real factor and two imaginary; and therefore cannot 
be identical with a cubic whose three factors are real. The 
discriminant of the Hessian 

4:{ac-b')[bd-c')-{ad-hcY 

is, with sign changed, the same as that of the cubic. When 
the discriminant of the cubic is positive, the Hessian has two 
real factors, and the cubic one real factor and two imaginary. 
When it is negative, the Hessian has two Imaginary factors, 
and the cubic three real. When It vanishes, both Hessian and 
cubic have two equal factors, and it can be directly verified that 
the Hessian of ^Tis X^« 

It is to be observed, that a quantic cannot always be reduced 
to its canonical form. The impossibility of the reduction indl- 



* In general, when a binary quantic has a square factor, this wiU alBO be.a square 
factor in its Hessian, as may be veriiied at once by forming the Hessian of x^(j>. 
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cates some singularity in the form of the quantic. Thus a 
cubic having a square factor cannot be brought to the form 
Aa? + -D^", its simplest form being a?y. . 

165. In the same manner as a cubic can be brought to the 
sum of two cubes, so in general any binary quantic of odd 
degree (2n — 1) can be reduced to the sum of n powers of the 
(2w — ] )'" degree, a theorem due to Mr. Sylvester. For the 
number of constants in any binary quantic is always one more 
than its degree, or, in the present case, 2w ; and we have the 
same number of constants if we take n terms of the form 
(?» + w^.^/)'"'~'. The actual transformation is performed by a 
method which is the generalization of that employed (Art. 163). 
For simplicity, we only apply it to the fifth degree, but the 
method is general. The problem then is to determine m, v, w, 
so that (a, S, c, tZ, e,/^^, yf may =m° + v^ + m'°. Now we say 
that if we form the determinant 

ax -I- &«/, 6fl3 + cy, Gx + dy 
ix + cy, ex + dy, dx + ey 
ex + dy, dx + ey, ex +fy , 

the three factors of this cubic will be u, v, w. For let 

M = & -|- my, v = l'x-^ m'y, w = l"x + m"y ; 

then, diiferentiating the identity 

(a, i, c, d, e,fjx, yj = u^ + v^+ w'' 

four times successively with i-egard to x, and dividing by 120, 
we get 

ax + hy=Pu + l"'v + l"*w. 

Similarly differentiating three times with regard to x, and 
once with regard to y, 

hx + cy = fmu + Z'Ww + Z"'»w"w ; 
and so on. 

The determinant, then, written above, may be put into the 
form 

ZV+ IS + rw ,Fmu^Fm'v+rm"w,fm\+rm:'v+rm"'w 
Fmu H- rm'th+rVw , IWu+Wv+rVw, lm'u+l'm"v + l"m"'w 
IWu+Fm'^+rVw, Im'u +l'm"'v+rm"'w, m'u + m% + m"'w 

T 
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Now it will be observed that the coefficients of u in every 
column are proportional to P, Im, rri'. Consequently, If we re- 
solved this determinant, as in Art. 22, into partial determinants, 
every such determinant which contained two of the u columns 
would vanish as having two columns the same. And so, in like 
manner, would any which contained two v or two w columns. 
The determinant then will be uvw multiplied by a numerical 
factor.* 

When, then, the determinant written in the beginning of 
this Article has been found, by solving a cubic equation, to be 
the product of the factors {x-]-Xy)[x + /j,y][x + vy)^ we know 
that M, V, w can only differ from these by numerical coefficients, 
and we may put 

(a, h, c, d, e, fjx, yf = A{x^ \ff + 5 (a; + i,.yf + G (a; + vy)' ; 

and then A, B^ G are got from solving any of the systems of 
simple equations got by equating three coefficients on both sides 
of the above identity. 

The determinant used in this Article is a covariant, which is 
called the canonizant of the given quantic. 

166. The canonizant may be written in another, and perhaps 
simpler form, namely. 



y\ 


-/«=, 


y^'^ 


-a' 


a, 


5, 


C) 


d 


^ 


c, 


d, 


e 


C) 


d, 


«> 


f 



This last is the form In which we should have been led to It If 
we had followed the course that naturally presented Itself, and 
sought directly to determine the six quantities, A, B, G, \, /i, v, 
by solving the six equations got on comparison of coefficients of 
the Identity last written in Art. 165. For the development 
of the solution in this form, to which we cannot affi)rd the 
necessary space here, we refer to Mr. Sylvester's Paper [Philo- 
sophical Magazine^ November, 1851). Meanwhile, the identity 
of the determinant In this Article with that in the last has been 

* Viz. (Jm' - Vmf (I'm" - V'm'f {l"m - hn'y. 



shown by Mr. Cayley as follows 
of determinants (Art. 22), 
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We have, by multiplication 



a. 



fx, yx% 


-x" 




b, c, 

c, d, 


d 
e 


X 


d, e, 


f 





1, 0, 0, 

X, y, 0, 

0, X, y, 

0, 0, X, y 

y, , , 

0, ax + 6y, Ix + cy, ex + dy 
0, hx + cy^ ex + dy, dx + ey 
0, ex + dy, dx + ey, ex +fy 

which, dividing both sides of the equation by y, gives the 
identity required. 

167. We have still to mention another way of forming the 
canonizant. Let this sought covariant be [A, B, G, D\x, yf, 
where we want to determine A, B, G, D; then (Art. 136) 

7 7 » 3 

{A, B, C, D\^- J ~ v-j will also yield a covariant. But if this 

operation is applied to (os + Xy)" where x-'r'Ky is a factor in 
[A, B, G, D\x, yY, the result must vanish, since one of the 

factors in the operating symbol is -^ — ^'J • Since, then, the 

given quantic is by hypothesis the sum of three terms of the 

form [x -f "KyY, the result of applying to the given quantic the 

operating symbol just written must vanish. Thus, then, we 

have 

A {d, e,fjx, yY-B{e, d, ejx, yT+G{h, c, d^x, yf 

-D{a,l>,eXx,yy = 0, 
or, equating separately to the coefficients of x^, xy, y^, we 

have 

Ad-Bc-iGb-I>a = 0, 

Ae-Bd+Ge-I>b=0, 

Af-Be + Gd-I)c=0, 

whence (Art. 28) A is proportional to the determinant got by 



suppressing the column A or 



a, 


h 





h 


C) 


d 


c, 


d, 


e 



and so for B, C, D, 
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which values give for the canonlzant the form stated in the last 
Article. 

168. We proceed now to quantics of even degree (2?i). 
Since this quantic contains 2w + 1 terms, if we equate it to a 
sum of n powers of the degree 2n, we have one equation more 
to satisfy than we have constants at our disposal. On the other 
hand, if we add another 2?i"* power, we have one constant too 
many, and the quantic can be reduced to this form in an infinity 
of ways. It is easy, however, to determine the condition that 
the given quantic should be reducible to the sum of w, 2«"' 
powers. Thus, for example, the conditions that a quartic 
should be reducible to the sum of two fourth powers, and that 
a sextic should be reducible to the sum of three sixth powers, 
are respectively the determinants 

c, d 



a, h, 




bj c, a 


= 0, 


c, d, e 





, ^ 



d. 



d, e 



^, e, /, g 



= 0, 



and so on. For in the case of the quartic the constituents of 
the determinant are the several fourth diflferentials of the 
quantic, and, expressing these in terms of u and v precisely as 
in Art. 165, it is easy to see that the determinant must vanish, 
when the quartic can be reduced to the form u* + v*. Similarly 
for the rest. This determinant expanded in the case of the 
quartic is the invariant already noticed (see Art. 137, Ex. 1), 

ace + 2hcd— ad^ - eV — c". 

169. When this condition is not fulfilled, the quantic is re- 
duced to the sum of n powers, together with an additional term. 
Thus, the canonical form for a quartic is u* + v* + 6XmV. We 
shall commence with the reduction of the general quartic to its 
canonical form ; the method which we shall use is not the easiest 
for this case, but is that which shows most readily how the re- 
duction is to be eifected in general. Let the product, then, of 
M, V, which we seek to determine, be {A, B, C\x, yf, and let us 



operate with {A, B, C5[- 



(a, &, c, d, ejx, yf = m* + ?;* + 6\mV, 



T- , — 5- j on both sides of the identity 



= 0, 
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Now, as before, this operation performed on m" and on v^ 
will vanish, and when performed on 6XmV, it will be found to 
give 12A,'mj;, where "s! = 2[^A0 - B'')^. Equating then the 
coefficients of as'"', xy^ and y^ on both sides, after performing the 
operation, we get the three equations 

J(?-25o + C5=V^, 
-4e-25t?+Cc=X'a, 

whence eliminating -4, B, C, we have to determine X', the 
determinant 

a, 5, c — V 

6, c + ^X', (? 

c — X', £?, e 

which expanded is the cubic 

X" - X' [ae - 4:id + 3c') - 2 {ace + 2 JccZ - acZ' - eF - c') = 0,* 

the coefficients of which are invariants. Thus, then, we have 
a striking diflference in the reduction of binary quantics to their 
canonical form, between the cases where the degree is odd and 
where it is even. In the former case, the reduction is unique, 
and the system u, w, w, &c. can be determined in but one way. 
When u is of even degree, however, more systems than one can 
be found to solve the problem. Thus, in the present instance, 
a quartic can be reduced in three ways to the canonical form, 
and if we take for X' any of the roots of the above cubic, its 
value substituted in the preceding system of equations enables 
ixs to determine A, B, C. 

170. If now we proceed to the investigation of the reduction 
of the quantic (a^, a^, a^ . . .][«, yf^, the most natural canonical 
form to assume would be m'"' + v^' + vf" -t- &c. + XmW, &c., 
there being n quantities m, v, w, &c. But the actual reduction 
to this form is attended with difficulties which have not been 
overcome, except for the cases n = 2 and w = 4. But the 
method used in the last Article can be applied if we take for 
the canonical form u^" + v'" + &c. + X Vuvw &c,, where, if 

uvw &c. = {A^, A:,, A^ ...Jx, y,)", 

* N.B. — The disorimiuant of this cubic is the same as that of the quartic. 
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F is a covariant of this latter function such that when Vuvw &c. 
is operated on by (^„, A^ "-Xj-j ~ TJ ' ^^® ^®®"^* ^^ propor- 
tional to the product uvw &c. Suppose, for the moment, that 
we had found a function V to fulfil this condition, then, pro- 
ceeding exactly as in the last Article, and operating with the 
differential symbol last written on the identity got by equating 
the quantic to its canonical form, we get the system of equations 
A% - «^,«„« + iri{n-l) A^a^^ - &c. = X^„, 

^o«,.-. - ''^i^n + i« {»« - 1) ^ Am - &c- = ^Aj 
^o««-2 - «-4,a„., + |w (« - 1) A^a^ - &c. = \ J„ &c., 
whence, eliminating A^, A^, A^, &c., we get the determinant 



1 ^ 






^M-i) 



1-2 , 



.+A.* 



and having found \ by equating to this determinant expanded 
(a remarkable equation, all the coefficients of which will be 
invariants), the equations last written enable us to determine the 
values of A^, A^, &c., corresponding to any of the n+l values 
of \. 

171. To apply this to the* case of the sextic, the canonical 
form here is u" + v' + i/f + Vuvw, where, if uvw be 

{A, A, A, ^Ji^, y)% 

V is the evectant of the discriminant of this last quantic, and 
whose value is written at full length (Art. 138). Now it will 



* The determinant above written may be otherwise obtained as follows. Let 
a", }/ be .cogredient to x, y, and let us form the function 



('^^ + 2^|)"^+^(*2^-2'^')" 



which (Arts. 121, 127), we have proved to be linearly transformed into a function of 
similar form. Take the n + l coef&cients of the several powers !c", x'^hj, Ac, and 
from these eliminate linearly the n + l quantities a'", a'"-', &o., and we obtain the 
determioant in question. 
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afford an excellent example of the use of canonical forms if we 
show that in any cubic the result of the operation 

performed on the product of the cubic and the evectant just 
mentioned, will be proportional to the cubic itself. For it is 
sufficient to prove this, for the case when the cubic is reduced to 
the canonical form x' + y', in which case the evectant will be 
a? — ]/' as appears at once by putting J = c = 0, and a = d=l in 
the value given, p. 113. The product, then, of cubic and evec- 

tant will be x" —y", which, if operated on by ^ — -j-j , gives a 

result manifestly proportional to x^+y". And the theorem now 
proved being independent of linear transformation, if true for 
any fonn of the cubic, is true in general. The canonical form, 
then, being assumed as above, we proceed exactly as in the last 
Article, and we solve for X from the equation 

«0J «1) «2> «3-'^ 

03 + X, a„ a„ % 

which, when expanded, will be found to contain only even 
powers of \. If we suppose uvw reduced as above to its 
canonical form x^ + i/^ the three factors of which are 

aj + y, x + coy,. x + m'y^ 

where w is a cube root of unity, then it is evident from the 
above that the corresponding canonical form for the sextic is 

A{x + yf + B {x+ myY + (a; + (o'yY + D[x'- f). 

It can be proved (see Lesson xvii.) that if m, «, w be the factors 
of the cubic, then the factors of the evectant used above are 
u — v^ v — to, w~ u, so that the canonical form of the sextic 
may also be written 

u^-\- v^ + w^ + Xuvw (u — v]{v- w) [w — u). 

172. In the case of the octavic the canonical form is 
w^ + 1>' + m;° + »^ + Xm Vio V, 



= 0, 
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for if we operate on uVw^s^ with a symbol formed according to 
the same method as in the preceding Articles, the result will be 
proportional to uvwz. This will be proved in a subsequent 
Lesson. 

As for higher canonical forms we content ourselves with again 
mentioning that for a ternary cubic, viz. x'' + y" -{■ z^ + Gmxyz^ 
and that given by Mr. Sylvester for a quaternary cubic, 
x^ + i/^ + z^ + u^ + v\ 



LESSON XVI. 
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173. It still remains to explain a few properties of systems 
of quantics, to which we devote this Lesson. An invariant 
of a system of quantics is called a comhinant if it is unaltered 
(except by a constant multiplier) not only when the variables 
are linearly transformed, but also when f6r any of the quantics 
is substituted a linear function of the quantics. Thus the elimi- 
nant of a system of quantics m, v, w is a combinant. For 
evidently the result of substituting the common roots of vw in 
u + \v + jjbw is the same as that of substituting them in u ; and 
the eliminant of u + \v + /uw, «, w is the same as the eliminant 
of uvw. In addition to the differential equations satisfied by 
ordinary invariants, combinants must evidently also satisfy the 
equation 

a'dl I'dl c'dl „ 
-J- + -1^ + -7- + &c. = 0. 
da do dc 

It follows from this that in the case of two quantics a combinant 
is a function of the determinants {ah'), [ac), {f>^')i &c. ; in the 
case of three, of the determinants {ab'c"), &c. ; and will accord- 
ingly vanish identically, if any two of the quantics become 
identical. If we substitute for u, v; \u + fiv, \'u + fi'v, every 
one of the determinants {ah') will be multiplied by (\/tt' — X'fi) ; 
and therefore the combinant will be multiplied by a power 
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of (\fi' — X'fji) equal to the order of the combinant in. the co- 
efficients of any of the quantics. Similarly for any number of 
quantics. There may be in like manner combinantive covariants, 
which are equally covariants when for any of the quantics is 
substituted a linear function of them. For instance, the 
Jacobian (Art. 84) 



?7„ 


u.. 


u. 


K, 


K, 


V, 


^„ 


T^., 


w. 



if we substitute for U,lU+mV+n W, for V, I' U+ m'V+n' W, &c. 
by the property of determinants, becomes the product of the 
determinants {Im'n"), { U^ V^ W^). The coefficients of a combinan- 
tive covariant are also functions of the determinants [ab'), [ao') ; 
{ab'c"), &c. 

174. If U= [a, b, c.Xx, yT, V= [a', b', ,c'...Jx, yf be any 
two binary quantics of the same degree, then U-'r-hV or 
{a + kc^^ l->rTcb' ...\x,y)"^ where we give different values to h, 
denotes a system of quantics which are said to form an involu- 
tion with Z7, V. Now there will be in general 2 (w — 1) quantics 
of the system, each of which will have a square factor. For 
the discriminant of a quantic of the w'" degree is of the 
order 2(w — 1) in the coefficients (Art. 101). If then we sub- 
stitute a + ka for a, & + kb' for &, &c., there will evidently 
be 2 (m — 1) values of k, for which the discriminant will 
vanish. 

If we make y = 1 in any of the quantics, it denotes n points 
on the axis of x. We have just proved that in 2 (n — 1) cases, 
two of the n points denoted by U+kV will coincide; or, in 
other words we may say, that there are2(w — 1) double points 
in the involution. 

When Z7+ k V has a square factor x- a, we know that a 
satisfies the two equations got by differentiation, viz. C^+^F^=0, 
U^ + kV^ = 0, and therefore will satisfy the equation got by 
eliminating k between them, viz. C^i F^ — Z/^ F^ = 0. Now 
Z7j Fj, - Z7,Fj which Ts of the degree 2 (w - 1) is the Jacobian of 
U, V; and we see that by equating the Jacobian to 0, we obtain 

u 



146 SYSTEMS OF QU ANTICS. 

the 2 (w — 1) double points of the involution determined by 
U, F* 

175. Ifu and V have a common factcr^ this will appmr as a 
square factor in their Jacdbian. First let it be observed, that 
since nu = xu^ + y\, nv = a;«, + yv^^ then if we write J for 
w,% — MjVi, we shall have n {uv^ — vu^ = xJ, n [uv^ — vu^) = —yJ. 
Differentiating the first of these equations with regard to y, and 
the second with regard to x, we get 

n (mv,, - vuj = xJ^, n (m«„ - m,,) = -yJ,. 

It follows from the equations we have written, that any value a 
of X which makes both u and v vanish, will make not only J 
vanish bul also its differentials J^, J^, and therefore x- a. must 
be a square factor in /. 

Or more directly thus: let u=^<j>, v=^yjr, where ^=lx+my; 

then u^=l^ + ^<})^, u== m^ + /Sc/)^, t),= Z\/r 4- j8i/r„ v= m^ + ^'>}r^; 

and u^v^-u^v=^\^^'^-4>^-<\r^ +/3Z(^i/r^- <|>,'.^) + /3jn(^jf -(/>f ,), 

whence (n — 1) [u^v^ — m^w,) 

= (n - 1) ^' (<^,t, - </,,V^J + /3 (Zx + my) {6,f, - 0,t J 

■ =n^'{<^,^,-<^,^,). 

It follows from what has been said, that the discriminant of the 
Jacobian of m, v must contain R their resultant as a factor; 
since whenever R vanishes, the Jacobian has two equal roots. 
Thus in the case of two quadratics, 

(a, S, cjx, yY, («', b', c'Jx, y)% 

the Jacobian is [al') a? + {ad) xy + (Sc) y, 

whose discriminant is {ah') (bd) — 4 (acy, which is the eliminant of 
the two quadratics. In the case of quantics of higher order, 
- the discriminant of the Jacobian will, in addition to the resultant, 
contain another factor, the nature of which will appear from 
the following articles. 

* In like manner, for a ternary quantio, the Jacobian of ?7, F, Wia the locus of the 
double points of all curves of the system U+hV+lW which hare double points, 
And so in like manner for quantics with any number of yarlables. 
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176. It has been, said that we can always determine ^, so 
that u + kv shall have a square factor. But since two conditions 
must be fulfilled, In order that u-\- kv may have a cube factor, 
h cannot be determined so that this "shall be the case unless a 
certain relation connect the coefficients of u and v. This condi- 
tion will he of the order 3 (w - 2) in the coefficients loth of u and v. 

If {x — af be a factor in u + kv + lw, x—a. will be a factor 
in the three second differential coefficients, or a; = a will satisfy 
the equations 

«n + ^«,i + Ki = 0, M,, + kv^, -1- Zw„ = 0, M,, + kv^^ + Iw.^^ = 0, 
whence eliminating k and l,x = a will satisfy the equation 

«s.) «..» ^Oii. =0- 

If then we use the word treble-point In a sense analogous 
to that in which we used the word double-point (Art. 174), 
we see that the equation which has been just written, gives 
the treble points of the system u + kv-^ Iw; and since the 
equation is of the degree 3 (n — 2), there may be 3{n— 2) such 
treble points. But we could find the number of treble points 
otherwise. Suppose we have formed the condition that u4-kv 
should admit of a treble point, and that this condition is of the 
order p in the coefficients of a. If in this condition we sub- 
stitute for each coefficient (a) of m, a + la", we get an equation 
of the degree ^ in Z; and therefore p values of I will be 
found to satisfy it. In other words p quantlcs of the system 
u + kv-{- Iw will have a treble point. It follows then from what 
has just been proved that j9=3 (n — 2). And the same argu- 
ment proves that the condition in question is of the order 
3 (« — 2) In the coefficients of v. 

This condition is evidently a combinant ; for If It is possible 
to give such a value to ^, as that u + kv shall have a cubic 
factor, it must be possible to determine k, so that (m + av) + kv 
shall have a cube factor. 

177. If M + ^« have a cube factor (a; — a)', then the Jacobian 
of M and V will contain the square factor {x — af. For the two 
differentials u^ + kv^^ u^ + kv^ will evidently contain this square 
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factor, and therefore it will appear also in the Jacobian which 
may be written (m, + kv,) v^ — (Mj + kv^) «,. If then /8'= be the 
condition that u + kv may have a cube factor, 8 will be a factor 
in the discriminant of the Jacobian, since if S'=0 the Jacobian 
has two equal roots, and therefore its discriminant vanishes. 

If i? be the resultant, the discriminant of the Jacobian can 
only diflFer by a numerical factor from RS. For since the 
Jacobian is of the degree 2 (n — l), its discriminant is of the 
degree 2 {2 (w — 1) — 1} in its coefficients, which are of the first 
order in the coefficients of both u and v. Now jB is of the order 
n in each set of coefficients, 8 of the order 3 (n — 2). Both 
these are factors in the discriminant ; and it can have no other 

since 

n+ 3 [71-2) =2 {2 [n-1) - 1]. 

178. If we form the discriminant of w+ kv, this considered 
as a function of k will have a square factor whenever u and v 
have a common factor. In fact (Art. 107) the discriminant of 
u + kv will be of the form {a + ka') (j) + {b + kb'f ijr. But if m 
and V have a common factor, we can linearly transform u and v 
so that this factor shall be y, that is to say, so that both a 
and a shall vanish. The discriminant will therefore have the 
square factor {b + kb'f; and since the form of the discriminant 
is not affected by a linear transformation of the variables, it 
always has a square factor in the case supposed. 

It follows that if we form the discriminant of u + kv, and 
then the discriminant of this again considered as a function of 
k, the latter will contain as a factor i? the resultant of u and v. 
For it has been proved that when ^ = 0, the function of k 
has two equal roots, and therefore its discriminant vanishes. 
For example, the discriminant of a quadratic ac-h\ becomes 
by the substitution of a + ka' for a, &c. 

(ao - V') + k [ac' + ca' - 2bV) + ¥ (aV - 5"), 
whose discriminant is 

{m - V) [a!d - &'") - 4 {ad + ca!- 2bV)\ 

But this is only a form in which, as Dr. Boole has shewn, the 
resultant of the two quadratics (a, &, c§x, yf, (a', &', c~§jo, yf 
can be written. This form, all the component parts of which 
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are invariants, ia sometimes more convenient than that pre- 
viously given. In the case of quantics of higher order, the 
discriminant of the discriminant will have ^ as a factor, but 
will have other factors besides. 

179. If u have either a cube factor or two distinct square 
factors, the discriminant of u + kv will be divisible by fc'. For 
if the discriminant of m be Aj that o{ u + kv is 

A + ^(a'^- + &'T5-H- &c. I + &c. 
\ da do j 

Now when u has a square factor A vanishes ; and it appears 
from the expressions in Art. 110, that if either three roots of 
u are equal a = /3 = 7, or two distinct pairs be equal a = /3, 7 = 8, 

then all the differentials of A, -^- , &c. vanish : and therefore 

the coefficient of k in the expression just given vanishes. The 
discriminant therefore contains H as a factor. It is evident 
hence that if u\-av have a cube or two square factors, the 
discriminant oiu + hv will be divisible by Qt — of ; since u+kv 
may be written u + avi + i^ — a)v. If then as before, j8= ex- 
press the condition that the series u + kv may include one 
quantic having a cube factor ; and if T== be the condition 
that it should include one having two square factors, both 8 
and T will be factors in the discriminant with respect to k o{ the 
discriminant of u + kv. For we have just seen that the dis- 
criminant has a square factor if either S=0, or 2^=0. We 
proved in the last article that the discriminant has i? as a factor; 
and in fact the discriminant will be, as Mr. Cayley has observed^ 
JRS^T". I do not know whether there is any more rigid proof 
of this, than that we see that there is no other case in which 
the discriminant of w + lev has a square factor, that we find in 
the case of the third and fourth degrees that 8 and T enter 
in the form 8", T'' ; and that we'can thus account for the order 
in general. For the discriminant of u + kv is of the order 
2 (m — 1) in k, and the coefficients are of the order 0, 1 ...2 (n — 1) 
in the coefficients of either quantic. The discriminant then with 
respect to k will be of the order 2 (« — 1) (2w - 3) in the coeffi- 
cients of either quantic. But B is of the order n, 8 oi the order 
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3 (m — 2), and It will be proved in a subsequent lesson that T 
is of the order 2(w — 2)(to — 3), and 

2(n-l)(2w-3)=n + 9(n-2) + 4(M-2) (n-3). 

180. It was stated (Art. 173) that every combinant of m, v 
becomes multiplied by a power of (X./tt' — V/t) when we sub- 
stitute Xm + /x.«, X'm + liJv for M, V. It will be useful to prove 
otherwise that the eliminant of m, v has this property. First, 
let it be observed that If we have any number of quantics, 
one of which is the product of several others, m, v, tow'w", their 
resultant Is the- product of the resultants [uvw)^ {uvw')^ [uvjjo"). 
For when we substitute the common roots of m, v in the last 
and multiply the results, we evidently get the product of the 
results of making the same substitution in to, w\ w". Again, 
the resultant of m, v, hw is the resultant of m, «, w multiplied by 
A;"'" since the coefficients of w enter into the resultant In the 
degree mn. If now R (m, v) denote the resultant of m, v, which 
are supposed to be both of the same degree w, we have 

fji'^R (Xm + /i«, X'm + jjlv) = li (X/i'w + /tt/i'v, X'm + fi'v)* 

= R {(X/t' - X» M, X'm + IX v] = (X/i' - XjjifR (m, X'm + iilv) 
= (X/i' — \'fiyfi"'R (m, v), 

whence R (Xm + fiv, X'm + /j/v) = {\/jf — X/xfR (m, v). 

By the same method It can be proved that the eliminant of 
Xm 4 /iv + vw, X'm + fM'v + v'w, X"m + fi"v + v"w is (X/i'v")"' times 
that of M, V, w, and so on. 

181. If Z7, F be functions of the orders m and n respectively 
in M, V, which are .themselves functions of x,'y of the order ^, 
and If I) be the result of eliminating u, v, between U, V; then 
the result of eliminating x, y between Z7, F will be B^ times 
the mn^ power of the resultant of m, v. For TJ may be re- 
solved into the factors m — a«, u — Bv^ &c., and F Into u — a'«, 
M-yS'u, &c. And, Art. 180, the resultant of U^ V will be the 
product of all the separate resultants u~av, u — a.'v. But one of 
these is {a—a')''R{u,v). There are mn such resultants. When 

* The resultant of u + ht, v, being the same as the resultant of u, v, Art. 173, 
we next subtract ii times the second qnantic from the first. 
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therefore we multiply all together, we get the mri^ power of 
jB(m, v) multiplied by the ^"' power of (a — a') (a— a"), &c. 
But this last is the eliminaat of Z7, V with respect to m, v. 

182. Similarly, let it be required to find the discriminant, 
with respect to a;, y, of Z7, where ?7 is a function of m, v. 
First, let it be remarked (see Art. 106) that the discriminant 
of the product of two binary quantics w, v Is the product of the 
discriminants of u and v multiplied by the square of their re- 
sultant. 

If then U=[u — a.v) (m — ySw), &c. the discriminant of U will 
be the product of the discriminants of m — ay, u — /3w, &c. by 
the square of the product of all the separate resultants u — av, 
u — l3v. But, as before, any of these will be (a — /S)'' B (m, v) . 
If then m be the degree of U considered as a function of m, « ; 
there will be ^m [m — 1) separate resultants, and the square of 
the product of all will be [a.- ^f [a.-'yY\ &c. x i?"''"""'' (m, v). 
But (a - /S)" (a — 7)', &c. is the discriminant of U considered as 
a function of m, v. If then we call this A, we have proved 
that the product of the squares of the separate resultants is 
A''i2"'''"~''. Let us now consider the product of the discriminants 
of M — ai), u — /8t), &c. ; this is the result of eliminating a be- 
tween the discriminant of m — aw, which is a quantic of the 
order 2 (^ - 1) in a, and the quantic of the m'" order got by 
substituting u = a.v in TJ. Or this product has been otherwise 
represented by Mr. Sylvester. If a^, 5„ be the coeflScients of 
of in M, «, then (Art. 104) the resultant of m— av, u^ — otv^ will 
be a - a&„ times the discriminant of m — av. But 

E[u^ v)B{u—av, Mj— av,)=i?(M— av, m,v- avv,)=i?(M-av, u^v—uv^). 

Now (Art. 175) p[u^v — uv^=yJ where / is u^v^-u^v^^ and 
B[u — aw, y) is a„ — a5„. It appears thus that the discriminant 
of M — av differs only by a numerical factor from the resultant 
of (m — aw, J) divided by B{u, w). The product then of all the 
discriminants will be the resultant of J and the product u — av, 
u — /8v, &c. ; in other words, the resultant of U, J divided 
by the to'" power of B {u, v). Thus we have Mr. Sylvester's 
result [Gomptes Bendus, LViil., 1078) that the discriminant of 
C/"with respect to xy is A^i^jw, v)"""'"^ (C^, /). But it will 
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be observed that the result expressed thus is not in its most 
reduced form since R{U,J) contains the factor R (m, vf. 

183. It is not my purpose in this volume to enter with any 
detail into the theory of ternary and quaternary quantlcs. For 
as all this theory has a geometrical meaning, it will be naturally 
treated of in geometrical treatises; for instance, in my Oeo- 
metry of Three Dimensions^ and in the New Edition, which 
I hope to publish of my Higher Plane Curves. It will be 
proper however here to shew what corresponds in the case of 
ternary and quaternary quantics to the theory just explained 
for systems of binary quantlcs. Let, then u and v be two 
ternary quantlcs, and let us suppose that we have formed the 
discriminant of m 4 kv. Then this discriminant considered as 
a function of h will have a square factor; in the first place, 
if the curves represented by u and v touch each other. For 
w§ have seen (Art. 113) that if the equation of a curve he 
as" + «6z"~'a; + wcz""'^ + &c. = 0, its discriminant is of the form 
aO -\-l}'j>-\-hcy^ + <?X- The discriminant then of u-^hv will he 
of the form [a + ha!) + (& + hh'Y 4> + &c. But if we take for 
the point xy, a point common to u and v, both a and a will 
vanish ; and if we take the line y for the common tangent, both 
b and b' vanish ; and the discriminant will be of the form 
{c + kc'f-XJ ^^^ therefore will always have a square factor in 
the case supposed. 

184. Again, the discriminant will have a square factor 
If M have either a cusp or two double points. The discriminant 
A of a ternary quantic is the condition that Mj, m^, u, should 
have a common system of values. If, however, we have either 
two double points, or a cusp, «„ u^, u^ will have two systems 
of common values, distinct or coincident, and therefore (Art. 99) 
not only will A vanish, but .also its differentials with respect 
to all the coefficients of u. The discriminant then of m + A«, 

being in general A +^(-5 h -tt- + &c.j + &c. will in this 

case be divisible by //. And as in Art. 179, it will be divisible 
by [h — of if the curve u-\-av have either a cusp or two double 
points. Let then E = be the condition that u and v should 
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touch; S=0 the condition that among the systems of curves 
u + kv should be included one having a cusp;, and T=0 the 
condition that there should be included one having two double 
points, it has been proved that JR, S, T are all factors in the 
discriminant of the discriminant of u-\-kv, considered as a 
function of /<;. In fact this discriminant will be B8"T'\ 

As in Art. 179, I can only prove this by showing that the 
order of the discriminant is thus accounted for. The discri- 
minant of the ternary quantic u ■+ lev is of the order 3 (« - 1)'' 
in k, and the extreme terms are of the same order in the 
coefficients of u and v respectively. When then we form the 
discriminant of this again considered as a fiinction of h, a 
specimen term of it will be the product of these two extreme 
terms raised to the power 3(»i— 1)"— 1. Hence the order of 
this discriminant in the coefficients of both u and v will be 
3 (n - 1)^ (Sji" - 6»i + 2). Now it will be proved that R is of 
the order 3w(w-l), 8 of the order 12 (w- 1) («-2}, T of the 
order f (w - 1) {n - 2) (3w'' - 3w - 1 1). But 

3 (n - 1)' (3n' - 6« + 2) 

= 3»i(m-l) + 36(?i-l)(«-2)+3(M-l)(m-2)(3M'-3w-ll). 

185. In this place we only give the proof of the order of 5, 
which, as expressing the condition that the curves represented 
by M and v should touch, has been called, by Mr. Cayley, their 
tact-invariant. 

I gave, in 1856, the following method of finding this in- 
variant {Quarterly Journal^ Vol. i., p. 339). Form the de- 
terminant 
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and we have the locus of points whose polars, with respect to 
u and V, intersect on an arbitrary line ax + ^y + yz. If among 
these points be one common to both curves, its polars will be 
the tangents at that point, which can have a point common 
with aa; + &c., only on the supposition either that this line 
passes through the point common to the two curves, or else 
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that the tangents are identical. If then we eliminate the 
variables between m, «, and the determinant above written, 
which is of the order m + n — 2 in the variables and of the 
first order in the coeflScients of each curve, the result will be 
It multiplied by the result of elimination between m, v and 
ax + &c. Now the complete resultant is of the order mn in 
a, j8, 7; it contains the coefficients of u in the order 

n(m, + n — 2) + mn = n (2m + ?i — 2), 

and in like manner those of v in the degree m (2n + m — 2). 
The resultant of m, v, a.x + &c. contains a, )S, 7 in the degree mw, 
the coefficients of u in the degree w, and those of v in the 
degree m. Hence R contains the coefficients of u In the degree 
w(2«i + w— 3) and those of v in the degree «i(2n + ?«-3). 
When m and n are equal we get the number already stated 
3m(w-1). 

This result may be otherwise found as follows: The order 
of the tact-invariant in the coefficients of v is evidently the 
same as the number of curves of the form m + \v + jtiw which 
can be drawn to touch m, where w is another curve of the same 
order as v. But the point of contact with u is easily seen to 
be a point on the Jacobian of m, v, w. And this being a curve 
of the order («i + 2w — 3) meets m In m (m + 2w — 3) points.* 

186. The theorem given, Art. 106, for the discriminant of 
the product of two binary quantics cannot be extended to 
ternary quantics; for the discriminant of the product of two 
win, in this case, vanish identically. In fact, the discriminant 
is the condition that a curve should have a double point ; and 
a curve made up of two others must have double points; 
namely, the intersections of the component curves. Or, with- 
out any geometrical considerations, the discriminant of we is 
the condition that values of the variables can be found to 
satisfy simultaneously the differentials uv\ + vu^^ uv^-^-vu^, &c. 
But' these will all be satisfied by any values which satisfy 



* I reserve for a geometrical treatise an account of the modifications whioli the 
theorems of this chapter receive when u and v are not the most general quantics 
of their degree, but denote curves having double points. 
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simultaneously u and v ; and such values can always be found 
when there are more than two variables. 

But the theorem of Art. 106 may directly be extended to 
tact-invariants. The condition that u should touch a compound 
curve vw. will evidently be fulfilled if u touch either v or w, 
or go through an intersection of either. For an intersection 
counts, as has been said, as a double point on the complex 
curve ; and a line going through a double point of a curve is 
to be considered doubly as a tangent. Hence if T[u^ v) denote 
the tact-invariant of m, v, we have 

T{u, vw) = T{u, v) T{u, w) [B {u, v, w)}% 

where JR [u, v, w) is the resultant of m, «, w. And the result 
may be verified by comparing the order in which the coefiicients 
of M, V, or w occur in these invariants. Thus for the coefficient 
of M, we have 

{n+p) [n +j) -I- 2m - 3) = M (w + 2m - 3) +p (^ + 2m - 3) + 2np. 

187. What was said, Art. 185, as to the tact-invariant of two 
ternary quantics may be extended almost word for word to 
that of a system of three quaternary quantics, or of A;— 1, ^-ary 
quantics. Thus the tact-invariant of three quaternary quantics 
expresses the condition that two of the mnp points of the sur- 
faces represented by them coincide; or, in other words, that 
at any point of intersection the three tangent planes to the 
surfaces have a common line. And it is found, as in Art. 185, 
by dividing the resultant of «, v, w, and 
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by the resultant of m, v, w and ax + ^y + &c. In this way it 
is seen that the tact-invariant contains the coefficients of u in 
the degree np{2m + n+p-4:), a result which is confirmed by 
observing that this is the number of points in which the inter- 
section of vw meets the Jacobian of u, u, v, w. See Geometry 
of Three Dimensions, p. 438. And, in like manner, in general 
the tact-invariant of Z; - 1, ^-ary quantics m, v, w, &c. contains 
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the coeflScieats of n lu the degree found by multiplying the 
product of M, ^, &c. by 2?m + n +^ + &c. — Tc. 

188. In order to complete the subject we give here the 
theory of the tact-invariant of two quaternary quantics,* 
although we shall have to use principles which are to be 
established in a subsequent Lesson. The same argument as 
that used before shews that the order, In the coeflScients of Z7, 
of the tact-Invariant of Z7, TF Is the same as the number of 
quantics of the system Z7+ \ V which can touch W\ U and V 
being of the same order. But comparing the coefficient^ of the 
tangent planes of U+W and W we see that the point of 
contact must satisfy the system, eqxiivalent to two conditions, 
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= 0. 

It will be shewn in the Lesson on the order of systems of 
equations, that this system is of the order 

where \, /*, v are the orders of U^, V^, 1F„ &c., that is, in the 
present case m— l,m—l,n—l. The order is then 

n" + 2mn + Sjm" - 4m - 8m + 6. 

And the required order of the tact-invariant is n times this 
number; since the point of contact is got by combining with 
these conditions W=0, which it must also satisfy, 

189. There is now not the least difficulty in forming the 
general theory of the class of invariants we have been con- 
sidering, to which Mr. Sylvester proposes to give the name 
of osculants. Let there be i quantics, Z7, F, FT, &c. in k 
variables; then the osculant is the condition that for the same 
system of values which satisfy Z7, F, &c. the tangential quantics 
soU^' +yUJ-\- &c., &c, shall be connected by an identical relation 

X {x v; + &c.) +ii{x F/ + &c.) + v{x w; + &c.) + &c. = 0. 

* Ss? Geomttry of Three Dmenaions, p. 439. 
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In other words, the osculant is the condition that the equa- 
tions V=? 0, V= 0, &c.| and also the system 
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= 

can be simultaneously satisfied. This latter system having k 
columns and i rows is equivalent to ^ — ^■ + 1" equations ; there- 
fore this system combined with the given i equations is appa- 
rently equivalent to i + 1 equations in k variables. It is really, 
however, only equivalent to k equations; for writing U=0 in 
the form xU^+yU^ + &c. = 0, and similarly for V, &c., we see 
that when the system of determinants is satisfied, and all but 
one of the quantics U, V, W, &c., the remaining one must be 
satisfied also. The system then being equivalent to k equa- 
tions in k variables cannot be simultaneously satisfied unless 
a certain condition be fulfilled. The order of this condition, 
in the coefficients of U, is found by the same method as in the 
last article. We write for U, U+Xu, and we examine how 
many values of the variables can simultaneously satisfy the 
i—l equations F, W, &c., and the system equivalent to k—1 
equations 



^„ ^\, u,, 

w.) w„ 1*3, 

V V V 

w„ w„, w„ 



&c. 
&c. 
&c. 
&c. 
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The order of the i—1 equations F, W, &c. is the product of 
their degrees n, p, &c. ; and the order of the osculant in the co- 
efficients of U is the product of this number by the order of the 
system of determinants, which is found by the rule given in 
the subsequent Lesson on the order of systems of equations. 

When we are given but one quantic, the osculant is the 
discriminant ; when we are given k quantics in k variables, the 
osculant is the resultant. The theorem of Art. 106 may be ex- 
tended to osculants in general ; viz. that if we form the osculant 
of ^ — 1 quantics in k variables, and if the last be the product 
of two quantics Z7, F, then the osculant of the entire system 
will be the product of the osculant of the system of the other 
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h-2 with Z7, that of the system oi h — 2 with F, and the square 
of the resultant of all the quantics. 

It woulJ, next in order, be proper to discuss the form of the 
discriminant of the Jacobian of W+ijlV+vW, where ?7, F, W 
are ternary quantics, and that of the discriminant of the dis- 
criminant with respect to X, fi, v-. This theory, when Z7, F, W 
are quadrics, will be given in Lesson XVIII. In other cases 
the latter discrimitiant vanishes identically. I do not know the 
general theory of the former. 



LESSON XVII. 

APPLIOATIONS TO BINARY QUANTICS. 

190. Having now explained the most essential parts of the 
general theory, we wish in this lesson to illustrate its application 
by examining in some of the simplest cases the different in- 
variants and covariants which a quantic may possess. The 
method of Art. 117 shows that a binary quantic has in general 
w — 2 independent invariants. For it was there proved, that 
there may be w — 3 absolute invariants ; and since we see, as in 
Art. 118, that from any two ordinary invariants an absolute 
invariant can be deduced, the number of ordinary invariants 
is at most one more. If we have two invariants 8 and T of 
the same degree ; then S+aT (where a is any numerical factor) 
will of course be also an invariant. We do not consider in- 
variants included under this form as new invariants, nor as 
essentially distinct from the invariants 8 and T, Nor again, 
if 8 were of the second degree, and T of the third, would 
S' + aT'' be said to be a new invariant essentially distinct from 
8 and T. But if another invariant were not rationally ex- 
pressible in terms of 8 and T, but only connected with them by 
an equation such as E' = 8" -{■ aT'^^ then we speak of 5 as a 
new invariant distinct from 8 and T, though not independent 
of them. Thus then, though the number of independent in- 
variants of a quantic is, as has been said, w — 2, the number 
of distinct invariants is unlimited after we pass\he sixth degree. 
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If we have a system of two quantics, of the degrees m and n 
respectively; proceeding still by the method of Art. 117, the 
number of equations to be satisfied being to + n + 2, and the 
number of constants at our disposal being still only 4, we find 
that there are m + w — 2 absolute, and m + n—l ordinary, inde- 
pendent invariants of the system. That is to say, there will be 
in general three new independent invariants of the system in 
addition to the to — 2 and « — 2 independent invariants of the 
quantics considered separately. If one of the quantics be either 
linear or a quadratic, there will be only two new independent 
invariants. ■■ This is because the number w — 2 does not express 
the number of independent invariants of a linear or quadratic 
quantic, that number being in both cases one more ; that is to 
say, in the one case and 1 in the other. The number of other 
invariants will therefore be one less than in the geiieral case. 

The invariants of any quantic and of the linear system 
x^.-\- yq + &c. (see Art. 130), may be regarded as contravariants 
of the given quantic ; and in binary quantics contravariants may 
be reduced to covariants by changing ^ and i; into 3/ and —as. 
It has been shewn then that a binary quantic has in addition to 
its invariants, only two independent covariants; or, since we 
may take the quantic itself for one of these covariants, that all 
covariants may be expressed (though not necessarily expressed 
rationally) in terms of the quantic, its invariants, and one 
covariant. 

We now proceed to enumerate the fundamental invariants 
and covariants of all the most simple systems. 

191. The quadratic. We have already stated the principal 
points in the theory of the quadratic form (a, &, cj^a;, y)^ It 
has but one independent invariant (Art. 118), viz. the discri- 
minant ac — V. Any other invariant must be a power of this 
(ac — Wy. We have already showed (Art. 153) that it follows 
by Hermite's law of reciprocity, that only quantics of even 
degree have invariants of the second order whose symbol is 
12"" If we make y = \m the quantic, it denotes geometrically 
a system of two points on the axis of a;, and the vanishing of 
the discriminant expresses the condition that these points should 
coincide (Art. 174). 
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In like manner the system of two quadratics 
(«)_^ cXx, y)\ («', 6', cjx, yf, 
has the invariant 12'' or ac + a'c — 2bb'. When each quantic is 
taken to represent a pair of points in the manner just stated, 
the vanishing of this invariant expresses the condition (see 
Conies, p. 291) that the four points should form a harmonic 
system, the two points represented by each quantic being con- 
jugate to each other. We have also proved (Art. 174) that the 
covariant 12 (or the Jacobian of the system) represents geome- 
trically the foci of the system in involution determined by the 
four points. 

The eli'minant of the system may be written in either of 
the forms 

{ac - ca')'' + 4 {ba - b'a) [be' - b'c), 

or {ac' + ca! -^bb'f-i {ac - F) {a'c' - b") . 

Lastly, given a system of three quadratics 

(a, b, cjx, y)% {a',b'^ djpo., yT, («", 6", c'Jx, y)\ 

the vanishing of the determinant 

a, &, c 

a', &', c' 

a", 6", c" 

expresses the condition that the three pairs of points represented 
by the quadratics shall form a system in involution {Conies, 
p. 296). 

192. The cubic. We come next to the concomitants of 
the cubic 

(a, b, c, dXa>, yT- 

It has but one invariant (Art. 118), viz. the discriminant 

a^cP + 4ac' + 4tdb' - 35V - Gabcd. 
The Hessian 1? is 

{ac - ¥) x' -\-{ad- be) xy + (pd - c") y\ 
which may also be written as a determinant 

a, J, c 
5, c, d 
y\ -xy, 3? 
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This has the same discriminant as the cubic itself, see Art. 
164. If the roots of the cubic be a, ^, 7, then the Hessian is 
2(a!-a)"(/3-7)' (see Art. 133). The cubic covariant T2\13, 
or the evectant of the discriminant, is (see Art. 138) 

{a^d-3ahc+2b% abd+Vc-2ac^, 2b^d-acd-bc% ibcd-ad'-'ic^Jx,yY . 

This cubic may be geometrically represented as follows :-^If we 
take the three points represented by the cubic itself, and take 
the fourth harmonic of each with respect to the other two, we 
get three new points which will be the geometrical representa- 
tion of the covariant in question. This theorem is suggested 
by its being evident on inspection that if the given cubic take 
the form xy {x + y)^ then x — y will be a factor in the covariant, 
as appears by making a = J=0, h = c=l in its equation. But 
x + y, x— y are harmonic conjugates with respect to x and y. 
Now, if a, /S, 7, S denote the distances from the origin of four 
points on the axis of x, any harmonic or anharmonic relation 
between them is expressed by the ratio of the products 
(a-/3)(7-.S) and (a-7)(/3-S): and this ratio (see Art. 132) 
is unaltered by a linear transformation ; that is, when for each 

distance a we substitute r-; — ; — ; . Such relations, then, being 

unaltered by linear transformations, if proved to exist in one 
case, exist in general. We find that the other factors in the 
evectant of asy{x + y) are a; + 2y, 2x + y, so that our result may 
be written symmetrically that the evectant of xys (where 
a, y, z are connected by the linear relation a! + y + » = 0) is 
{x — y){y — z]{z-o^. These considerations lead us to the ex- 
pression for the factors of the covariant in terms of the roots of 
the given cubic : for if S be the distance from the origin of the 
point conjugate to a with respect to /3 and 7 ; solving for S from 
2 1 1 . s a;S + a7-2/37 

the equation » = o + '^^ S^* ° ~ "^yZ — a — ;:7~ » 

^ a — o a — p a — 7 za — p-y' 

whence the covariant must be 

f (2a - /3 - 7) a: + (2/S7 - ajS - a7) jr} {(2j8 - a - 7) a; 

+ (27a - /87 - ;8a) y} {(27 - a - ^) a; + (2a/3 - 7a - 7^) y], 

as may be verified by actual multiplication and substitution in 
terms of the coefficients of the equation. 
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193. When we wish to establish any relation between the 
preceding covariants and invariants, we use the canonical forms, 
which are, for U=ax^ + dt/', the discriminant D = a'd'; the 
Hessian H=adxy; and the cubicovariant, J = ad {aa? — dy^). 
Thus we can prove that the discriminant of J is the cube of 
the discriminant of C/, for the discriminant of J in its canonical 
form is aW. Again, we have been led, by Art. 1 90, to foresee 
that J is not independent of U and E.\ and we can easily 
establish, by the help of the canonical form, the relation con- 
necting them, due to Mr. Cayley, viz. 

Mr. Cayley has used this equation to solve the cubic Z7, 
or, in other words, to resolve it into its linear factors. For, 
since J^ — BJJ^ is a perfect cube, we^are led to infer that the 
factors J± U sID will also be perfect cubes, and, in fact, the 
canonical form shows that they are 'ia^da^ and lad^y^. Now, 

since xa -{-yd^ is one of the factors of the canonical form, it 
immediately follows that the factor in general is proportional to 

{U</D + jf+{Us/D-jf, 

a linear function which evidently vanishes on the supposition 
U=0. 

Ex. Let US take the same example as at p. 136, -viz., Cr= 4a!' + to' + 18a! + 17, 
Here we have D = 1600, J= llOx' - Wx'y - QSOxf - 670i/', whence 

U jF+ J = 10 (3a! + yy; V ^D- J" = 50 (a! + 3y)3 ; 
and the factors are 3a: + ^ + (x + 3i/) ?J5. 

194. System of cubic and quadratic. Let these be 

(a, 6, c, d[lx, y)% [A, B, GJx, y)\ 
The simplest invariant of the system is got by combining the 
quadric with the Hessian of the cubic, and forming the inter- 
mediate invariant of this system of two quadratics, when we have 

/= A {Id -c^)-B {ad -bc) + C {ac - V) . 
The resultant of the system, formed by the method of Arts. 
63 or 82, is 

E = a'G'-QaiBG' + 6acC{'2B''-AC)+ad{6ABC-8B'') 
+ dPA G' - ISbcABG + 6bdA {2B^ -AG) 
+ dc'A'G-6cdBA'-\-d'A\ 
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These two may be taken as the fundamental invariants of the 
system. In comparing other invariants with these it is con- 
venient to take A and C=0, which is equivalent to taking for 
X and y the two factors of the quadratic. I then reduces to 
Ji (5c - a^ and jB to - %B^ad. The Jacobian of the system is 

{Al-Ba)x^^{^Ac-Bb- Ca)x''y+{Ad+Bc-'iCl)xf^[Bd-Cc)y\ 

But It has, besides, linear covariants. Thus, if we substitute 
differential symbols in the quadratic and operate on the cubic, 
we get 

L^={aG-2Bh + cA)x+{hG-~'icB+dA)y, 

and if we operate in like manner with this on the quadratic, 
we get 

L^ = {aBG- 1 [2B''-+ AG)+ 3cAB - dA'} x 

+ {aG' - 3bBC+c {AG+ 2B') - dAB] y, 

which expressed in terms of the roots a, y8, 7 of the cubic and 
a', ;8' of the quadric, are 

S (a' - a) (/3' - /S) (a; - 7), 2 {«' - a) (/3' - ^) (a' -i){x- /3'). 

The resultant of L^ and L^, when we make A and C = 0, is 
proportional to B^hc, If, then, A denote the discriminant 
J.G- -B" of the quadratic, we see that the resultant of i„ L^^ 
expressed in terms of the fundamental invariants, is ^+ 8A7. 

There are other linear covariants got by writing for a, 6, &c. 
the a, 5, &c. of the cubi-covariant (as in Art. 138) of the given 
cubic. 

If we eliminate between the linear covariant L^ and the 
quadratic, we get the same result as if we eliminate between 
2/j and L^. But, if we eliminate between L^ and the cubic, we 
get an invariant distinct from those already given. If we make 
A and 6^=0, this invariant is B^ [ao^ — dh"), which we see is 
not reducible to the previous forms. But its square can without 
difficulty be reduced to those forms. For, since the discriminant 
of the cubic is 

D = d'cP + iac" + 4.dW - 35V - ISaScc?, 

sixteen times the square of the invariant now under considera- 
tion is 

B^ [D - a'd^ + 36V + ISahcdf - 6iB'adbY, 
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and we have only to -write in this for Ebc^ 1+ Bad, for jBW, 
— |S, and for B^, — A, when the whole is expressed in terms 
of the fundamental invariants. 

195. System of two cubtcs. A system of two cubics 
(a, &, c, djx, yY, [a', b\ c, dl'Jix, yf has for its simplest invariant 
(see Art. 136, Ex. 2) [ad') — 3 (6c') ; which is a combinant, and 
which we shall refer to as the invariant P. The properties of 
this system may be studied most conveniently by throwing the 
equations into the form Au' + Bv''-^ Cw",, A'u^ + B'v^+ G'w", a 
form to which the two cubics can be reduced in an infinity of 
ways. For the cubics contain four constants each, or eight in 
all. And the form just written contains six constants explicitly ; 
and M, Vf w contains implicitly a constant each, since u stands for 
x + Xy, &c. The second form then i^ equivalent to one with 
nine constants, that is to say, one constant more than is necessary 
to enable us to identify it with the general form. 

Any three binary quantics of the first degree are obviously 
connected by an identical relation of the form aw + /3« + 710 = 0. 
We shall suppose the constants a, y3, 7 to have been incorporated 
with M, V, w, so as to write the two cubics, Au' + Bv' + Gw', 
A'u' + BV + G'w^, where u + v + w = 0. 

Putting for w its value, and writing the cubics 

(A, -G,-G,-G, B- GJu, vf, [A'- C\ - C, - G', B '- CJu, v)\ 
and forming the invariant P of the system, we find it to be 
{AB') + [BG') + {GA'). 

The resultant of the system is found by solving between 
the equations Au^ + Bv" + CW = 0, A'u'' + B'v' +G'w" = 0, when 
we get m'=(5C"), «°=(C4')j v^ = [AB'); and, substitutmg 
in the identity u-{-v + w = 0, the resultant is 

{AB')^ + {BG'Y+{GA')^ = 0, 

or {{AB') + (BG') + (GA')}" = 27 {AB") [BC] {GA'). 

Now, if we denote the two cubics by U and V, it has been 
proved, Art. 176, that there is an invariant, which we shall call 
Qj of the third order in the coefficients of each cubic, which 
expresses the condition of its being possible to determine \ so 
that U+XV shall be a perfect cube. Now this invariant is 
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identical with the product {AB') {BG') {CA'), which is of the 
same degree in the coefficients. For if any factor {AB') in 
this product vanish, A V— A TJ evidently reduces to the perfect 
cube {A G') w'. It follows then that the resultant is of the form 

196. If it were required to form directly the invariant Q 
for the form (a, 6, c, djx^ yf, {a', b', c', d'\x, yf ; we might 
proceed as follows. If U+ X, V can be a perfect cube, its three 
second differentials can be simultaneously satisfied ; or 

ax + by + X {ax + b'y) = 0, 

bx + cy + \ {b'x + c'y) = 0, 

cx + dy + X {c'x + d'y) = 0. 

Solving these equatioift linearly for x, y, Xx, Xy, and then 
equating the product of x by Xy to the product of y by Xx, 
we get, for the required condition. 



a, b, a' 




a', 5', h 




a, 5, V 




a', b J a 


b, c, V 


X 


b', c', c 


= 


5, c, c' 


X 


b\ c', b 


c, d, c' 




c', d!, d 




c, c?, d 




c', t?', c 



or 



or 



\b {bd) + G {ca') + d {ab')} X {a' {cd'] + V {db') + d {be')] 

[V {be') 4- c' {ca') + d' {ab')} x {a {cd') + b {db') + c {be')}, 

{be')' + {ca')' {cd') + {db')' {ab') - 3 {ab') {be') {cd') 

-{ad'){bc'Y-{ad'){ab'){cd'). 

If, as in the last article, we give a, S, &c. the values A, — G, 
- G, &c, this would become- -(^5') {BC') {CA'). If then to 
twenty-seven times this quantity we add {{ad') — 3 {be')}', we get 
the resultant in the form 

{ad'Y - 9 {ad'f {be') + 27 {ca'f {cd') + 27 {db'f {ab') 

- 81 {ab') {be') {cd!) - 27 {ad') {ab') {cd'), 

a result which agrees with that of Art. 76, it being remembered 
that there the cubics were written without binomial coefficients. 

197. We have, in Art. 195, formed the invariant F of the 
system Ax' -^^ By' + Cs\ A'x' + B'y' + C'z\ by first reducing 
them to functions of two variables, and then calculating the 
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value of {ad') — 3 {bo'). We shall for the sake of establishing a 
useful general principle, give another way of making the same 
calculation. We know that we may substitute in any binary 

quantic -?- j — j- for x and y, and so obtain an invariantive 

operative symbol. Now when this change is made in a function 
expressed in terms of x, y, z, where s is — (a; + y), a wiU become 

Tf -J- • And when the operation is performed on a function 

similarly expressed, since its differential with respect to x will 

be -T- + T- T- , or in virtue of the relation between a:, y, a, 

'j -J- , we see that the rule may be expressed, that we may 

substitute in any covariant for x, y, s respectively 

d d d d d d 
dy dz '' ds dx' dx dy ' 

and so obtain an operati\^e symbol which we may apply to any 
covariant expressed in terms of a;, y, 2, without first reducing 
it to a function of two va;riables. Thus, in the present case, we 
find the invariant P by operating on ^V + ^y + Ca", with 

\dy dz) \dz dx) \dx dy) ' 

and the result only differs by a numerical factor from 
{AB') + {BC') + {GA'), as we found before. 

In like manner we find that, in the symbolical notation, 12 
as applied to a function expressed in terms of », y, z, denotes 

f d^ d^ d_ dr\ fj^ d^ d_ d^ (A A — —\ 

\dx^ dy^ dx^ dyj \dy^ dz^ dy^ dzj \dz^ dx^ dz^ dxj ' 

198. The Jacobian of the system 

Ax" + Bf + Cz\ A'af + B'f + G'z% 

may be found by means of the formula last given, or directly as 
follows. In virtue of the relation connecting z with x and 
y, the differentials of ?7with respect to x and y are proportional 
to Ax" - Gz\ Bf - Cz' ; and U^ F, - U^ V^, is 

{AB') ^f + [BO') fe" + ( CA!) sV. • 
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This is a biquadratic, for which we may calculate the two in- 
Tariants noticed in p. 112, viz. 

8=ae-^ld+ 3c', T=ace + 2hcd - ad" - eV - c\ 

Putting in for z\ [x + yf^ and multiplying the Jacobian by 
six to avoid fractions, we get 

a = 6((7Jt'), h = i[GA'\ e=&{BC'\ d=3{BC'), 
c={BC') + {CA') + {AB')=P, 

whence S = 3P% T=54:Q- P\ We shall presently show that 
the discriminant of a biquadratic is /S" — 27 T'. The discriminant 
of the Jacobian therefore, is proportional to Q (P" — 27 Q), which 
agrees with Art. 177. 

199. If in general we form any invariant of 11+ W, and 
then form any invariant of this again considered as a function 
of A., the result will be a combinant of the system U, V; that 
is to say, it will not be altered if we substitute lU-i mV, 
I' Z7+ m' V for U,. V. For, by this^substitution, we get the 
corresponding invariant of (? + X?) Z74- (m + Xw') F, which is 
equivalent to a linear transformation of X, ■ by which the 
invariants of the function of X will not be altered. If then, 
in the case of two cublcs, the discriminant of JJ+W be 
A + iBX + 6 CX' + 4 J>X° + ^X", and if it be required to calculate 
the invariants of this biquadratic, we may without loss of 
generality, take instead of U and V two quantics of the system 
Z7+XF which have square factors, taking x and y for these 
factors; and so write U=ax^ + Zha?y, V =icxy^ -\-dy^. For this 
system we have P=ac?— 3&c, Q = V'c' {ad-hc)] the resultant 
P° — 27 ^ being d'd' [ad— 9Sc). Now, for this form, the biquad- 
ratic is 4:ac'X+{d^d''-Qabcd-Wc')X^ + 4,db"X^; or multiply- 
ing by six to avoid fractions A = E=0^ B=6ac^, D=QdV^ 
C = aW - 6abcd - 36V = B' - 126.V. Hence, 

;S'= 3 a'' - 4PZ).= 3P(P' - 24 §) ; 

7'=2PGZ>-C" = -(P'-36P'(3 + 2160, 

whence the discriminant of the biquadratic 8^ — 27T^ is pro- 
portional to Q" (P' - 27 Q) which agrees with Art. 179. "We 
infer from Art. 117, by counting the constants, that a system 
of tvo, cubics cannot have more than five independent invariants ; 
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and we see here that P and Q can be expressed, though not 
rationally, in terms of the five A, B, C, D, E. 

200. We may also conveniently use the form aa;' 4 SJas^y, 
Zcx^-\-dy^, in examining the relations of invariants which are 
not combinants ; but it will be necessary to verify by more 
general forms, that the relations found to exist in this particular 
case are true in general. The invariants are all of even order 
in the coeflBcients of the system ; and there is no invariant of the 
second order but the combinant P. We may form several 
invariants of the fourth order, as follows. Form the Hessian 
of Z7+\F, which will be 

(a, /3, 7l«=, yr-^ X («', ^', ijx, yY + \» (a", ^", ijx, yf, 

where the absolute term and the coefficient of \' are the Hessians 
of U and V respectively ; and the coefficient .of \ is an interme- 
diate CO variant. Now, we may form the quadratic invariant of any 
one, or any pair of these invariants, 4a7 — /S", 2 (15(7' + a'7) — /S/S', 
&c., and these will all Jse invariants of the system. If we 
remember that the discriminant of the Hessian is the same as 
that of the quantic, and therefore identify 

{/3 + W + X^/S'y - 4 (a + \a' + W) (7 + \i + XY), 

with {A, B, C, -D, -E3[l, \)*, we identify all these invariants with 
A, B, D, E except the two ^/3" - 2 (a^' + 7a"), /S'" - 4a'7', which 
we shall call </, K^ and which we find to be connected by the 
relation 2/+ K= 6 C. 

In the form ax" + iba?y + \ i^cxy' + dif), the Hessian is 

(- V + \ac) x^^X {ad - he) xy + [Xld - W) / ; 

and we find J= — 'iV6\ K=(i^d^- ^abcd+Vc^'^ and, usmg the 
value 6C=a'V''-6a5c<f-3JV,we have 6C=P'+6/, ^=P''+4J, 
relations which are without difficulty verified in general. 

Lastly, if we form the "cubicovariant, as in Art. 138, of 
U+XV, the coefficients of the powers of X give us four co- 
variants of the same kind, viz. those of U and F, and two ■ 
intermediate covariants. And if we form the combinant P of 
each pair of these cubics, we get six invariants of the sixth 
order in the coefficients. Four of these will, however, be only 
P4, PP, PD^ PE. The remaining pair, viz. the combinants 
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formed with the two extreme and the two intermediate co- 
variants are respectively 

L = Vd' = 2Q + PJ and Jf = - P' + 24 Q* 

201. The quartic. We come next to the quartic, which, as 
we have seen, p. 112, has the two invariants 

8=ae- Ahd -H 3c'' and r= ace -t- ^hod - ad" - eb" - c". 

We have shown (Art. 169) that the quartic may be reduced to 
the canonical form x* + G^nafy'^ + y*, and for this form these in- 
variants are S=l + 3m^, T= m — m^. 

These invariants, expressed as symmetric functions of the 
roots, are 

.»= S (a - /3)^ (7 - 6)^ r= S (a - ^f (7 - Kf (a - 7) (/3 - S), 
or, more conveniently, 

r={(a-/3)(7-S)-(a-7)(S-/3)}{(«-7)(8-/3) , 

-(a- S) (/3-7)} {(a- S) (^-7)- (a-^) (7- S)}. 

In the latter form it is easy to see that T= is the condition 
that the four points represented by the quartic should form a 
harmonic system {Higher Plane Curves^ p. 192). It was stated 
(Art. 168) that T=0 is the condition that the quartic can be 
reduced to the form a;'+y,t and that. T can be expressed as 
a determinant 



a. 


^ 


c 


^ 


C) 


d 


C; 


d, 


e 



If M be the modulus of transformation, then (Art. 118) 8 and 
T become by transformation M''8^ M^T, respectively; and the 
ratio /S' : I^ is absolutely unaltered by transformation. 

202. Every invariant of a quartic can he expressed as a 
rational function of 8 and T. Since the quartic can be reduced 
to the canonical form as* + &ma?y' + 3/*, by linear transformation, 



* By substituting in the expression for the resultant P' — 27Q, the value, of Q, 
J (i — PJ), just obtained, we get an expression for the resultant given by Mr. Waicen, 
Quarterly Jov/rnal, vol. vi., p. 237. 

■f Mr. Sylvester gives the name cataleciicant to the invariant which expresses that 
a quantio of order 2n can be reduced to the sum of n powers of the degree 2re. 

Z 
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■which does not affect the invariant, it is sufficient to prove the 
theorem for that form. Now, in the first place, we say that 
any invariant which vanishes when to = 0, will also vanish when 
m = ±l. For the form x* + y* is changed, by the transformation 
of x-hy and x — y for x and y, into the form x* + Gx^y'' + y*^ 
and by the change of x + y \J{— 1), x- y \/(— 1) for x and y, 
into x*— 6x^y''+y*- Thus, then, we see that if to be a factor 
in any invariant, to" — 1 will also be a factor ; or the invariant 
will be divisible by to — m', that is to say by T. 

Let us take now any invariant expressed in terms of the 
general coefficients a, 5, c, d, e; and we say that if it does not 
vanish when we make S = 0, c = 0, d=0, the part remaining 
must be a power of ae. For it evidently must be a symmetrical 
function of a and e; and it cannot be of any form such as 
a' + e', since the weight of every term must be the same. Let 
this part remaining then be a'e', and let us subtract from the 
given invariant (ae— 4:hd+ Sc")* or /S": the remainder, then, will 
evidently vanish when we make & = 0, c = 0, d=0; or, in the 
case of the canonical form for which h and d are always = 0, it 
will vanish when to = 0. By what has been proved then II must 
be divisible by T: that is to say, we have proved that the in- 
variant is of the form S" 4- T^. But, by the same argument, 
we prove that (^ is of the form 8'' + T'yjr • and so on : so that, 
by repeating the process, the invariant can altogether be ex- 
pressed rationally as a function of (S and T. 

203. To express the discriminant in terms of 8 and T. It 
has been already remarked (Art. 107) that the discriminant of 
a quantic must vanish, if the first two coefficients a and h vanish ; 
for, in that case, the quantic has a square factor being divisible 
by y'\ On the other hand it is also true that any invariant 
which vanishes when a and h are made = 0, must contain the 
discriminant as a factor. Such an invariant, in fact, would 
vanish whenever the quantic had any square factor [x - ay)' : 
for, by linear transformation, the quantic could be brought to 
a form in which this factor was taken for y, and in which 
therefore the coefficients a and J = 0. But an invariant which 
vanishes whenever any two roots of the quantic are equal, must 
when expressed in terms of the roots contain as a factor the 
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difference between every two roots : that Is to say, must contain 
the discriminant as a factor. 

It is easy now, by means of 8 and T, to construct an in- 
variant which shall vanish when we make a and J ?= 0. For on 
this supposition 8 becomes 3c' and T becomes - c' ; therefore 
8^-271" vanishes. Now this invariant of the sixth order in 
the coefficients is of the same order as that which we know 
(Art. 101) the discriminant to be. It must therefore be the 
discriminant itself, and not the product of the discriminant by 
any other invariant. The discriminant is therefore 

{ae - ibd + Soy - 27 [ace 4- 2hcd - ad" - eF - cj. 

We can in various ways verify this result. For instance, it 
appears, from Art. 182,* that the discriminant of the canonical 
form ar* + 69wa!y + z/* is- the square of the discriminant of the 
quadratic x^ + 6mxi/ + y^ ; that is to say, is (1 — dnff. But 

(1 - dmy = (1 + Smy -27 {m- my. 

204. We may also derive this result from the form P^ — 27Q 
of the resultant of a system of two cubics given. Art. 195. The 
combinant P of the system CT, C^, 

ax" + iba?y + Scxif + J/, lo^ -f Scx'y + Sdx-if' + ey"^ 

is (ae — hd) — 3 (bd — c^) ; that is to say, is no other than the 
invariant 8 of the biquadratic. And Q, if calculated, will be 
found to be a perfect square, namely, the square of the invariant 
T. We can give an h priori reason why Q should in this case 
be a perfect square. For Q = (i expresses the condition that for 
some value of /*, U^-\- nU^ shall be a perfect cube. If this be 
so, we can (Art. 126) linearly transform so that it shall be the 
differential with regard to x which shall be the perfect cube: 
suppose [x + XyY- Then the quantic itself must be of the form 
[x + XyY + cy^ ; and in this case we have also U^—XU^ a per- 
fect cube. Thus ^ = expresses the condition that the quartic 

* We may also see this directly, thus : The resultant Of osa;* + by'', a'x'' + h'y'' 
is the i'" power of cA' — a'h, since the substitution of each root of the first equation 
in the second gives aV — a'h. Now the discriminant of ax^ + 6ca:y + ey*- is the 
resultant of oa:' + 'icmj^, Zcx^y + ej/'. If we substitute a; = iu the second, and y = 
in the first, we get results e, a, respectively, and the resultant of nx^ + Zcy'^, Sex'' + ey^ 
is {ae - 9c^)''. The discriminant is therefore ae {ae — Oo')^. » 
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shall be the sum of two fourth powers; and, in this case, 
X Z7, + /* C^ can in two ways be made a perfect cube. 

We can also easily apply the theory of a system of two 
cubics by writing the quartic under a form more general than 
the canonical form, viz. Ax* + By'' + Gz^i where a; + ^ + 2 = 0. 
In this case, then, we have a^A + G^ e = B+0, b = c = d=C, 
and we easily calculate 8=JBC+CA + AB, T=ABG. But 
if we equate to nothing the two differentials, viz. Ac(^ — Gs', 
By^ — Gz'^ we get a;', y, «' respectively proportional to BG, 
CAj AB ; and, substituting in a- + y + s = 0, we get the dis- 
criminant in the form 

{BGf-\-{GAf + {ABf = 0, 
or {BG + GA + ABY- 27 A'B'G''=0, orS'-27T'^0. 

205. From the expression just given for the discriminant of 
a quartic in terms of S and T, can be derived the relation 
(Art. 193) which connects the covariants of a cubic. 

If we multiply two quantics together, the invariants of the 
compound quantic will be invariants of the system formed by 
the two components. If then we multiply a quantic by x^A-yi}^ 
the invariants of the compound will (Art. 130) be contravariants 
of the original quantic ; and if we then change ^ and tj into y and 
— a;, will be covariants of it. If we apply this process to a cubic, 
the coefficients of the quartic so formed will be 

ay, \{?,ly-ax), ^{cy-ix), {{dy-Scx), -dx; 
and the invariants 8 and T of this quartic are found to be the 
covariants — 15", ^J of the cubic. But the discriminant of the 
product of any quantic by x^ + yr/, by Art. 106, becomes, when 
treated thus, the discriminant of U multiplied by IP. Express- 
ing then the discriminant of the compound quartic in terms of 
its S and T, we get the relation connecting the H, J, and dis- 
criminant of the cubic. 

206. The Hessian of the quartic is the evectant of T, and is 

[ac - F) a;* + 2 [ad - he) x^y + [ae + 'ild - %&) x'f 

+ 2 (Se - ctZ) a;/ + (ce - (?) /, 
which, for the canonical form, is 

ra(a;*+/) + (l-3m'')a!y. 
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If a quartic have a square factor a;°, this will be also a factor 
in the Hessian. For the second differential U^^ contains a?^ and 
Z7,2 contains a;, therefore a^ will be a factor in U^^U^,^— U^^ . 
If then a quartic have two square factors, both will be factors 
in the Hessian, which, being of the fourth degree, can therefore 
differ only by a numerical factor from the quartic itself. In 
fact, if a quartic have two square factors, by taking these for 
s^ and if^ the quartic may be reduced to the form cx'y' : but, 
by making a, 5, <?, e all = 0, the Hessian, as given above, 
reduces to — 3cVy'''- 

Thus then, by expressing that a quartic differs only by a 
factor from its Hessian, we get the system of conditions that 
the quartic shall have two square factors, viz. 

ac — V ad— he ae + 2hd— Br^ _ie — cd ce — d'' 
a ^ ~2b ^ 6c ~ 2d ^ e~ ' 

a system equivalent to two conditions, as may be verified in 
different ways. 

We have, in Art. 134, given other ways of forming these 
conditions. One is, to form the covariant 

^{a- ^) [a-y) {a- B) {x- ^y {x-yY {x-Sy, 
every term of which must vanish if any two pairs of roots 
become respectively equal. This covariant expanded is 
{d'd+ W - Sahc, a'e + ^ahd- 9ac' + Gb'c, 5abe - 15acd + 105V, 
10b''e - lOacZ^, - bade, + 156ce - VSbd\-ai - 2hde + 9c''e - 6ccZ^, 
^cde-'Ud'-le'Jx.yY. 

Now this covariant, which we shall call /, is no other than 
the Jacobian of the quantic and its Hessian, which must vanish 
identically when these two only differ by a factory and the 
coefficients in / are, only in a different form, the conditions 
already written. Again, we have said (Art. 134) that in the 
same case the covariant S (a — ^f (/S — 7)" {y — a)''[x — Sf vanishes 
identically. But this, it will be found, is the same as 3 TU—28H ; 
and we can easily verify that this covariant vanishes when the 
quartic has two square factors ; for, making a, J, c?, e all = 0, 
U reduces to 6ca;y, jET to - ScV^/', T to - c', and 8 to 3c^ 
Thus, then, we see that in the system of conditions given above, 

the common value of the fractions is — ^ • 
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207. We have already shown (Art. 169) how to reduce a 
quartic to its canonical form, a problem in which is included 
that of the solution of the equation, since when it has been 
reduced to the form ax* + hcx'y^ + ey*, it can be solved like a 
quadratic. The reduction may also be effected by means of 
the values given for S and T. Imagine the variables trans- 
formed by a linear transformation whose modulus is unity, 
and so that the new b and d shall vanish : then we have 
S=ae + 3c', T=ace- <? ; and the new c is given by the equa- 
tion 4c' — Sc+ T= 0, We get the x and y which occur in 
the canonical form from the equations 

U= aJ' + 6ca;y + e/, -ff = aca;* + (ae - Sc") x^y' + ce^, 
whence c JJ— H= {9d' — ae) x'y'. 

Our process then, is to solve for c from the cubic just given ; 
then with one of these values of c to form cU—H which 
will be found to be a perfect square. Taking the square root 
and breaking it up into its factors we find the new x and y, and 
consequently know the transformation by means of which the 
given quartic can be brought to the canonical form. Having 
got it to the form ax* + Qcx'y' + ey*, we can of course, if we 
please, make the coefficients of x* and y* unity by writing 
x^ and y" for as" V(«)} an*! it V(6)- 

Ex. Solve the equation 

x» + ^x'y - 12a:V + Wixif ~ Wf = 0. 
We have here 5 = -216, T=-756, and our cubic is 4c' + 216c = 756, of which 
c = 3 is a root. The Hessian is 

fl" = - 6x» + eOx'y + llx^if + 24x2/» - 636^, 
3£7'-S'=:9(a:4- 4a;V - 12xy + 32a:j» + 64^) = 9 (a:" - Ixy - %fY. 

The variables then of the canonical form are X = a; + 2y, Y=x — iy, which give 
&x = iX+2Y, 6y = X-Y; whence substituting in the given quartic the canonical 
form is found to be 3X* + 2X^Y^ - Y*. The roots then are given by the equations 
(x + 2j) J(3) = a:-4y, {x + 2;/) ^{- 1) = x - it/. 

208. Mr. Cayley has given the root of the quartic in a more 
symmetrical form. Let Cj, c^, c, be the roots of the cubic of the 
last article, and it has been shown that H—cJJ, H-cJJ, 
H— c U are respectively perfect squares ; the square roots being 
of course of the second degree in x and y. But further 

(c^-c,) [E-c,U)i+[c,-c,) {H-c,U)i+{c,-c,) {H-c,U)\ 
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is also a perfect square, and its root is one of the factors of the 
quartic. It is only necessary to prove that this quantity is a 
perfect square, for it evidently vanishes when 11= 0. We work 
with the canonical form, taking for simplicity a and e= 1. Now 
if we solve the equation 4«° - s (1 + So''') + c - c" = 0, we find the 
three roots to be c, - |^(c-|- 1), -i.(c-l); and the three cor- 
responding values oi H- cU&vQ 

(1 - 9c^) xY, i (3c + 1) {x' + fY, i (3c - 1) {x" - yj. 

Now in order that any quantity of the form 

axy + ^{x\+f)^rj[x^-f) 

may be a perfect square, we must obviously have a^ = 4 (/S" — 7"), 
which is verified when 

a= = 1 - 9c^ /S^ = ^ (3c - 1)= (3c + 1), 7^ = i (3c + 1)^ (3c - 1). 

Ex. If this method be appKed to the last example, the other values of c are 
J {- 3 + 9 J(- 3)} ; and the squares of the linear factors of the quartic are given 
in the form 
-2J(3){a2-2a;y-8/}+J{l-J(-3)}[{l + J(-3)}a2+{io_2J(-3)}a;y-{2-10J(-B)s(2}] 

± * {1 + ■i{- 3)} [{1 - J(- 3)} x2 + {10 + 2 i{~ 3)} xy-{'i + 10 J(- 3)} ;,']. 

209. It remains to distinguish the cases in which the trans- 
formation to the canonical form is made by a real or by an 
imaginary substitution. The discriminant of the canonical form 
is, as we have seen (p. 171, note), ae{ae-^c^y: and since the 
sign of the discriminant is unafi^ected by linear transformation, 
we see that whenever the discriminant is positive, a and e of 
the canonical form have like signs ; and when the discriminant 
is negative, unlike signs. Now the form ax* + Qcx^ + e^* 
evidently resolves itself into two factors of the form, either 
{x' + \f){x' + /j,f) or {x^-\y^){x'- ixf); that is to say, the- 
quartic has either four imaginary roots or four real roots. On 
the coiitrary, if a and e have opposite signs, the two factors are of 
the form {x^-]-\y^) (x' -fiy''), or the quartic has two real and two 
imaginary roots. Hence then when the discriminant is nega- 
tive ; that is to say, when 8" is less than 27 T'\ the quartic has two 
real roots and two imaginary; and when the discriminant is 
positive, it has either four real or four Imaginary roots.* Now 

* The signs of the invariants do not enable us to distinguish the case of four 
real roots from that of four imaginary; but the application of Sturm's theorem 
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the discrimmant of tlie equation ic^- 8c-^ T=0 is 27 2"- S', 
therefore (Art. 164) when S^ is less than 272™, the equation in c 
has one root real and two imaginary ; in the other case it has 
three real roots. The transformation therefore can only be effected 
in one real way, when the quartic has two real and two 
imaginary roots. It is easy to see that if a and e have like 
signs, in which case the equation can be brought to the form 
X* + 6msc'y^ + y", it can by two other linear transformations be 
brought to the same form ; for write a: + y and x — y tor x and y, 
and we have (1 + 3m) a;* + 6 (1 - m)a;y + (1 + 3ot)/. "Write 
x + y n/{—l), and x-y >J{-1) for x and y, and we have 
{l+Sm)x* + &{m-l]xY + {l + 3m)y*. Thus then when the 
quartic has four real or four imaginary roots, though there are 
three real values for c, one of these corresponds to imaginary 
values of x and y ; and there are only two real ways of 
making the transformation. 

The same thing may be also seen thus. Imagine the quartic 
to have been resolved into two real quadratic factors 

(a, i, cjx, yf, (a', b', c'Jx, yY; 

then these two factors Z7, Fcan by simultaneous transformation be 
brought to the form AX' + BY% A'X' ■+ E Y\ where X' and 7" 
are the values of 'KU+ V corresponding to the two values of 
\ given by the equation 

{ac - F) \^ + {ac' + ca' - 265') X + {a'c' - b'^) = 0. 

In order that the values of X should be real, we must have 
the eliminant of the two quadratics positive, or 

(a-a')(a-/3')(/3-a')(y3-yS') 

positive. Thus then, when the quantic has four real roots, if 
we take for a and y3 the two greatest roots, and for a! and /3' the 
two least, or again, if we take for a and /3 the two extreme 
roots, and for a' and yS' the two mean roots, we get real values 
for \. In the remaining case we get imaginary values. If 



shews that (the discriminant being positive), when the roots are all real, both the 
quantities b^ — ac and 3aT+2 {b" — ac) S are positive, while if either is negative 
the four roots are Imaginary. (Cayley, Quarterly Jownal, vol. iv,, p. 10). 
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either of the quadratics has imaginary roots, the resultant of 
the two is positive, and the vahies of X real, 

210. Quartics have another covariant which is the cubico- 
variant <7of the first emanant, or symbolically is 12''.13. It is of 
the third degree in the coefficients and the sixth in the variables. 
For the form x* + Qmafy^ +y*j tbis covariant is ( 1 — 9m') xy (a;* - y^) . 
It is the Jacobian of the quartic and its Hessian. In general we 
saw (Art. 174) that if U and V be two quartics, six values of X 
can be found, such that Lf+ X V shall have a square factor, and 
that these six factors are the factors of the Jacobian. ^hen F 
is the Hessian of U, this theory is a little modified. We get 
instead three values for X, such that X U— H shall contain each 
two square factors, these values being given by the equation 
4X" — \/8'+2'=0. But, as before, these six factors will be the 
factors of the Jacobian : that is to say, the covariant / has for 
factors the x and y of the three canonical forms. Geometrically 
the matter may be stated as follows : Four points on a line 
determine three different systems in involution (because either 
the point B, C, or D may be taken as conjugate to -4), and the 
foci of these three systems are determined by the covariant J. 

Since, by Art. 207, the square of the product of one set of 
X and y of the canonical form is determined by c, U— S^ we 
have JT' proportional to (c, U- H) (o, U- E) (c, U- H) ; or (from 
the equation which determines c) to 4tH"-8Hn"'+ TIP. By 
calculating with the canonical form, the actual value of the 
latter quantity is found to be - J'\ 

211. Since H is a covariant of ?7, it follows that if a. and ^ 
be any . constants, aZ7+6,8if* will be a covariant of CT", whose 
invariants also will be invariants of U. The following are the 
values of the 8^ T, and discriminant B, of this form, 

B (a U+ &/3ff) ^ Sa' + 18 Ta^ + SS'^% 

T{a U+ 6^H) = Td + 8W^ + %8Ta^ + (547? - 8') /3^, 

B (a U+ 6^H) = B{ol'- 98a^' - 54 WJ. 



* The numerical ooefBcient is added in order to avoid fractions in the following 
formulae. 

AA 
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The last Is a perfect square, because, as we have just mentioned. 
Instead of six cases where a U+ 6^H has a square factor, we 
have three cases where it has two square factors. 

Hermite has noticed that if we call G the function of a, /S, 
a'-O/Sa/S"- 547)3', then the values just given for the S and T 
oi aU+ 6j8B" are respectively the Hessian and the cubicovariant 
of G. The discriminant of G differs only by a numerical 
factor from the discriminant of U, 

The covariants of a U+ 6^H are also covariants of U. Its 
Hessian is 

which is the Jacobian, with respect to a, (S, of G and a U+ G^H. 
Since ,7 is a combinant of the system U, H, the J ot a. U+ &^H 
will be the same, multiplied however by the numerical factor G. 
The Hessian of/ is S^W' - 3&TUH+ 12 8H'; which is the 
resultant of a U+ &0H and the Hessian of G. Mr. Cayley 
has thrown this into the form 

(^SU- ^-^HJ + p (^' - 27 r) R\ 

showing that It is a perfect square when the discriminant of TJ 
vanishes. 

212. It may be remarked here, that, by the principle 
established Art. 137, theorems concerning invariants and co- 
variants of a quantic give at once theorems concerning the 
covariants of quantics of higher degree. Thus, it having been 
just proved that the Hessian of the Hessian of a quartic Is of 
the form aTU+^SB', we can infer that the same is true of the 
Hessian of the Hessian of any quantic. For If we form the 
Hessian of u^,u^ - Mj/, this Involves the second, third, and fourth 
differentials of u. But, by the equations (« — 3)m,„=xMj,„+^m„jj, 
&c., we can express the second and third differentials In terms 
of the fourth, and so write the Hessian as a function of fourth 
differentials only, and of the x and y which we have Introduced, 
and which. It will be found, enter in the fourth degree. It will 
then be a covariant of the quartic emanant. Now every co- 
variant of a quartic Is a function of U and JS (Art. 190), and 
when the covariant is of the fourth degree it must be a linear 
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function of these quantities. This covariant then will be of 
the form aTU+^SH, when 8 and T are invariants of the 
quartic emanant, but covariants, as in Art. 137, of the higher 
quantic. 

213. System of two quartics. We purpose now to enumerate 
the combinants of a system of two quartics. If we form the 
8 and T oiX U+ /j, V, which we may write 

/S'A,' + SX/i + 8'ij:', TX' + aV + t'Xfi' + T'fi% 

the invariants of this quadratic and cubic will be combinants of 
the system ZZ, F(Art. 199).* 

Thus the discriminant of the quadratic is without difficulty 
found to be » 

{ae'y+ 1 6 {hd') '+l'2{ac'){ce')-A8 {he') {cd') - 8 [ah') [de') -8 [ad') {ie') , 

which we shall refer to as the combinant A, 

Combinants of the same order in the coefficients may be 
found by other processes. Thus the Jacobian of U and V is 

[ah') x' + 3 [ac') x'y + {3 [ad') + 6 {he')] xY -f {{ae') + 8 {hd')] x'f 

+ {3 {he') + 6 {cd')} xY + 3 {ce') xf + {de') y\ 

and their combinantive covariant 12' is 

{{ad') - 3 {he')] x' + {{ae') - 2 {bd')} xy 4 {(5e') - 3 [cd!)] y\ 

JSTow the discriminant of the latter covariant, and the quadratic 
invariant, as at p. 112,. of the former will be combinants of the 
same order as -4, but will not be identical with it. If we 
write the new combinant B^ 

{hd:y + {ac) (ce') - {he') {cd') - {ah') {de') - {ad') {cd') - {he') {he'), 

then the quadratic invariant of the Jacobian will be found to be 
A + iSB, and the discriminant of the other covariant to be 
A - UB. 



* It has been mentioned that the eUminaiit of two quadrics may he written either 
as the discriminant of 

{ac - V) \2 + (acf + ca' - 26J') X^u + (oV - V^) /i', 
or of the Jacobian iflV) x' + (ac') xy + (be') y' ; 

but it may be added that the former expression is linearly transformed into the latter 
by taking X6 + fib', Xa + jua' for x and y. Similar transformations may be used to 
facilitate the following calculations. 



180 APPLICATIONS TO BINARY QUANTIOS. 

214. In writing these combinants in terms of the deter- 
minants (a6'), &c., I find it convenient to use the abbreviations 
(a6') = a, {de') = a', {ad') = ^, (Je) = /3', {ac')=\ {ce')=\', 
{hc')=fi, {cd')=fi', (ae') = 7, {bd') = S. We have then 

A = 12X\' - 48/*/ + 7" + 168" - 8aa' - 8^^', 

B=\X'- n/j.' - ^fi' - ;3> + 8" - aa'. 

The resultant of Uf Fj found by expanding the determinant 
of p. 67, is 

B = 1296\'\'"' - 3456 {a/jX" + a>V) - 1152 (a/SX" + a'/S'X") 

- 727''\\' - 57678\\' + 9216aa>/*' + 967 (/8V + ^"X) 

+ 2887(a/3'A,'+a'/3\) + 15368 (ajSy + a'/3/*) +-3072aa' (fifJ.'-^ I3'n) 
+ 7* - 48aaV - lelS/Sy - 256aa'7S + 512aV" 

- 256 (aj8" + a'/3») - 4096aa'S''. 

In terms of the preceding combinants can be expressed the 
combinant which we have called T (p. 149), but which, in order 
to avoid confusion, we shall now call O; and which expresses the 
condition that a quartic of the system U+ \ V can have two 
square factors. Such a combinant must vanish if V reduce to 
the single term c'x^y". In such a case a, a', /3, /8', 7, 8 all vanish ; 
and we have ^ = 12\\' - 48/t/t', B = \\'-fifi', JS = 1296W; 
. hence we see that [A — 485)" — Bias, combinant which vanishes 
on this supposition. And since it is of the same order that we 
have seen, Art. 179, that T must be, it is identical with it. 
Using the values already given for A, B, B, we find that 
{A-i8BY-B=128G, where 

C=-277(A/i''+Xy)+18(/SV+/3'V)+18S''\\'+3678/i/i'-36aaV 

+ I878XX' - 97'V/i' - 37 (ayS'X' + a'/3X) - 248' (/S/i' + )8» 

- 68 i^X' + /S'^X) - 68 (a/S'X' + a'ySX) + 2 (a/S" + a'^") + aaV 

+ iaV - 2aa'yB + 478' + 16aa'8''' + 88*. 

Again, if we form the invariant which we called I (Art. 194) 
of the quadratic and cubic of Art. 213, it will be found that 

{A + 485) {A - 165) -B = - 128/. 

215. The other combinants of the system which we shall 
notice are D, the resultant of the cubie and quadratic, and E 
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the discriminant of the cubic. D is the invariant which we 
have called >S, p. 149. It may be mentioned that besides the 
methods already Indicated for calculating that Invariant In 
general, the following may be used. It is required to find 
the condition that \ can be determined so that the three ex- 
pressions Mj, + Xv,j, M,2 -i- X'Wjj, Mjg + ^■Vaa Can be made to vanish 
together. Now we may multiply each of these by the 2 (n — 2) 
terms a;'^', &c. of a quantic of the degree 2n — 5, and so obtain 
6 (n — 2) equations, from which we can eliminate dialytlcally 
the 6 (w — 2) quantities a;'""', &c., Xa;'""', &c., and so obtain S 
in the form of a determinant. In the case of the system of 
two quartlcs 

Z) = - 16\'\."+48\''\>/i'+ 6\\>V + 16/iV" + 27\V" + 27\V 

+ 36aV\" + 36a'\>'\' + 12X'V' (jS/i' + yS» - 96ajiA'\'V' 

- 96a>"'\V - GvV/*" ^ BY/t^xy - 368V\>" - SeSX/i'V" 

- 48a/t)U.'* - 48a>V - 24SV;u," - 248\>y + 24a/3\\"' 

+ 24a'/3'\'X.' - ISa/S'X'V - 18/3a'\V' - eS'X'X'" + 877VV 

- XX'fifi' (ie2aa' 4 90;S;S') - 36a/3/^'* - 36a'/3y + 96S'\X>/*' 
+ (228aa' - 60/3jS') /i'V"" - 4a''7X"* - 4a V' - 16a;S''XV 

- IGa'/S'^^XV - 30aa"XV - 30a'a'X'> - 50aa'XX' {^(i' + /3» 

- 20SXX' (XySa' + X'a/3') + 2yfji,fj.' {X^a' + X'a^S') + 48SV^"' 

+ 488V/i'X'' + 24a/Q'VM"+ 24a'y8W'+ 560/3/3^+ 56a'/3y8y 
+ 240aa'/3M/*" + 240aayAt'/3' + 32aSV' + 32a'8y 4- 3X''jS'''a"' 
+ SW^"" + 24aa' {y3>'" + /S'V ) - 6aa'7 V - 12aV'XX' 

- 30aa'/3/3'XX' + 60aa'XX'S' + 12^j3'XX'S' 

+ {84aV + 120aa')8/3' - 12/3'''/3"'} /i/ - 192aa'S'ii/j,' + 4878^/*' 

- 488*XX' + 6yaix"^X + eyoi'a'^'X' + iSaV (yS/i' + /3y 

+ 24aa'8 (/S'V + /3'V) - 96aa'S^ {^fi' + ;S» - aVy - 4aa"'/3^ 

- Wol'^" + Sa'a" ^■47SaV - 48aV8'' - IG^'aa'/d^' + 64aa'8S 

216. In studying the relations of these combinants, we may, 
as In Art. 199, suppose one quartic to want the first two terms, 
and the other the last two ; that Is, we may write 

U= ax* + ibx'y + 6cxy, V= GcxY + idxf + ey\ 
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To save room, we write ae = l, bd=m, cc' = n, ca(F + c'eh''=p\ 
We find then 

A= (Z-4TO)» + 12n(?-4»w), 

B= F[l- 16»w) + 96Z>'-72wf'(Z+8m) + 1296W. 
I =-'Pm^->r ilm!' +f {r - 2lm - %m') + 6p* 

-n{P+ Qlrri' - 16m') - ^nlf + \<2-n? {P + Im - 2m''), 

E=-Vm* + 2lmY{l-{ 2ot) - (Z+2ot)Y-2«Zot'-' (Z+2m)"'' 
+ 4/ + 2n/ (Z-l- 2nif - ISnflni' - n^ {l+^m)* 
+ 36?^^^TO'■' [l + 2m) - 6np* {l+2m)- &nY [l + 2mf 
+ 27ny + 4?i' (Z + 2my - 108n'Im\ 

By the help of these values we can verify the equation 
16B'-AB'-2IB + JE=D. 

Now if we take for the fundamental invariants of the system, 
the coefficients of the cubic and quadratic of Art. 213, the com- 
binants A, D, S, I are explicitly given as functions of these 
quantities; and the present equation gives B in terms of the 
same quantities, and shows that all the combinants we have 
used can be expressed in terms of the same fundamental in- 
variants. 

The Jacobian, with this form, wants the extreme terms. 
There is no difficulty therefore in calculating its discriminant, 
and thus verifying the theorem of Art. 177. 

217. I have also sometimes found it convenient to suppose 
each quartic to be the sum of two fourth powers, so that for 
each the invariant T vanishes. Let the quartics be au* + bv*, 
a'w* + b'z*, where u is a.^-^ ^^^ &c. We use (12) to denote 
a /8j - ttj/S,, and we use the abbreviations 

(12)(34) = Z:, (13)(4a)=ilf, (14)(23)=i^; 
where it will be observed that we have Identically L+M+N=0. 
Now the invariant S is got by substituting -5- , — -5- , for a;, ^ 
in the quartic and then operating on itself. If we operate in 
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this way with u upon u the result vanishes ; but If we operate 
on V the result Is (12), We find then at once that the 8 of 
XU+fiV Is 

X'ab {uy + \fi{aa'ClBy+ah'{uy+ha'{23Y+bb' {24:)*} +tx!'a'h'{U)\ 
The comblnant then which we have called A is 

{aa' (13)* + ab' (14)' + ba' (23)" + bb' (24)*}'' - Aaba'b'L\ 

In the same case B Is found to be — aba'b'UMN. 

The Invariant T is found by operating with the Hessian of 
a quartlc on itself. But here the Hessian of TJ is, ah (12)'' u'v\ 
We find then that the ToiXU+ixV^ Is 

\> {abci [Uf [ny (23)'' + abb' (12)" (14)" (24)"} 

+ X/i" [a'b'a (1 3)" (14)" (34)" + a'Vb (23)" (24)" (34)='}. 
Hence, we have Immediately 

E=-a^VdW'L*[aa:iP{uy^ab'M'\uy+ba!M''{2By+bVJtP[24y}% 
D=- aVa"b"L' {aVN' (13)' + aVW {Uf + bVM' (23)= 

-+ 6"J'"iV" (24)' - 'iMNd'alV (13)* (14)* - 2Mm\'b' (23)* (24)* 

- 2MNa"ab (13)* (23)*- 2MNb"ab (14)* (24)* 

+ 2M'N''aba'b' (if" + N'- 2U)}, 
I = - aSa'5'i"[a"a'"iV"(13)'4a'&'W"(14)'+6"a'"if "(23)'-|-S'&"''iV"(24)» 

+ (If "+iV" - 2i") {d'a'V (13)* (14j* + Va'b' (23)* (24)* 

+ a'"aS (13)* (23)* + b"ab (14)* (24)*} 

+ 2jf "iV^" (ilf " + iV" - 4i") a&a'J'], 

by the help of which values we can verify the equation already 
obtained. 

218. The Quintic. In studying the quintic we constantly 
use the canonical form ax^ -^ by^-^cz^^ (where a; + y + 2 = 0), to 
which it has been shown (Art. 165) that the general equation 
may be reduced. Differentiating with regard to x and y 
successively, we have u^ = ax* — c»*, u^ = by* — cz*. It is evident 
that the resultant of these two will be the discriminant of the 
quintic, and that the combinants of this system will be invariants 
df the quintic. These invariants are then immediately found 
from the expressions in the last article, where we must write 
for a and J, a and — c, for a and b', b and — c. We have (24), 
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and therefore M= ; (13) = 1, (12) = - 1, (34) = - 1, (14) = - 1, 
(23) = 1. "We observe then at once that B vanishes. We can 
see by counting constants, that any two cubics can be brought 
by linear transformation to be the two differ en lials of a single 
quartic ; but two quartics cannot be similarly brought to be the 
differentials of a single quintic, unless the condition 5=0 be 
fulfilled. The combinant A in like manner becomes 

& V + cV + a'&' -2abc[a + b + c). 

This, which we shall call J, is the simplest invariant of the 
quintic, and it may be obtained in other ways. The quintic, it 
will be observed, has two covariants of the second order in the 
coeflEicients, viz. the Hessian 12'', which for the canonical 
form is Sc^a' + caz'x" + ahx^y', and a covariant quadratic 12*, 
the 8 of the quartic emanant, which in the same case is 
hcyz + cazx + ahxy. If the quintic be written in the general 
form (a, J, c, d^ ^i/Js'^t yTj these covariants are respectively 
{ac~P)x''+3{ad-bc)x'i/+3{ae+hd-'2c']xy+{af+7he-8cd)xy 
+ 3 (6/+ ce - 2d^) xY + 3 [cf- de) xy' + {df- e") f ; 

(ae - ihd + 3c') a" + (a/- 3be + 2cd) xy + {hf- ice + Bd') f. 

Now we get invariants differing only by a numerical factor, 
whether we form the discriminant of the latter covariant, or the 
quadratic invariant 12* of the Hessian. In either way we 
obtain the general value of /, viz. 
a'J^ - 10abef+ 4.acdf+ Uace' - 12at?*e + l&Fdf 

+ 9&V - 126cy- 76bcde + iShd" + iSc'e - 32cW^ 

219. The discriminant of the quintic may be obtained either 
from the theory of two quartics, or by direct elimination 
between the two differentials ax* - cz\ by* - ce*. When these 
vanish together, we may take oho as the common value of 

1 1 L 

ax*, &/, cz* ; whence as = (5c)*, ^r = {cd)*, z={ab)*. Substitutmg 
in £C + y + 3 = 0, we g£t the discriminant in the form 

(Jc)* + (ca)^+(a6)' = 0, 
or {JV + cV + a'5"-2a6c(a + S+ c)}'-128a''JV(&c+ ca + a6)=0. 
Thus then we are led to the form for the discriminant J' - 128^", 
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where K is the Invariant, of the eighth order in the coefficients, 
which for the canonical form is d''W(?' {bo + ca-'r ah). 

This latter invariant may be otherwise defined as follows: 
We have given (pp. 137, 138) expressions for the canonizant, 
namely the covariant cubic whose three roots are the x, y, z of 
the canonical form. This covariant, which is the T of the 
quartic emanant^ expanded for the general form is 

(ace - ai"- e6^+26cc^-c') ^+[acf- ade - iy+ hce + M' -c'd) ^y 

+ [adf- ai - lcf+ hde + c'e - cd^) xy" 

+ q)df- U - cj+ 2cde - d') f. 

This for the canonical form reduces to ahcxyz. Now if sub- 
stituting in the usual way differential symbols for the variables, 
we operate with the square of this canonizant on the Hessian 
we get the invariant K\ as we can easily verify by the canonical 
form. Another way in wbich K can be found is by forming 
the invariant /, as in Art. 194, of the covariant quadratic 
hcyz + cazx + abxy^ and the canonizant. In any of these ways 
the general value of K is found to be 

a^cdf - aJW - d'fWd- Zay'd'^e - Bdy'ie' + Ba'/de' + bafb'o 

- 2aV - Wf 4- aySV + lld'fhcde - Wfhci - bafVde 
+ Ud'fbd' + 12dyVe - ZdaJhdV - SOafbVe + IBa'bde* 
+ 15b'cef - 21dyVd'' - Sid'/c'de' - 3iaf'b'cd' + 22aVe* 
+ 22b'dy' + ISaYod^e + ISafbc'd- ISd'cdV - ISbVdf 

- 27ayd' - 27a/V + ISa'JV + 18&V/'' + ISSafbVcd 

- 54a5W - Bib^de'f- ISa/Fd^e - ISafbcV -)- Sab'dV 

+ Sb'cVf- 220afbeM' + 106a5cVe'-l- lOeJ'ccif V+ ^^afbcd* 
+ 93a/cVe - ZQdbe'cd^- SOV'ed'df- dabed^ - ^ecj- 38acV 

- 38b'dy- i2afc'd' + Sac'dV + 8bVdy+ 6ac'd*e + 6bc*dy 
+ 27SV - 81hVcd+ SShVd' + 38&Vc» + 256VcV- Blb'ecd* 
-57beVd+18bV+l8cV+7ibec'^-2ihc'd'-2ic'd:'e+8o'd\ 

The value of the discriminant in general can be derived hence, 
or else, as I originally obtained it, from the formula (Art. 214^^ 
for the resultant of two quartics. We thus find 

BB 
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B = ay* - 2Mfhe - UOa^cd + 160 [aJW + a'fb'd) 

+ 360 {a!'f'd^'e + aybc') - 640 {a'/de' + afb'e)^ 256 (aV + Vf) 

- IQayiV - Ui<day''becd + 320 [ajbic + afb'ed) 

- 1440a'/" {bd^ + c'e) + 4080 [ajbe^d'' + of S'ec") 

- 1920 [a%e*d + 6*ec/') + 2640ay Vt^" + 4480 (a^cW + afVcd^) 

- 2560 (aVe* + b^dj^) - 10080 (ayctZ'e + afbc'd) 
+ 5760 (aWV + Fc^df) + 3456 (aVy+ a/V) 

- 2160 (a'^^e" + SV/") - 180a/JV - 14920a/6Vc£Z 
+ 7200 (a6Vc + JVdf/) + 960a/(5W + SeV) 

- 600 (a5VcZ''+6Vcy) + 28480a/5ec'i=- 16000 (aJe'cV+^'eciy) 
- 11 520a/(6c(^* + c'-de) + 7200 (aSeW + V'ed'df) 

+ 6400 (acV + b'dy) + 5120a/c'£Z' - 3200 {adYd^ + JV^y) 

- 33755V + 9000&VCC?- 4000 {bVd^ + SVc'} + 20006^^". 
The discriminant may also be expressed as follows : Let 

A = d'f - Uafbe + l&afcd- S2ace' - nVdf- 12aed^ - libcj 

+ 225&V - 820Jec^+ 480 {bd" + c'e) - 320c;'cZ'' ; 

B = Say - 22a/Se - 12afcd + 64 [ace^ + J'c?/) 

- 36 {aed'' + 5cy) - 456V + iObecd; 

C = aje + 2afbd - 9a5e" - 9afc' + S2acde - ISad" + Gl^'cf 

-Ibbec'+lObcd'', 

D = Za^dJ-- 2aV - 9a/Jc + abed+ ISac'e - I2acd^ + 65y 

-IbVec + lOVd^; 

and let C", i)' be the functions complemental to and 2), (where 
all these functions vanish if three roots be equal), then three 
times the discriminant is 

^5+64CC"-64i?i)'. 

220. QuinticS*have also an invariant of the twelfth degree, 
which may be most simply defined as the discriminant of the 
canonizant. For the canonical form for which the canonizant 
is dbcxyz^ the discriminant is —a*b*c*. And, in general, the 
discriminant is — i, where the following is the value of L as 
calculated by M, Faa de Bruno. To save space in printing we 



APPLICATIONS TO BINAEY QUANTICS. 187 

omit the complementary terms. Thus [a^ti'dey) stands for 
aVdey' + a'b'cdy\ 

L = a'c'dy'-<i[a'c'de'f) 4 (aVe*/') - 6 [a'cd'ef) + 16 {a'cdVf) 

- 14 [a'cdif) + 4 (aW) + 4 {a*dy') - 11 [a'd'ej') + 10 [a'dVf) 

- 3 {a'dV) + A^c^Wcdif - 2 [a'WceJ^) + 6 {aVd'ef) 

- 16 (aVd'eT) + 14 {a'i;Wf)-A{a''bV) H- bda'hc^d^ef 

- 82 {a'bc'dey) + 32 (a'Sc'ey ) - 36 {a'bcdy) 4- 30 [a'bcdVf) 
+ 30 {a%cd\y) - 24 (a'Jct?e') + 28 {c^bd'ef) - 50 {a'bdVf) 

+ 22 (a'SJV) + 16 (aVey) + 22aVdy'' + 50 [aVdVf) 

- 16 (aVdey) - 16 («»cV) - 54 [aVd'ef) - 46 {aVdVf) 
+ 60 (a'cVV) + 6 (aWy^^) + 70 [a'cd'e'f) - 56 (aWV) 

- 18(a'^'e/) + 14(a't?V) + a'''&V/'+132a'^&'c&y''-50 (a'^JW/) 
+ 14 {a'b'dVf) - 60 {d'b'dV/) + 30 (a^&We^) - USa'bVd'ey 
+ 48 {a'bVdey) + 4 (a^6Ve*) + 48 {aWcd'ef) -h 2 {aWcdVf) 

- 6 {d'b'od'e') - 62 (a^'&W/') + 90 (a'^6W/) - 39 (a^^JWe*) 

- 112 (a'JcV/) - 82a'bc'(fef' + 170 {d'bc'dVf) + 104 (a^'ScW) 
+ 108 {d'bc'd'f) + 42 {d^bc'dV/)-228{d'bc'dV) -242 {d'bcdY) 
+ 294 (a'SccZV) + 72 (a'^>cZy) - 78 (a'S^V) + 164 [d'c'dej) 

+ 24 (aVe^) - 63aV^y'' - 394 {d'c'dVf) - 194 (aVcZV) 
+ 324 [aVd'ef) + 440 (aVcZV) - 78 (aV^'/) - 428 (aVJV) 
+ 180 (a'ccZ'e) - 27 (aV) + ISabVf- 38a6*c&y+ 36 (a&W) 
+ 204 {ab'dVf) - 102 (a5*^V) - 308 {abVde') - 42a5V(f e'/ 

- 674 (aFcdVf) + 590 (aJ'ccZV) + 128 [ab^d'ef) - 138 (aJ'(2V) 
+ 4 (a&Ve^) + 652 {abVdV) + 714a6ViV/4 498 {abVd'ef) 

- 1246 [abVd'e') - 224 (aJ'ccZ'/) + 516 (aSWV) - 48 {ab'd'e) 
- 136 (a6c'(fe*) - 1078a6cWV- 206 {abc*dV) + 342 {abcVf) 
+ 804 {abc^dV) - 506 (aJc'tZ'e) + 90 (aScc?) - 16 (acV) 

+ 220 (acWe') - 106ac'cZy- 392 (ac=iV) + 222 [ac^(fe) - 40 (ao'd') 

- 276V + 234&'ccZe' - 32 {b'dV) - 713JVcZV 4 246 {b'cdV) 

- 4 {b*dV).+ 866bYdV - 550 (6VcZV) 4 56 {b'cd'e) 4 4 [b'd') 

- 1396V^V4 354 {VVd'e) - 83 (bVd') - 330bc'd'e 
+ 72{bc*d')-lGo'd'. 
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On inspecting this invariant it will be seen that it vanishes If 
J, c, d all vanish. Consequently the form ao^ + hexy* ■'rfi/^ to 
which Mr. Jerrard has shown that the quintic can be brought 
by a non-linear transformation, is one to which no quintic can 
be brought by linear substitution unless L = Q. 

221 . We take /, K, L as the fundamental invariants of the 
quintic, and we proceed to show how all its other invariants can 
be expressed in terms of these. In the first place, it will be 
observed that the interchange either of x and y, or of x and «, 
is a linear transformation whose modulus is — 1. Hence, if any 
invariant is such that when transformed it is multiplied by an 
even power of the modulus of transformation, it must, for the 
canonical form, be unaltered by any interchange of a,b,c] that 
is to say, it must be a symmetric function of these quantities. 
If the invariant is multiplied by an odd power of the modulus, 
it must, for the canonical form, be such as to change sign when 
any two of the quantities a, J, c are interchanged; it must 
therefore be of the form [a - h) {h— c) (c — a) multiplied by a 
symmetric function of a, 5, c. Now an invariant is in trans- 
formation multiplied by a power of the modulus equal to its 
weight. And (Art. 139) the weight of an invariant of the 
quintic whose order is n, is f «. A quintic cannot have an in- 
variant of odd order in the coefficients. If the order is a 
multiple of 4 the weight is an even number, and the sign of the 
invariant is unaltered by the interchange of x and y. If the 
order be not divisible by 4, the invariant is what we have called 
sJcew, that is to say, such as to change sign when x and y are 
interchanged. Let us first examine the former kind, which, we 
have seen, must,, for the canonical form be symmetric functions 
of a, h, c. Now, since J= [hc + ca + ah)' — ^abc (a + & + c), 
K = d'Wc' ific + ca + al)^ L = a*SV, (from which we infer 
H = \[K^-JL) = a'¥'c' {a-\-h+c),'^) it follows that if we are 
given any quintic, and transform it to the canonical form by a 



* The reader must be careful to observe that though, in the case of the canonical 
form, ffiSJSc' {a + b + c), for example, is divisible by a*SV, we have no right to infer 
that in general H is divisible by L, unless in cases where the quotient dbc {a + b + c) 
has been also proved to be an invariant. 
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substitution whose modulus is unity, the numerical values of the 
new a, 6, c are given by the cubic 

a' -^ a' + — a - i* = 0. 

L* If 

Now the order of any symmetrical function of a, I, c will be 
equal to its weight in the coefficients of this cubic, and when 
this weight is a multiple of 4, it is easy to see that the symmetric 
function is a rational function of J, K^ L. 

Being given therefore any invariant whose order in the co- 
efficients is a multiple of 4, it has been proved that we can 
write down a rational function of J, Z", L which, for the 
canonical form, shall have the same value as this invariant, and 
therefore be always identical with it. And since it would be 
manifestly absurd to suppose an integral function of the co- 
efficients to be equal to an irreducible fraction, it follows that 
every non-skew invariant is an integral function of J, K^ L. 

If we make a, 6, c all equal 0, /, Z, L all vanish. Hence 
when three roots of a quintic are all equal, these three invariants 
vanish.* If we make a, &, e, / all equal 0, J becomes — 32cV'', 
and i^, — IGc^tZ", and therefore /'-2048i^ vanishes. Quintics 
therefore which have two pairs of equal roots must not only 
have the discriminant = 0, but also J' = 20482/. 

222. The simplest skew invariant is got by forming the 
resultant of the quintic ax^-\- hy^+cz^^ and its canonizant ahcxyz. 
Substituting successively the three roots of the canonizant in 
the quintic, and multiplying together, we get for the resultant 
aWc^ {b — c) {c- a) (a — b). This invariant therefore is of the 
eighteenth order. Previous to its discovery by M. Hermite,t 

* In general aU the invariants oJ a quantic vanish, if more than ^m of ita roots 
he aU eqnal. For it is easily seen that if half the coefficients, counting from one end, 
simultaneously vanish, it is impossible to make with the remaining coefficients any 
term of the proper weight (Art. 139). 

f See Cambridge and Dublin Mathematical Journal, vol. IS. p. J.72. M.Hermite works 
with a new canonical form, the x and y of which ai'e the two factors of the quadratic 
covariant. The quintic then is supposed to be such that ae — 4id + 3c^, bf— ice + 3d' 
both vanish, and the quadratic covariant reduces to xy. The advantage of this is that 

d^ 
the operating symbol thence derived is simply ^—y- , and some of the covariants 

obtained by thus differentiating assume a very simple form. Notwithstanding I have 
preferred to work with Mr. Sylvester's canonical form which I find much more 
convenient. 
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the possibility of the existence of skew invariants had not been 
recognised. I took the trouble to calculate this invariant, and 
the result is printed {Philosophical Transactions, 1858, p. 455), 
but as it consists of nearly nine hundred terms I cannot afford 
room for it here. The leading terms are a^dy^-aVf ; in this, 
as in every skew invariant, the complementary terms having 
opposite signs, and the symmetrical terms vanishing. By the 
argument used in the last article. It is proved that every skew 
invariant of a quintic must be the product of this invariant '/ 
by a rational function of J, K, L. 

223. The square of I being of the thirty-sixth degree can 
be expressed rationally in terms of J, K, L (Art. 221). The 
actual expression is easily found. 

By forming the discriminant of the cubic (Art. 221) 

« -a'+-a-L% 

1} V 

we obtain the product of the squares of the differences of a, J, c 
in terms of J, iT, L, and thus have 

rL = WK" + 1 8J3Zi^ - 27i* - iLK^U - 4^' ; 

or putting for E. Its value \ {K^ — JL\ and dividing by L, we 
have 

16P = JK" + ^LK" - 2J^LK^ - 12JKU - 432i» + JT. 

224. I do not purpose to enter into detail as to the different 
covariants* of the quintic. The most remarkable, after those 
already mentioned, are the linear covariants. If we operate 
twice with the quadratic covariant ici/z ■+ cazx + dbxy on the 
quintic Itself, the result will evidently be of the first degree, 
and for the canonical form will be abc {bcx ■\- cay -\^ ahz). If we 
eliminate between this covariant and the canonizant we get 
Hermite's invariant I; and if between this linear covariant and 
the quintic Itself we get I[J^ — ZK). Thus, then, if / vanish, 
the quintic is Immediately soluble, one of the roots being given 
by the linear covariant, as also If J^ = ZK. 

* The actual values in general of some of the eimpleat are given by Mr. Cayley, 
Philosophical Transactions, CXLVI, 125. 
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By operating with the linear covariant on the quadratic, we 
get another linear covariant of the seventh order, viz. 

OLbo [x (aV - d'V' + aVc - ahc') 4 y {a'P - h'c' + aW - d'bc) 

+ z{b'c'-cV + a'bc-ab'c]}. 

It has been already proved that we can express all the covariants 
in terms of any two together with the invariants. Accordingly 
M. Hermite has used the transformation of taking the two linear 
oovariants for x and y, when all the coefficients in the trans- 
formed quintic are found to be invariants. The actual values 
however are not simple, and I have not found any advantage 
in the use of this form of the equation. The reduction to this 
form will be impossible in the particular case where these two 
linear covariants are identical, which will be when their re- 
sultant JK+dL vanishes. By forming the Jacobian of the 
quadratic covariant and any other covariant, we obtain a co- 
variant of the same degree in the variables as the latter, and of 
an order two higher in the coefficients. Thus, from the canonizant 
in this way we get another cubic covariant, 

abc {be {y's - yz^) + ca {^x — zx^) + ab {x'y — xy^)]^ 

which might also have been got by operating with the canonizant 
on the Hessian. Quintics having linear covariants of every odd 
order above the third, it follows by the principle of reciprocity 
that all quantics of odd order above the third have linear co- 
variants of the fifth degree in the coefficients. • 

225. It ought to have been stated earlier that the sign of 
the discriminant of any quantic enables us at once to determine 
whether it has an even or odd number of pairs of imaginary 
roots. Imagine the quantic resolved into its real quadratic 
factors, then (Art. 106) the discriminant of the quantic is equal . 
to the product of the discriminants of all the quadratics, mul- 
tiplied by the square of the product of the resultants of every 
pair of factors. These resultants are all real, and their squares 
positive, therefore, in considering the sign of the discriminant, 
we need only attend to the discriminants of the quadratic factors. 
But the square of the difference of the roots of a quadratic is 
positive when the roots are real, and negative when they are 
imaginary. It follows then that the product of the squares of 
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the differences of the roots of any quantic is positive when it 
has an even number of pairs of imaginary roots, and negative 
when it has an odd number. We have been accustomed to 
write the discriminant giving the positive sign to the product 
of the two extreme terms. This will have the same sign as the 
product of the squares of differences of the roots when the order 
of the quantic is of the form im or 4m + 1, and the opposite 
sign when the order is of the form im + 2 or 4m + 3. We see 
then, in the case of the quintic, that if the discriminant Be 
positive, there will be either four imaginary roots or none ; and 
if the discriminant be negative, there will be two imaginary 
roots. It remains then further to distinguish the cases when 
all the roots are real, and where only one is so. 

226. In order to discriminate between the remaining cases, 
there are various ways in which we may proceed. The 
following* are, in their simplest forms, the criteria furnished 
by Sturm's theorem. Let J be the invariant as before, and 
B:=¥-ac, 8=ae-ihd + SG% T=ace + 2bcd-^ad''-eb'- c% 
M= aV - a'df+ Sahcf- 3abde + iacd'' - ^ac'e - Wf 

+ bFce + 2^" - ^h&d + 3cS 
then the leading terms in the Sturmian functions are proportional 
to a, a, E, 5E8+9aT, - EJ + 12 SM+iS'- 216 T% the last 
of course being the • discriminant ; and the conditions furnished 
by Sturm's theorem to discriminate the cases of four and no 
imaginary roots, are that when all the roots are real the three 
quantities S, 5E8+9aT, —EJ+&C., must all be positive. 

227. We may apply these conditions to the canonical form 

{c-a)af-i- 5cx*y + lOcxY + Wcal'f + 5cx2/* + {c-h) /, 

in which case the equality of all but two of the coefficients 

renders the direct calculation also easy. We easily find then 

that the constants are c — a, c—a, ac, — aV ; and the fourth 

being essentially negative we need not proceed further, and we 

* These values are given by Mr. M. Roberts, Quarterly Journal, vol. it. p. 175, 
The reader who may use Mr. Cayley's tables of Sturmian functions [Philosaphical 
Transaeticms, vol. CXLVII, p. 735) must be cautioned that the fourth and fifth functions 
are there given with wrong signs, 
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leam that the equation just written has always imaginary roots. 
We find then that when the invariant L oi a, quintic is positive, 
the roots of the equation cannot be all real. For L being, with 
sign changed, the discriminant of the canonizant, when L is 
positive, the roots of the canonizant are all real, and the quintic 
can be brought to the canonical form by a real transformation. 

When L is negative, two factors of the canonizant are 
imaginary, and the canonical form is 

a (- 2a;)' +{c-d V(- 1)} {:»= + y V(- 1)}' 

♦ +{cri-d^i-l)}{x-y^{-l)Y, 

which expanded is 

d/ + Zcy*x - lOdyV- lOcfaf H- 5dyx* + {c- 16a) x\ 

Writing for brevity d'-i-d^=r', I find for this form, the Sturmian 
constants to be, Jid, d, r^, /, r'' (- id'd'' + 20acr^ + 5/), and it 
would seem that the discriminant being positive, the roots are 
aU real if d and - 4cd^d^ + 20a(yr' + 5/ are both positive.* 

228. In practice the criteriaf furnished by Sturm's theorem 
are more convenient than any other, because the functions to 
be calculated are of lower order in the coefficients. It is how- 
ever theoretically desirable to express these criteria in terms of 
the invariants, and this is what has been effected by different 
methods by M. Hermite and hj Mr. Sylvester. ' We proceed 
briefly to explain the principles of Mr. Sylvester's method, 
which is highly ingenious. We have seen already that when 
the invariants /, K, L are given, the a, &, c of the canonical 
form may be determined by a cubic equation ; and we can infer 
that to every given system of values of J, K, L wiU correspond 
some quintic. But to every system of values of /, JT, L will 
not correspond a real quintic. In fact we have seen. Art. 223, 



* I give this result, though suspecting its acouiacy, because it seems to me to 
disagree with the theory derived from the other rofithods. 

t It may be noticed that there is no difficulty in writing down a multitude of 
criteria which might indicate the existence of imaginary roots; for any symmetric 
function of squares of differences of roots S (a — PY, &0. must be positive if all 
the roots are real. We can without difficulty write down such functions which are 
also invariants ; and which, if negative, show that the equation has imaginary roots. 
But then these may also be positive when the roots are imaginary, and the problem 
is to find some criterion or system of criteria, some one of which must fail to be 
satisfied when the roots are not all real. 

CC 
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that the J, K^ L of every quintic with real coeflScients are such 
that the quantity G is essentially positive ; where G is 

JE* + SiJS"' - 2J''LK' - 72 JL'K- 432i' + J'L\ 

For G has been shown to be the perfect square of a real 
function of the coefficients of the general quintic, viz. a'd^ + &c., 
this being the eliminant of the quintic and its canonizant, and 
therefore necessarily real. We may in the above substitute for 
jBT its value in the discriminant from the equation /'— 128/^=2?, 
and so write G 

Jiy-i[J''+ 2»i) Z)' + (6J"' - 29.2"i) J^Uf * 

- [W - 61.2Vi; - 9.2'"'i') JB + ( J» - 2'^LY [J^ - 27.2"i). 

K now, to assist our conceptions, we take J, D, L for the co- 
ordinates* of a pomt in space ; then ^ = represents a surface ; 
and points on one side of it making G positive answer to real 
quintics, while points on the other side making G negativef 
answer to quintics with imaginary coefficients. 

229. Now, in the next place, we say that if the coefficients 
in an equation be made to vary continuously, the passage from 
real to imaginary roots must take place through equal roots. 
For, let any quantic 0(a;) become By a small change of co- 
efficients ^ (a!) + E'^ (a;), (where e is infinitesimal), and let a be 
a real root of the first, a + A a root of the second; then we 
have (a + A) + e^ (a) = ; whence, since (a) = 0, we have 
A0 (a) + ei/r (a) = 0, which gives a real value for h. The con- 
secutive root a + A is therefore also real. But if ^' (a) vanishes 
as well as ^ (a), the lowest term in the expansion of ^ (a + A) 
wiU be A", and the value of h may possibly be imaginary. 
When therefore the original quantic has equal roots, the cor- 
responding roots of the consecutive quantic may be imaginary. 

It follows then that if we represent systems of values of 
/, 2?, i, by points in space, in the manner indicated in the last 
article, two points will correspond to quintics having the same 

* Mr. Sylvester takes L in the usual direction of x, Jot y, and D of z. 

t Points for which G = answer to real quintics, and it is easy to see that in 
this case the equation is of the recurring form. For we have proved that when G = 
two of the coefficients of the canonical foim are equal. The equation is therefore of 
the form ax' + aif + b {x + yY = 0, 
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number of real roots, provided that we can pass from one to 
the other without crossing either the plane D or the surface O. 
If points lie on opposite sides of the plane D, we evidently 
cannot pass from one to the other without having at an inter- 
vening point i? = 0, at which point a change in the character 
of the roots might take place. If two points, both fulfilling 
the condition O positive, be separated by sheets of the surface 
C, we can not pass continuously from one of the corresponding 
quintics to the other; because when on crossing the surface, 
we have Q negative, the corresponding quintic has imaginary 
coeflScients. But when two points are not separated in one of 
these ways, we can pass continuously from one to the other, 
without the occurrence of any change in the character of the 
corresponding quintics. 

Now Mr. Sylvester's method consists in shewing, by a dis- 
cussion of the surface (?, that all points fulfilling the condition 
O positive,* may be_ distributed into three blocks separated from 
each other either by the plane D Or the surface Q. And since 
there may evidently be quintics of three kinds, viz. having four, 
two, or no imaginary roots, the points in the three blocks must 
correspond respectively to these three classes. I have not 
space for the elaborate investigation of the surface G^ by which 
Mr. Sylvester establishes this; but the following is suflScient 
to enable the reader to convince himself of the truth of his 
conclusions. 

230. One of the three blocks we may dispose of at once, 
viz. points on the negative side of the plane D, which we have 
seen (Art. 225) correspond to quintics having two imaginary 
roots. Next with regard to points for which D is positive. 
We have seen, in the last article, that a change in the character 
of the roots only takes place when i? = 0; our attention is 
therefore directed to the section of G by the plane D. We see 
at once, by making Z) = in the value of G (Art. 228), that 
the remainder has a square factor, and consequently that the 
surface G touches D along the curve J' — 2"i, and cuts it 
along J^ — 27.2'°j&. Now, if a surface merely cut a plane, the 

* Mr. Sylvester calls these facultative points. 
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line of section is no line of separation between points on the 
same side of the surface. If, for example, we put a cup on a 
table, there is free communication between all the points inside 
the cup and between all those outside it. But if a plane touch 
a surface, as, for instance, if we place a cylinder on a table, 
then while there is still free communication between the points 
inside the cylinder, the line of contact acts as a boundary line, 
cutting oflF communication as far as it extends, between points 
outside the cylinder on each side of the boundary. 

Now Mr. Sylvester's asscKtion is, that If we take the negative 
quadrant, viz. that for which both J and L are negative, and 
if we draw in the plane of xy, the curve eZ^' — 2"i; then all 
facultative points in that quadrant, lying above the space in- 
cluded between the curve and the axis L = 0, form a block 
completely separated from the rest, and correspond to the case 
of five real roots. 

231. In order to see the character of the surface, I form the 
discriminant of G considered as a function of K, which I find 
to be — i' (/+ 27 L)*. Consequently, when both / and L are 
negative, the discriminant is negative, and the equation In K has 
only two real roots. To every system of values, therefore, of 
J and L correspond two values of ST, and consequently two 
values of D, and the surface is one of two sheets. Now I say 
that it Is the space between these sheets for which G is positive. 
In fact, since G is JB* + &c., it may be resolved into its factors 
J{D-a) (D-^) {(2) -7)"+ S"} ; and since / is supposed to be 
negative in the space under consideration, D must evidently be 
intermediate between a and /8 In order that G should be positive. 
Now the last term of the equation being (J'-2''i)''(J'-27.2"X), 
If /' be nearly equal to 2"i^, will be of opposite sign to X, or 
in the present case will be positive. And the coefficient of Df 
being negative, we see that on both sides of the line /' = 2"^ ; 
the values of D are, one positive and the other negative, that 
is to say, the two sheets of the surface are one above and the 
other below the plane D. But I say it is the upper sheet which 
touches D along J' — 2"ii. This may be seen immediately by 
looking at the sign of the penultimate term in the equation 
for I>, by which we see that when the last term vanishes, the 



\i 
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two roots are and negative. The theory then already ex- 
plained shows that the curve J^ = 2"i acts as a boundary line 
cutting off communication in that direction between facultative 
points on the upper side of B. But again communication in 
the other direction is cut off by the plane i = 0. For when 
we make L positive, the discriminant becomes positive, and the 
equation in D has either four real or four imaginary roots. 
But the first Sturmian constant is proportional to L (J' + 12i), 
which, when J is negative, and L positive and small, is negative. 
Immediately beyond the plane Z, therefore, the equation to 
determine D has four imaginary roots, or the surface does not 
exist. The facultative points therefore, lying as they do within 
the surface or between its sheets, are cut off by the plane i, 
on which the sheets unite, from communication with points 
beyond it. Thus the isolation of the block under consideration 
has been prqyed. 

I needjenter into equal detail to prove that all other faculta- 
tive points have free communication inter se. The line of 
contact 2"ii — J' is no line of separation in the quadrant where 
J and L are both positive. For then it is seen, as before, that 
it is the points outside the two sheets which are facultative, and 
not the points between the surface and touching plane. 

The result of this investigation is, that in order to have all 
the roots real, we must have the quantity 2"L — J^ positive;* 
and L negative, which also infers J negative. If either con- 
dition fails, our roots are imaginary. It is supposed that in both 
cases JD is positive. 

232. We have seen that the cylinder parallel to the axis 
of a and standing on the curve 2"i/ — J^ does not meet G above 
the plane D ; the two values of s being one 0, the other nega- 
tive. Any other surface then standing on the same curve and 
not meeting G would serve equally well as a wall of separation 
between the two classes of facultative points'. For all the 



* Mr. Sylvester has inadvertently stated his condition to te that 2"i — y is 
negative. It is easy to see, however, that what he has proved is that this quantity 
must be positive. For the block which he has described lies on the side of the curve 
2"i — J' next to the axis L = 0. But when i is and J negative, 2"i - J' is 
positive. 
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points between the cyKnder and this surface would be non- 
facultative, and therefore irrelevant to the question. Mr. 
Sylvester has thus seen that we may substitute for the criterion 
2"-Z' — </', 2"Zf — J'-i- fiJDj provided that the second represent 
a surface not meeting G above the plane B. And on investi- 
gating within what limits fjt, must be taken, in order to fulfil 
this condition, he finds that fi may be any number between 
1 and —2. 

He avails himself of this to give criteria expressed as sym- 
metrical functions of the roots. In the first place 

S(a-^)»(;S-7)«(7-a)»(S-er 

is an invariant (Art. 132), and being of the same order and 
weight as J can only difier from it by a numerical factor: 
which factor must be negative, since this function is essentially 
positive ; and J we have seen is essentially negative when the 
roots are all real. And secondly, the symmetric function 

S(a-^)»(^-7r(7-ar(s-«)*(e-/3)*(£- y^S- a)*(S-/3)^(S-7)^ 

(the relation of which to the other may be seen by writing it 
in the form J)'2, (a - ^Y" (/3 - 7)"'' (7 - a)"" (S - e)"*, where D is 
the discriminant), is also an invariant, and of the twelfth order. 
It must therefore be of the form aJ^ + ^JD + yL. Now, by 
using the quintic* x{a? — a^) [a? — b"), the symmetric function 
may easily be calculated and identified with the invariants ; and 
the result is that its value is proportional to 2"i — J''+ %JD. 
Since then the numerical multiplier of JJ) is within the pre- 
scribed limits, it may be used as a criterion, and Mr. Sylvester's 
result is that the two symmetrical functions mentioned are such 
that not only are both positive, as is evident, if the roots are 
all real, but also if both are positive, and D positive, the roots 
mu^t be all real. It ought to be possible to verify this directly 
by examining the form of these functions in the case of an 
equation with four imaginary roots. 



* It is to be otserved that though this form may be safely used in this case, it 
camiot always be safely used. For when a linear factor of a quintic is also a factor 
in the Jacobian of the remaining quartic, a relation must exist between the invariants, 
which, however, I have not taken the trouble to calculate, it being obvious that it is 
of too high a degree mJ,D,Lio affect the present question. 
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233. I have also tried to verify these results by examining 
the invariants of the product of a linear factor and a quartic, 
{ax + /8y) (a;* + Gmx'y' + ?/*) 5 these being necessarily covariants 
of the quartic (Art. 205). The coefficients of the quintic are 
then 5a, y3, Sma, Sth/S, a, 5/3 ; and I find for the J of the quintic, 
48 {88S-BTU), or 48 times 

(5m + 27m') (a* + /3^) + (8 - 18m' - Sim") a'/S". 

Now the roots of the quartic are all real when m is negative, 
and when 9m^ is greater than 1. On inspection of the value 
given for J, we see that when m is negative every term but 
one is negative. Giving then m its smallest negative value - ^, 
J is negative, viz. — 144 (a" — ^'f ; and J is h fortiori negative 
for every greater negative value of m. Or we may see the 
same thing by supposing /8 = 0, when we have only to look at 
the coefficient of the highest power of a in 8SH—3TU, which 
is — 8 (&" — ac)8—3 Ta. But now if we call the three Sturmian 
constants A, B, G: viz. 

A = b'-ac, B=2SA+3Ta, 0=8^-271", 

the value given for J becomes ~6A8- B, which is essentially 
negative when the roots are all real. 

The invariant L, according to my calculation, is 

5i\88S- 3 TUf - 6400 {8' - 27 2™j {iS^ - 8HU+ TIP) 

+ 150 {8^ - 27 T') U' {88H+ 15 TIT) - 4050 ZP8' [28E-3 TU), 
whence 2"i/— /* diflfers only by a positive constant multiplier 
from 
- 128 {8^- 27 T') [iir - 3HU+ TU") 

+ 3{^'-27T')U''{88H+15TU)-8lU'8'{28E-3TU). 
Writing = d'd- 3abc + 26', the coefficient of the highest 
power of a in this is 

128 CO' +81d' 8^ + i5d'CB-5ia'C8A. 

All the terms of this but one are positive when the roots are 
all real, but as there is one negative term, it is not obvious on 
the face of the formula, that the whole will be positive when 
the roots are all real. Still less that if this formula be positive 
and /negative, the roots are necessarily all real. Therefore, 
although no doubt Mr. Sylvester's rule may be tested by the 
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process here indicated, to do so requires a closer examination of 
this formula than I am able to give.* 

234. It does not enter into the plan of these Lessons to give 
an account of the researches to which the problem of resolving 
the quintic has given rise.f The following however finds a 
place here on account of its connection with the theory of in- 
variants, Lagrange, as is well known, made the solution of 
a quintic to depend on the solution of a sextic; and it can 
easily be proved that fanctions of five letters can be formed 
capable of six values by transformation of letters. Let 12345 
denote any cyclic function of the roots of a quintic ; such, for 
example, as the product 

{a - fif {0 - ryfiy - By {S- By [B-af, 

where evidently 23451 and 15432 would denote the same as 
12345; then it can easily be seen that there can be written 
down in all twelve such cyclic _ functions. But further these 
distribute themselves into pairs ; and' by so grouping them we 
can form a function capable of only six values ; for instance, 
12345 + 13524, 12435 + 14523, 13245 + 12534, 13425 + 14532, 
14235 + 12543, 14325 + 13542. The actual formation of the 



* The verification, however, is easy in the particular case x (a;* + Gmx't/' + y*). 
We have then J=4»m(5 + 27m!'), i = 12m (5 - 9m'')» ; 2'^L-J' proportional to 
m (1 - 9m2) (50 + 4Sm!' + 648m'' + 729m«). Thus, when m ia negative and Sm' > 1, 
we have J and L negative and 2"i — 7 ' positive. The latter is positive for imaginary 
roots only when m is positive, but in this case J ia positive. The imaginary roots 
must therefore be detected by one criterion or other. 

The discussion of the invariantive characteristics of the reality of the roots of a 
quintic was originally commenced by M. Hermite in his classical* paper in the 
Cambridge and Dublin Mathematical Jowrnal for 1854, and has been resumed by Th'tti 
in his valuable memoir presented to the I^ench Academy this year. His result, 
translated into the notation we have used, is that the roots are all real when, the dis- 
criminant being positive, we have also positive K, 2"i— J'+S, and K{JL+K^) — 18JJ, 
It seems to me that this result is superseded by the greater simplicity of Mr. Sylvester's 
criteria, I should have wished however to give an account of M. Hermite's method, 
as well as of the many other important additions he has made to the theory of quintics. 
But having neglected to read his papers as they came out in the Comptes Bendm, 
I find, to my great regret, on taking up his memoir now, that I have not time to 
make myself master of it without delaying indefinitely the publication of this volume, 
I hope to find a place further on for some account of his application of the theory of 
invariants to the Tschimhausen transformation of equations, 

t Among the most remarkable of recent discoveries in this subject is the appli- 
cation to it of the theory of elliptic functions by M. Hermite and M. Kroneoker. 
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sextic having these values for its roots is in most cases a work 
of extreme labour. M. Hermite, however, pointed out that 
when the function 12345 is the product of the squares of 
differences written above,* all the coefficients of the corre- 
sponding sextic are invariants, and that the calculation therefore 
is practicable. I have thought it desirable actually to form 
the equation, because, when the theory of sextics comes to 
be studied, it will be necessary to ascertain the invariantive 
characteristics of sextics whose solution depends on that of a 
quintic ; and it may be useful to be in possession of more than 
one of the sextics which spring out of the discussion of a quintic.f 
I take the simple example a;° + 2ma;'y' + xy^^ of which, since two 
pairs of roots are equal with opposite signs, the functions of the 
differences can easily be formed. 1 find then that the sextic 
is the product of 

t + 2« (m + m') t + 2'" (7?i' - 2w* + hm\ 
by the square of 

t + 2* («i' + 3»i) « + 2" [nf -I- 5m' H- Vim' - 25). 
But if we first multiply the quintic by five, its Invariants are 
J= 2*m (5 + 3m^), D = 2l5' (1 - m')\ ' i = 4m (5 - m^. 
To avoid fractions I write /=2J, Z> = 2505, J'-2"i = 50C'; 
and then forming the sextic, and expressing its coefficients in 
terms of the invariants, I obtain 
f + iAf + (6^' - 255) t* + {iA^ + 2C- SOAB) f 

+ f [A' + 4AC-nA'B-^ ^^B^') 

+ 1 {2A'C- iA'B- 7BC+ noAB') + C''- 4:ABC+ 20A'B'' ; 
which is a perfect square, as it ought to be, when D = O.j: 

* In the method of Messrs. Harley and Cockle, the function 12345 is 
ap + fiy + yS + Sb + Ba, 
and the sextic chosen is that whose roots are 12345 — 13524, &c. This has been 
calculated by Mr. Oayley [Philosophical Transactions, 1861, p. 263), and the result 
is very simple, two terms of the sextic beiiig wanting j but the coefficients are not 
invariants. 

■f The form arrived a,t by M. Kronecker and M. Brioschi is 

(k - ay [x - ha) + lOJ {x - af - c.{x - a) + W - ao = 0. 
By the help of the formulae given further on, the invariants of this equation can be 
calculated, and a, i, c eliminated. 

X Though the form with which I have worked is a special one, I believe ti^t the 
result is general ; because it seemed to me that the coefficients only admitted of Being 
expressed in terms of the invariants in one way. 

D D 
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235. M, Hermite has studied in detail the expression of the 
invariants in terms of the roots. He uses the equation trans- 
formed so as to want the first and last terms ; that is to say, 
so that one root is and another infinite ; and the calculation 
is thus reduced to forming symmetric functions of the roots 
of a cubic. I had been led independently to try the same 
transformation on the problem discussed in the last article, but 
found that, even when thus simplified, the problem remained 
a difficult one. It would be necessary to form for a cubic the 
sextic whose roots are the six values of 

and then to identify the result with combinations of the forms 
assumed by the invariants of the quintic when a and / vanish. 
Of M. Hermite's results I only give his expression for his own 
invariant /. Let 

i?'= (a - /3) (a - e) (8 - 7) + (a - 7). (a - 8) (;8 - e), 

G'=(a-/3)(a-7)(e-8) + (a-8)(a-e)(^-7), 

^=(a-^)(a-8)(s-7) + («-7)(a-e)(8-/3); 

the continued product of these is symmetrical with respect to 
all the roots except a ; and if we multiply this product by the 
similar products obtained for the other four roots we get /. 

236. The Sextic. The theory of the sextic has as yet been 
but little studied. It has four independent invariants, which we 
shall call A, B, G, D, of the orders 2, 4, 6, 10 respectively; 
and a fifth skew invariant, which we shall call JE, of the fifteenth 
order, whose square is a rational and integral function of the 
other four. The first. A, is the invariant 12°, formed by the 
method of p. 112, which for the general sextic is 

aff-ebf+15ce-10d\ 

I have given (Arts. 170, 171) the canonical form of the sextic; 
but I believe it will be found in practice not less convenient to 
use (as in Art. 217) the more general form 

au^ + M + cw' + dz^. 

To this we should be led by the theory of two quintics, which 
cannot be more simply expressed than as each the sum of four 
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fifth powers. For the form just given, the invariant A is,, by 
proceeding as in Art. 217, found to be 

ah (12)» + ac (13)' + ad (14)" H- Ic (23)" + U (24)" + cd (34)", 
which we may write SaJ (12)". 

The Hessian of the sextic 12^* is of the eighth degree, the 
general coefficients being ac-W, 4. [ad- he) ^ &ae + 4J)d - lQc\ 
4a/+ 16Je - 20cd^ ag + 145/4 bee - 206?',* &c. ; and for my 
canonical form is SaSw^w" (12)^ The sextic has another co- 
variant of the second order in the coefficients, viz. the 8 of the 
emanant quartic, which is of the fourth order in the variables, 
the general coefficients being 

ae - 4M + ^o^, iaf- 6he + ied, ag - 9ce + 8d'', &c., 
this for the canonical form being I,ahu'v''{l2y. To these co- 
variants we may add the covariant sextic, of the third order, 
which is the T of the quartic emanant, and whose general 
coefficients are 

ace + 2hed - ad'^ - e¥ - c", 2acf- 2ade - 2Vf+ 2hce + 2 W - 2c'd, 
aeg + 2adf- Sae' - Fg - 2hef+ ihde + 2e'e - 3ed'% 
2adg - 2aef- 2heg + Ihdf- 2he' - 2ey+ 6ede - 4.d\ &c. ; 
and which for the canonical form is ^ahe (12)'' (23)'' (31)'' mW. 

237. We take for the invariant B, that which has been 
called by Mr. Sylvester the cataleetieant^ which expresses the 
condition that the sextic should be reducible to the sum of three 
sixth powers, Sind is (Art. 168) the determinant 

ffl, S, c, d 
h, c, <?, e 
c, d, e, / 

This expanded is 

aceg - aef - ad'^g + 2ac?e/- ae" - V'eg + Wf + 2hedg - 2bcef 

- 2hdy+ 2hde^ - c'g + 2e^df+ cV - Zcd'e + d\ 

If now we form the quadr invariant of the Hessian, we find ft 
proportional to A' + 3005 • if that of the covariant 8, we find 

* I have thought it unnecessary to add the terms which may be written down from 
symmetry. 
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A^ — SQB; and if we operate on the sextic with the covariant T, 
we get B. Applymg this last process then to the canonical 
form, we get, for the value of 5, 

abed (12)' (23)'-' (34)'' (41)''' (13)'' (24)", 

which vanishes, as it ought, if any of the quantities a, b, c, d 
vanishes, or if any two of the four functions u, v, w, s become 
identical. 

238. We take for the form of the fundamental sextinvariant 
C, that which involves no power higher than the second of the 
leading coefficient a, and which for the general form is 

d'dy - Ga'defg + Aa'df + iaVg - SdVf" - Gabcdf -|- ISabcefg 

- I2abcf + VZabdJg - ISabde'g + &abey+ iacY - ilacVg 

- ISac'dfg + 30ac'ef' + ^^acd'eg - Uacdy - AHacdeJ 
+ Uace'- - 20ad^g + Uad'ef- 8adV + ib'dg^ - ] 2b''efg 

+ Sb'f' - 36V/ + SObWg - 246 V' - l^h'd''eg - 2ib'dY' 
+ 60b'dey- 276V + 660'/^ - 426cVe^ + QObc'df - 306cV/ 
+ 2ibcd''g - 8ibcdY+ 66bcde' + 246c?*/- 246c? V + 12c*eg 
-21cY'-8<fd'g+&&c'def-8cV-24:c'd^f-3Qc'dV+36cd*e-8d\ 

In terms of these the other invariants of the sixth order 
can be expressed. Thus, the cubinvariant of the covariant 
quartic is A^ — 108 AB— 54k C; the cubinvariant of the Hessian 
is 3-4' — 100^5+2750(7; and the quadrinvariant of the sextic 
covariant is 2AB—C. The last-named invariant can be easily 
calculated in the case of the canonical form. We have to 
operate with Sa6c(12)'(23)''' (31)'''mVw'' on itself. Now if we 
operate with wVa" on mVw" the result is proportional to 
(12)'' Jf^, where M and N have the same meaning as in Art. 
217 ; and if with w^yV on itself the result is - (12)" (23)' (31)'. 
Hence we get for the invariant in question 

Sa''6V (12)" (23)° (31)" - 2ahcd^ab (1 2)" M.^N\ 

239. If a, 6, c all vanish, the invariants A^ B, become 
respectively — lOcZ", c?*, — 8cZ". Hence, when the sextic has as 
factor a perfect cube, the conditions must be fulfilled ^' = 1005, 
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iAB=5G, AC=80B\ If we make a, b,f,g all 
variants become 
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0, the in- 

8cV - Sdc'dV + 36ccZ*e - Sd^ ; 



15ce - lOd', cV - Scde + d% 

consequently when the sextic has two square factors ; in addition 
to the discriminant, the condition must be satisfied, 

{A' - BOOAB + 250 Of = 5 {A'- lOOBf. 

240. If we make 6, d, f= in the equation, the discriminant 
will be ag multiplied by the square of the discriminant of 
(a, 5c, 5e, g\x^ yf \ and if all the terms vanish but a, J, g^ the 
discriminant will be ay multiplied by the cube of the discrimi- 
nant of (a, lOt?, g§Xt yf. Knowing these terms in the dis- ' 
criminant, the rest can be calculated by means of the differential 
equation. The resulting value of A is 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



ag 

ZOa^fg" 

300a*ceg* 

375aVV 
SOOa^d'Y 

SOOOa'defg^ 

2500a'dfy 

lOOOaV/ 

7500aV/y 

9375aVV 
3125ay' 
375aVeg* 
. UaWfg' 
SOOOa'bcdg* 
5550a^hcefg^ 
750a'bcfY 
^ iSOOa'bdyg' 
2700Qa!'bdey 
43500a'&(;e/y 

IbOOa^bdfg 
51000a'beyg' 
9T500a'be'fg 



37500a'Se/' 
lOOOaV/ 
27000aV4^' 
18750a'cV/ 
16875aVe/y 

9375a''cyV 
7500a'c<ZV 
127500oW/y 

412500aWe/V 
1875Q0a^cdf' 
150000a»cey 
412500aV/'^ 
187500aW/^ 
SOOOOa^dy 

330000a'cZY/ 
BQOOOa'dY'g 



+ 
+ 

+ 

+ 

+ 250000a'c^'''ey 

+ 675000a'JV/V 

- 375000aV'e/* 

- 900000aW^ 
4 SOOOOOaW/' 



+ 250000aV^ 
- 150000aV/'' 
2500d'b'dg'' 
750aVefg^ 

7500d'bVg* 
i3500d'b''cdfg^ ' 
168750^6^/ 
54675a'^.'ce/y 

25500a'JVV ' 
+ 127500a'Fd''eg^ 

- uisood'Fdyy 

~ SiGdOOa'b^de'fg' 
Ql6500dVdef^g 
24:0000a''Pdf^ 
7500a'iV/ 
23250a"6V/V 
11250a'&Vy* 
57000a''&c';^' 
SOOOOa'bc'd^^ 
3i6500d'bc'dfy 
5d6250d'bcVfg^ 



+ 
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H- 1222500a"6cV^ 


- 9750000aWV^ 


- 2l9000^ab'cd'fg' 


- 50G250a'Jcy= 


+ 5250000aWV' 


+ 4726000a&''c(fey 


- SSOOOOa'Scrfy 


+ 3750000d'cdVg 


+ 6030000a¥cd'efg 


+ ISgOOOOa'Sc^^'e// 


- 2250000d'cdVf 


- 3360000o6''c^y* 


- SBOOOOa'bcdyg 


- lOOOOOOa'dy 


-15SS7 BOOab'cdeyg 


+ 750000a:'bcdey 


+ SOOOOOOd'd'efg 


+ 8392500a5Wey° 


- iVlibOad'hcdeYg 


- imooooa'dT 


+ 5062500ahWg 


+ l537500a"Jce?e/* 


- 1250000a'cZV5' 


- 3037500aliWf 


+ STSOOOa'Scey^- 


+ IbOOOOd'dVf 


- SOOOOOaS'tZV 


- 225000a'Z>cey° 


+ 9375a6V 


+ dOOOOOab^dVfg 


+ l^QQQOd'hdyf 


7500ah*dfg^ 


- iSOOOOaFd'ef 


- ISSOOOOa'Jt^'ey 


9375a&V/ 


- 375000aIy'dVg 


- 2190000a"Sc?YV 


+ 25500a&Vy 


+ 225000aFdVf 


+ 1200000a'J(^y* 


- 11520ajyV 


- 900000a5c^«?/ 


+ 4650000a''J<ZV^ 


- 97500aSV>^' 


+ 375000a5o*e;^' 


- 2550000a''&£?V/'' 


- ii2500aFcdeg' 


- 202500a&cy°5' 


- l^OOQOOa^bde^g 


+ G16500ab'cdfy 


+ 4650000a6c'tZygr' 


+ eoooooa'&Jey 


+ 1222500a&W^= 


+ 4875000a6cVey 


- 150000fflVe/ 


- 2197800a6'ce/^9r 


-15387500a5c'(?ef5' 


+ IbOQd'c'fV 


+ 864000a&V' 


+ 7087500a&c'cZ^* 


+ 250000aV(^y 


+ 50000aFdY 


+ 843750a6cV^ 


+ TSOOOOaVtZe^" 


- 330000aFd''eff 


- 506250aJc'ey' 


+ STdOOaVdf'g 


+ 8S200a¥dy'g 


- 9750000a&c'£ZV 


+ 1062500aVey 


+ S7500ab'dey 


+ 900000aScVyV 


- 2821875aVeyV 


+ BllbOOab'deyg 


+ 24750000a5cW^ 


+ 1265625aVe/* 


- 288000aFdef* 


-13350000aSc''c?V'' 


- 1350000aV(Z'^ 


- 202500abVfg 


- ^37mmdbc^de^g 


- 3562500aV<^V/ 


+ 121500a6Vy' 


+ 5625000a5cW/' 


+ 4725000aVcZVV 


+ 412500a&"cV 


+ SOOOOOOaSciy 


-2062500aV<Zy' 


- 23250abVfY 


- 9000000a5a?*e^ 


+ 4875000aVW^ 


+ G75000abVdy 


+ 4800000a5c£Zy= 


- 2G25000aVdey' 


- 3172500a5V(%= 


+ STSOOOOaSaZV^r 


- 1875000aVeV 


+ 5n500aFc'dfg 


- 2250000a5aZVy' 


+ 1125000aVey 


- 2821875a6Vey 


+ 250000acy 


+ 3750000aWV 


+ 7633125a&Vey^ 


- 1500000ac'^ 


- 300000aWyV 


- Ui2500abVef 


~ 1875000acV/ 



APPLICATIONS TO BINARY QUANTICS. 



207 



H- 506250QacVV 


- 


288000b*cdf^g 


+ 72000005WV' 


- 2278125acy* 


+ 


1 265625 J-cey 


+ 5062500&'c&V 


+ 3750000ac*tZV 


— 


84425005W/V 


- 3037500&Wey" 


- 375000ac*<^y'''^ 


+ 


]5552005*ce/* 


- leooooos'czy 


- d375000ac*deYg 


+ 


UOOQOOb^dyf 


+ 48000006" J*e;^ 


+ 5062500ac^Je/' 


- 


2062500&*«^V/ 


- 25600006'<2y° 


+ 3515625ac*eV 


— 


38600006*<?V!9 


- 20000006' J'eV 


- 2109375acV/'' 


+ 


1843200&*t?y* 


+ 12000006''£Z'ey" 


- 1250000ac'dY 


+ 


70875006^6^6%' 


- 1500006V/ 


+ SlbOOOOad'dYff 


— 


38880006*Jey° . 


+ 9000006V<?^' 


- 2000000ac"6?y» 


- 


22781 25JV9r 


+ 11250006Vey 


- 1562500ac'dVff 


+ 


I366875&V/' 


- 30375006Ve/''^ 


+ 937500ac'(ZV/' 


+ 


500000JV<^/ 


+ 13668756V/* 


3125jy 


— 


225000JVe// 


- 22500006V<7V 


+ SldOOb'cfg^ 


+ 


121500SV/V 


+ 2250006V(?yV 


+ 187500b'deg^ 


- 


25500006Vjy/ 


+ 56250006V&"^ 


- 2i0000h'dfy 


— 


26250006Wey 


- 30375006V*/'' 


- 5062506V;f9'' 


+ 


83925006V(?e/''5' 


- 21093756VeV 


1 864000&VV 


- 


38880006V(y* 


+ 12656256Vey'' 


- 331776&y' 


- 


5062505=cV^ 


+ 7500006VdZy 


- 1875006*cV 


+ 


3037506'cV/' 


- 2250000bVdYg 


+ 112505Vyy 


+ 


5250000&'c<ZV 


+ i2ooooo6V<?y" 


- 375000&'ctZ'^= 


— 


480000&'ccZy'.9' 


+ 9375006V(?V^ 


+ 15375006We;^' 


- 


t33500005WV^ 


- 5625006VJV/' 



241. Instead of the discriminant A we may use another 
invariant J), in which no higher power than the fourth of the 
extreme coefficients a, g appears, and which does not contain 
the product a*g*. The quantity multiplying a* in D is [eg —f'f ; 
and the relation connecting A and D is 

A = ^' - 375 J."£ - 625^''C+ 31 25Z). 

The value of JD is 



+ 



aVf 


- 


12a'bdeY 


- 


2ia'bey'g 


+ 


6aVey 


sav/y 


+ 


2^a'bdefy 


+ 


12a'bef' 


+ 


6aVe/y 


3«VV 


- 


I2a'bdfg 


+ 


a'oY 


- 


SaVrg 


ay» 


+ 


Ua'bejg'' 


- 


12aVdfg' 


+ 


Qa^cd'eg" 
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+ 42a'ciyy 

- 24M'cdifg^ 

- lOSa'cdef'g 
+ GOa'cdf^ 

- 21aWf 
+ lUaWfg 

- eOa'cey* 
4- Ba'dy 

- ^^a^d'efg" 
+ eea^dVg" 
+ 228a^dVf'g 

- ■120a'«^Y* 

- 288a'deYg 
+ IGOa'dey 
+ SOaVg 

- iSaVf" 

- Sd'b'cY 
+ 2ia^Fcd/g' 
+ Gd'bWg' 

- iSa'U'cefy 
+ 24:d'Fcf*g 
+ 42o'i''cZV 

- dod'b'dyy 

- GOa'b'deyg' 
+ 180d'Fdef\q 

- iSd'U'df 

- BaWey 

- Gd'bVf'g 

- \8d'Fey' 
+ nd'bcjg'' 

- 2^a^bc^deg^ 

- %Qd'bc'dfY 

- ^Gd'bcVff 

+ 312a'&cVV 

- 162a'&cy' 

- Sid'bcdy 
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+ i20a^cd^e/g^ 

- 72d'bcdy'g 
+ IbGd'bcdey 

- 828d'bcdey'g 
+ 3i8d'bcdef* 
+ i8d'bceyg 
+ SGd'bcey" 
+ 246a''My/ 

- Z12d'bd\y 

- 8lGa^bd^efy 
+ A80d'bdy^' 
+ IbBQd'bdVfg 

- 888d'bd'V/' 

- iSOd'bde'g 
+ 288d'bdey^ 

- 27a''cV 

- oacf g 
+ GGd'd'dy 
+ 156aV&// 

+ 12aVJ^V 

+ 270aVey 

- 804a'cV/V 
+ 405aVe/* 

- 372aViy/ 

- SlOaVdVg" 

+ 1428aV<fYV 

- 660aVc?y* 
+ 1200aVJey^ 

- 660aVW/' 

- 4:2ddVe^g 
+ 225d'cVr 
+ ^hla^cd^ey 

- 8^a^cdy''g 

- 2&Gla^cd^eyg 
+ l440a"ccZ'e/' 
+ ^nd^cd''e*g 



- BAOd'cdV/' 

- 258d'dy 

+ 81Gd'd'ef9 

- iS2a'dy'' 

- S24:d'dVg 
+ ISOa'cZVy" 

-I- 3aJV 

- Uab'dfg^ 

Bab*eY 
+ 2iab*efy 

- 12aby*g 

- 24a5V// 

- 108o5We/ 
+ ISOab'cd/y 
+ 312abWfg' 

- BUab'cef^g 
+ 216ab'cf^ 

- 72ab'd''ef9'' 
+ l&8aFdy'g 
+ I2a¥dey 

- 8iaFdey''g 

- UiaPdef* 
+ lOSaJV/" 
+ lUabVeg' 

- 6abV/y 
+ 228abVdy 

- 828db'c'defff' 

- 8i^aWd'dfg 

- 80i:aVc'ey 
+ 1890a6Vey V 

- 648a6Ve/* 

- 816a&Wy/ 
+ 1428a&WVy 

+ 2148a6WVV 
-niOab'cdy* 

- il88aV'cdeyg 



+ 



+ 



+ 2772aJWey' 
+ iibSabWg 
-UdGabW/" 

- 8iab'd*ey 
+ 2iQab''dy''g 

- 2i0abVeyg 

- 2l0ab'd'e/' 

- 12ab^dVg 
288aPdVf' 
288abc'dg^ 

48a5cV/ 
+ UBGabc'dyg'' 
+ 1200abc'dey 

- 4:188abc^def''g 
+ 22&8abc^df* 
+ UOOabcVfg 

- I296ab(fey' 

- 2664a6c'''t^V 

- 2i0abc'dy'g 
+ blBGabcVeyg 

- B0i8abc'd''ef' 

- B252abc'de*g 
+ 2340a&cW/' 
+ 324aScV/ 
+ SUabcdy 

- 1572abcd*efg 
+ 122iabcdy^ 
+ l656abcdVg 

- 1296abcdVf' 

- iB2abcdYf 

- USabdyg 

- 192abd'e'g 
+ Uiahd'ef 
+ lUabdVf 
+ 80acy 

- iSOac'd/g^ 
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- 429ac'ey 
+ U58ac'ef''g 

- 729acy* 
+ 972acVV 

- l^ac^dyg 

- 3252ac^deyff 
+ 1620acVe/' 
+ i02acVg 
+ 270acV/'' 

- S2iaG''dY 
+ 1656acWV^ 

- GiOac'dy' 
+ ISlSao'dVg 

- USOac'dVf 

- lOSOacW/ 
+ 135acV 

- 192ac''dyg 

- 2673ac'dVg 

+ 780aG'dY'' 
+ 1980ac'JV/ 

- 270ac'dV 
+ ISOSacd^eg 

- UOacdY" 

- 1200acdV/ 
+ ISOacdV 

- 228ad'g 
+ 2i0ad''ef 

- iOadV 

by 

+ eoVdeg^ 

- , ^sb'd/y 

- U2bVfg^ 

+ 2ie¥ef'9 

- 72Vf 



- mVc'eg'' 

- 18&V/y 

- 120&<'ccZy 
+ U8b^cdefg^ 

- lUVcdf'g 
+ AObbWg' ' 

- USbWfg 
+ 252b*cef'' 
+ ASOb^d'fg^ 

- 660&W/ 

-1320b^d'ef''9 
+ 552b'dy' 
+ 2268b*deyg 

- 864&W/' 

- 729&V^ 
+ 243&V/' 
+ IGObVdg' 
+ 36bVeff 

+ 108&V/V 

- 888bVdyg' 

- 660&VW/- 
+ 2772&Vc?e/V 

- 8&4:bVdf* 

- 1296J'cV/^ 
+ 3605Vey' 
+ lUOb'cd'eg' 

- 2i0b'cdy''g 

- 30485 WV/^ 
+ 1896b'cd''ef' 
+ 1620¥cde*g 

- 22&8VcdeT 
+ ^72bWf 

- A32b'dY 

+ 122i¥d*efff 

- 27Gh''dy' 



- emb'dVg 

4 lSd2b''dVf' 

- U8b^dV/ 

- i8b'cY 
+ 288bVdfg' 
+ 225bVeY 

- 12965Ve/V 
+ 243SV/* 

- 5406VCZV 
H- 288bVdy''g 
+ 2Si0i!Vdeyff 

- 2268bVdef'' 
+ 2706VeV 
+ 15306Vey' 
+ 180bydY 

- 12d6bVd'efff 

+ ud2bVdy' 

- USObVdVg 
+ nSibVd'ey" 

- USbVdey 

- 12156Ve' 
+ lUFcdyg 
+ 78QiFcdVg 
-ld20b'cd'ef' 
+ Uib'cdVf 
+ 16206WV 

- 120b'd'eg 

+ sseb'dy' 

+ 1926'cZV/ 

- 5i0b'dV 
+ S2ibcVfg 
+ 9726cV» 

- 4:d2bc'dY9 

- Qisbc'dy 

- I080hc*de'g 



- 648&cVey' 

- 1872JcV/ 
+ lUbc'dyg 
+ ld80b<fdVg 

+ lUbc'd'ef" 
+ 852bc'dV/ 
+ 3780lc'di 

- UOObc^d'eff 
+ 192bc'dy' 
+ 2i78bc'dVf 

- GQ&Obo'dV 
H- 24:0bcd'g 

- 2088bcd^ef 
+ 384:0bcdV 
+ iOSbdy 

- 720MV 
+ U5cVg 
- 12150*6^" 

- 27QMVg 
+ 1620c=J V^ 
+ Z780c^dey 

- 198cV 

+ 180c*d*eg 

- 5ioc*dy' 

-6660c*tZV/ 

- 2490cW 

- iOc^d^g 
+ 3840c'<Z'e/ 
+ 6095c*dIV 

- 720c'dy 
-5130c'dV 
+ 18&0cd% „ 

- 248cZ'» 
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242. Mr. Cayley's theory of the number of Invariants of a 
quantic, shows that, In addition to the four invariants already 
mentioned, sextics have a skew invariant JS of the fifteenth 
degree. I do not know whether in the same manner as the skew 
Invariant of a quintic Is the resultant of two covarlants, this 
invariant also can be got by operating with one of two known 
covarlants on the other. The Invariant however can be formed 
by means of the differential equation. The highest power of a 
which occurs in it is a', and the factor multiplying it is 

{dg'-3efy + 2f'')(eg-fy* 

The expression for E in terms of the other Invariants may 
be got from the following considerations. If in the sextic b, d,f 
vanish, E necessarily vanishes. For, since the weight of i? is 
forty-five (Art. 139), the weight of some one of the constituent 
coefficients In each term must be expressed by an odd number ; 
and when we make in the equation all the terms vanish whose 
weight is odd, E vanishes. ^=0 is therefore the condition 
that the roots of the sextic should form a system In Involution. 
If then we make &, d,f= in A, B^ C, Z>, and eliminate a, c, e^g 
from the results, the relation thus obtained between J., B, C, D 
must be satisfied when E vanishes, and must therefore contain 
it as a factor. 

If we write ag = X, ce = fij ae^ + ffc^ = v, the values of the 
invariants got by making &, d,f=0, may be written 

A = X+l5n, B = \fi i- fi^ - V, 

0=- MX/jl' - 8/ + 4 (\ + 3/t) V, 

A = \ {V - IbOX/i - 1875/4* + 500J'}''. 

Eliminating v in the first place, the last two equations become 

C= 4/i (\-/L6)''-4 (\+ 3/*) 5, A=:\ {X'+ 350Xfi- 1375/*"- 500^)^ 

Then eliminating /t by the help of the first equation, we get 

1024\'-1152X,M+(132^''-108005)\+3375O+270045-4-4»=0, 

X (256\' - 320^\ + 55^" + 45005)^ - A = 0. 



* I have partly calculated the value of .E, If I find leisure to complete the 
calculation 1 will give the result in an appendix. ^$7 
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The resultant of these two equations is of the thirtieth degree 
in the coefficients ; and therefore from what we have seen can 
only differ by a constant multiplier from E''. 

243. By Art. 225, when the discriminant is (positive) the 
sextic has either six or two real roots; and when it is ^negative, 
has either four or none. We can readily anticipate tTiat the 
discussion of this expression for E is likely to lead to the same 
results in affording criteria for further distinguishing these cases, 
as the corresponding discussion of the expression O in the case 
of the quintic. Analogy also leads us to expect that what will 
be important to examine will be the result of making A = 
in the expression for E. Now, although the calculation of the 
general expression for E may be a little laborious, that part 
of it which is independent of A is easily obtained. It will 
evidently be the product of 3375(7+2700^5-4^' by the 
square of the resultant of the cubic and of the quadratic 

256\'' - 820^\ +.55^'' + 45005. 

And again, analogy leads us to believe that the first of these 
factors is not important in the question of the criteria for real 
roots, and that it is the square factor alone which needs to be 
attended to. 

The result I find is that, writing for convenience B' for 1005, 
C for 125(7, the quantity squared differs only by a constant 
multiplier from 

4J[»- 19^*5'- 49^''5"'-4^'C'-805'° + 52u45'(7'-4(7"'. 

Analogy then leads me to suppose that' the criteria for the 
number of real roots of a sextic depend on the signs of this 
quantity, and of A^ - 1005', A^ - 125 G, 

(^' - 300^5+ 250 C")'' - 5 (^" - 1005)=, 

■which, as we saw, vanish when three roots are all equal. 
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LESSON XVIII. 

ON THE ORDEB OF EESTEICTED SYSTEMS OE EQUATIONS.* 

244. The problems discussed in this lesson are purely alge- 
braical, and in the investigation of them I do not make use 
of any geometrical principles. But I find it convenient to 
borrow one or two terms from geometry, because we can thus 
avoid circumlocution, and also can more readily see how to 
extend to quantics in general, theorems already known for 
ternary and quaternary quantics. 

We saw (Art. 74) that if we are given k equations In k'f 
independent variables, the number of systems of common values 
of the variables which can be found to satisfy all the equations, 
will be equal to the product of the orders of the equations. 
Now, in the geometry of two and three dimensions respectively, 
the system of values as = a, y = 6 ;. or as = a, y = b, z = c, denotes 
a point. I find it convenient therefore to use the word " point" 
in general instead of " system of values of the variables" ; and 
the theorem already stated may be enunciated. "A system 
of k equations in Je variables of degrees ?, m, n, p, q, &c. respec- 
tively, represents Imnpq &c. points" by which we mean that 
so many "systems of values of the variables" can "be found 
to satisfy all the equations. This number Imnpq &c. will be 
called the order of the system of equations. 

245. If we have a system of ^ — 1 equations in k inde- 
pendent variables, we have not data enough to determine any 

» In this place in the former edition followed a Lesaon on the applioation of 
this theory to ternary cLuantioa. This would now reqtdre much development in 
order to bring it up to the present state of the suhjeot ; and as the results all admit of 
geometrical interpretation, I have thought that they would be placed more properly in 
a geometrical treatise. Instead, I have inserted here what has in substance already 
been published as an appendix to my work on the Geometry of Three Dimensions, 
but which seems properly to belong to the algebraioal'theory explained in this 
volume. 

t If as is usua.lwe employ homogeneous equations, the number of variables will 
of course be 4 + 1. 
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system of common values of the variables, and the system of 
equations denotes an infinity of "points." Such a system of 
equations we shall speak of as denoting a curve. If with the 
given system of i — 1 equations, we combine any arbitrary 
equation of the first degree, we have then data enough to 
determine points, which will be equal in number to the product 
of the degrees of the equations. We shall define the order of a 
curve as the number of points which are obtained when with the 
equations which denote the curve, we combine an arbitrary 
equation of the first degree. 

When we are given a system of 7c — 2 equations, these 
denote a doubly infinite series of points, since we cannot deter- 
mine any points unless we are given two other equations. 
Such a system we shall speak of as denoting a surface. If 
with the system of A — 2 equations we combine an arbitrary 
equation of the first degree, we shall have a "curve" whose 
order is the product of the degrees of the k—2 equations. In 
general by the order of a surface, we mean either the order 
of the curve obtained by combining with the given equations an 
equation of the first degree, or, what comes to the same thing, 
the number of points obtained by combining with the given 
equations two equations of the first degree. 

And so more generally, if we have any system of fewer than 
h equations, by the order of the system we mean the number of 
points that are obtained, when with the given equations we 
coflobine as many equations of the first degree as are wanting to 
make the entire number of equations up to k, and so afibrd 
data enough to determine systems of values of the variables. 
It is evident that in the case under consideration, the order 
of the system is the product of the degrees of the equations 
which compose it. 

246. If we have h+\ equations in Ic independent variables, 
whose degrees are I, in, n, &c., we can elimiaate the variables; 
and we have seen (Arts. 72, 74) that the order in which the 
coefScients of each equation enter into the resultant, will be 
equal to the product of the degrees of the remaining equations. 
Taking then, to fix the ideas, the case of four equations : let 
their orders be ?, m, «, »•, and let any quantity enter into the 
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coefficients of the equations in the degrees \, /t, v, p respec- 
tively, this quantity will enter into the resultant in the degree 

\mnr + (jmrl + vrlm + plmn. 

We shall use the word 'order' to denote the degrees l,m,n, r, 
in which the equations contain the variables which are to be 
eliminated, and weight to denote the degrees \, /*, v, p in which 
they contain the quantity not eliminated : and the result just 
written may be stated, that the weight of the resultant, or the 
weight of the system, is equal to the sum of the weights of each 
equation multiplied by the order of the system formed by the 
remaining equations. 

And this is still true, if we break the given system up into 
partial systems. Thus, the first two equations form a system 
whose order is Im and weight Xm + //.?, and the second two 
equations a system whose order is nr and weight vr-\- pn; and 
the value just given for the weight of the entire system, is 

nr (\m + fil) + Im [vr + p«), 

that is, it is the sum of the weights of each component system 
multiplied by the order of the other. The advantage of so 
statmg the matter will appear presently. 

247. What has been hitherto said in this lesson, is but a 
re-statement in other words of principles already laid down in 
the Lesson on Elimination : but my object has been to make 
more intelligible the object of investigations, on which we shall 
now enter as to the order and weight of systems of a somewhat 
different kind. We have seen that k equations in k variables 
represent Imnp &c, points. But now we may combine with, 
these k equations an additional equation, which is satisfied for 
some of the points but not for others of them. We have then a 
system oi k+l equations representing points, that is to say, all 
satisfied by a number of systems of common values of the 
variables, that number being now however generally smaller 
than the product of the degrees of any k of the equations. 
Cases are of constant occurrence where a number of points can 
be expressed in no other way than that here described. A simple 
geometrical example will suffice. Consider p points in a plane 
where ^ is a prime number, and where the points do not lie in a 
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right line, then these points cannot be represented as the com- 
plete intersection of any two curves, and if we have any two 
curves going through the points, their intersection includes not 
only these points but others besides. To define the points 
completely, we must add a third curve going through the j? 
given points, but not through the remaining points of intersec- 
tion of the first two curves. The points are then completely 
defined as the only points common to all three curves. Our 
object then is, in some important cases where a system of 
points is defined by more than h equations, to lay down rules 
for ascertaining the order of the system ; that is to say, how 
many systems of common values satisfy all the equations. 

In like manner a system of A; - 1 equations is satisfied by an 
infinity of common values. But it may happen that we can 
write down an additional equation satisfied by part of this series 
of common values, but not by the remaining part. In such 
a case, the system of ^ — 1 equations denotes a complex curve, 
and it requires the system of h equations to define that part of 
it for which all the equations are satisfied. It will be the 
object of this lesson to ascertain the order and weight of what 
we may call restricted systems: that is to say, where to a 
number of equations sufficient to define points, curves, &c., is 
added one or more others which exclude from consideration 
those values of the variables which satisfy the first set of 
equations, but do not satisfy the additional equations. 

248. The simplest example of such a system is the set of 
determinants 



/ t I 



= 0, 



or, at full length, 

vw' — v'w = 0, wu' — w'u = 0, uv' — vu = 0. 
By writing these equations In the form 



u V _ w 

> ^^ ~7 — I 3 
U V W 



it is evident that in general values of the variables which satisfy 
two of the equations must satisfy the third. But there is an 
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exception for the case of values which make either u and u\ 
V and v\ or w and w' = 0. In any of these cases it is easy to see 
that two of the equations will be satisfied, but not the third. And 
now it is easy to see how to calculate the order of the system 
common to all three. Let the orders of u and v', of v and v\ 
of w and w', be I, m, n respectively ; then the orders of the first 
two equations are m + n, n-\-l, and of the system formed by 
them is [m + n) {n + 1) . But in this system will be included 
values which satisfy both w and w', these values not satisfying 
the third equation. Excluding then this system, the order of 
which is w", the order of the system common to the three 
determinants is mn + nl+hn. 

In like manner suppose we have a system with three rows 
and four columns, 



M, M, M , U 

V, v\ v'\ v"' 
Wj w', w", w" 



:0. 



Let us write at full length the determinants formed by. the 
omission of the third and fourth columns 

u" [vw' — v'w) + v" [wu' — w'u) + w" (mw' — iiiv) = 0, 

m'" (/to' - ■w'w) + «'" {wv! - w'u) + w'" [uv' - u'v) = 0, 

then these two equations are obviously satisfied for all values 
which satisfy the three vw' = v'w, wu' = w'u, uv' = u'v. But 
these values will not satisfy the other determinants of the 
given system. From {l + m-^ nY, then, which is the order of 
the system formed by the two equations written at length, we 
must subtract mn + nl-\-lm which has just been found to be 
the order of the system special to these two equations, and the 
remainder V + 7n^ + n^ + mn + nl + Im is the order of the system 
common to all the determinants. Having thus determined the 
order of a system with three rows and four columns, we have, 
in like manner, thence derived the order of a system with four 
rows and five columns. Proceeding thus step by step I arrive 
by induction at a general formula which I establish by showing 
that if it is true for a system with le rows, it is true for a system 
with k+1. 
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249. The formula at which I arrive may be written most 
simply and generally as follows : Let the orders of the several 
functions be represented by the letters which denote them, 

a + a, h + a, c + a, d + a, &c. 

a + 0, & + /3, c4j8, (Z+yS, &c. 

a + 7, b + y, c + 7, -c?+7, &c. 
&c. 

let p denote the sum of the quantities a, /3, 7, &c., and let q 
denote the sum of their products in pairs; and let P and Q 
denote the corresponding sums for the quantities a, b, c, &c. ; 
then I say that the order of the system is Q-i-pP+p'— q. 
For if we consider the two determinants obtained by omittiag 
the first and second columns alternately, these will be of the 
orders p + P—a, p + P—b, forming a system whose order is 
{p + P—a){p + P—b]. But these two determinants will be 
satisfied for all values which satisfy all the minor deter- 
minants of the inferior system formed by striking out the 
first two columns ; and yet these values will not satisfy the 
other determinants of the given system. To find then the 
order of the system common to all, we must subtract from 
[p + P—a] (p + P—b) the order of the inferior system; which 
we can calculate if the truth of the formula given is assumed. 
Since in the inferior system the number of rows is greater 
than the number of columns, we must, in order to apply the 
formula, write the rows as columns and the columns as rows; 
and thus the new P and Q will be the old p and q. The 
new p will evidently be the old P— a-b; and the new q, 
which is the sum of the products in pairs of c, d, &c., can 
easily be seen to be 

Q-{a + b)P+d' + ab + b\ 
Hence by the formula the order of the lower system is 
P'-Q-P{a + b)+ab-i-p{P-a-b)+q. 

Subtracting this number from {p 4 P- «) (p -f P- b) we obtain 
as we ought Q+pP+p^-q. Thus it is proved that the for- 
mula, if true for an inferior system, is true for that next above 
it ; and since it can easily be verified for the case of two rows 
and three columns it is true generally. In applying it we 

FF 
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have generally either a or a = 0. When all the rows are of 
the same order we have a, /3, &c. all = 0, and therefore ^, q 
both = 0, and the order of the system is Q. 

250. We may proceed in like manner to calculate the 
weight of the system of determinants considered in the last 
article. Beginning again with the simplest case, let us suppose 



that the system 



is to be combined with one or 



M, V, 10 

m', v\ lo' 

more other equations and the variables eliminated. Now the 
result of elimination between uv — mV, uw' — tiw^ and any other 
equations will contain as a factor the resultant of m, m', and 
the other equations. If we reject this factor we get the same 
result as if we had eliminated between uv' - u'v, vw' — vw and 
the other, equations, and then rejected the factor got by elimi- 
nating between v, «', and the other equations. To illustrate 
the method employed, let us suppose that m, m' ; v, ?/ ; w, w' 
respectively contain any quantity not eliminated in the degrees 
\, /[*, V ; and that we are to combine with the determinants- of 
the given system another equation i? = 0, whose order is r, and 
containing the uneliminated quantity in the degree p. This 
quantity then will enter into the resultant of 5, mu'-m'v, uw'-ij^w, 
in the degree 

p (Z+ m) (Z + w) +r {(?+ m) (\ + v) + (Z + w) (X+ /*)}. 
But the resultant of i?, m, m', will contain the same quantity in 
the degree 

pf + 2rl\. 

When then this factor is rejected from the former result, the 
remainder is 

p [mn + nl-\- Im) + r{X(jn + n) + iJ,{n + rj + v [l+m)]. 
The order then of the system of three determinants is the 
quantity multiplying p, and the weight is the quantity multi- 
plying r. 

251. Finding In this way the weight of a system with two 
rows and three columns, we find, step by step, as in Art. 249, 
the weight of a system with k rows and 7e+l columns. The 
result is that if the orders of the several functions be as written 
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in Art. 249, and if their weights (that is to say, the degrees 
in which they contain the variable not eliminated) be a' + a! 
b' + a.', &c., a' + /S', &c., then the formula for the weight is 
derived from that for the order, by performing on it the 

operation a' -7- + &' -^ + &c. + a' ^ + /S' -77, + &c. That is to 
da do da. dp 

say, the weight is 

S {ab') +pF'+p'F+ 22 (aa') + S (a;S'), 
which may also be written 

(P+p) (F +p') + S (aa') - S {aa!) ; 

this being the result of performing the operation «'-7- + &c. 
on Q+pP+f-q. 



252, If we form the condition that the two equations 

at + br-' + cr-'' + &c. = 0, a;e +- vr^- + df-^ + &c. = o, 

should have a common root, we obtain a single equation, namely 
the resultant of the equations. But if we form the conditions 
that they should have two common roots, we obtain (Art. 78) 
not two equations, but a whole system, no doubt equivalent to 
two conditions, yet such that two equations of the system 
would not adequately define the conditions in question. Now we 
may suppose that i is a parameter eliminated, and that a, &, &c. 
contain variables, and we may propose to investigate the order 
of the system of conditions in question. Now, Art. 78, these 
conditions are the determinants of the system 




where the first line is repeated « — 1 times, and the second m—l 
times ; there are m + « — 2 rows and m-\-n~ I columns. The 
problem is then a particular case of that of Art. 249. We 
suppose the degrees of the functions introduced to be equi- 
different: that is to say, if the degrees of a, a' be \, /*, we 
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suppose those of &, J' to be X + a, /* + a ; of c^c' to be A, + 2 a 
/i+2a, &c. We may write the formula of Art. 249 in the some- 
what more convenient form Q+pP+ \ (i'^ + ^Jj where s^ is the 
sum of the squares of a, /8, &c. To apply it to the present 
case we may take for the quantities a, 6, c, &c. 0, a, 2a, &c. ; 
and for the quantities a, yS, 7, &c. of Art. 249, \, X— a, X— 2a, &c. 
Pis then the sura of w + w — 2 terms of the series a, 2a, 3a, &c., 
and is therefore, if we write m -|- w = 4, -^ (A; — 1) (A — 2) a. In the 
same case Q is the sum of products in pairs of these quantities, 
and is therefore 

_, (^-3)(Z;-2)(^-l)(3^-4) 
1.2.3.4 

Again p is the sum of w — 1 terms of the series \, \ — a, \ — 2a, 
&c., and of m - 1 terms of the series /t, fi — a, fi — 2a, &c. 
We have then 
^=(M-l)\+(OT-l)/i-^a{(»-l)(w-2) + (OT-l)(?n-2)}. 

In like manner s^ is the sum of the squares of the same quan- 
tities, and is 
(w-l)\' + (m-l)/i'-Xa(w-l)(«-2)-/tia(«2-l)(m-2) 



■«'{ 



(w-l)(w-2)(2w-3) (y/z-l)(OT-2)(2OT-3) ] 
1.2.3 1.2.3 



Collecting all the terms, the order of the required system is 
found to be 

^ (m - 1) X' + ^m [m - 1) /*" + (ot - 1 ) (m - 1) X/i 

+ \n[n- 1) (2ot - 1) Xa + ^m [m - 1) (2n - 1) /ta 

+ ^mn {m - 1) (n - 1) d\ 

If the two equations considered are of the same degree, that 
is to say, if m = n, we may write \ + /i=p, \fji = q^ and the 
order becomes 

^n{n—'l){p + na) {p-i-{n- 1) a} - {n-— 1) q. 

If all the functions a, 6, &c. are of the first degree, writing 
X = /t = 1, and a=0, in the preceding formula, the order is found 

tohe ^{m + n — l]{m + n — 2). 

253, If the degrees in which the unelimlnated variables occur 
in any terms be denoted by the accented letters corresponding 



ORDER OF RESTRICTED SYSTEMS OP EQUATIONS. 221 

to those which express their degrees in the variables to be 
eliminated, then the formula for the weight of the system is 
obtained from that for the order by performing on it the opera- 
tion V T- + lu.' -:;— H- a' T- . In other words the weight is 
aX dfj. da ° 

n{n—l) W + m (m - 1) /i/j,' + (m — 1) (m — 1) (X/ti' + X'fi) 
+ ^n{n- 1) (2m - 1) (Xa + X'a) + ^m{m- 1) (2w - 1) (jita' + /I'a) 
+ mn (to — 1) (w — 1) aa'. 

254. The next system we discuss is that formed by the 
system of conditions that the three equations 

ai' + &r' + &c. = 0, a'r + 6'r-' + &c. = 0, ffl'r + J"f-' + &c. = 0, 

may have a common factor. The system may be expressed by 
the three equations obtained by eliminating t in turn between 
every pair of these equations, a system equivalent to two con- 
ditions. The order of the system may be found by eliminating 
from the equations the variables which enter implicitly into 
o, 6, c, &c., when the order of the resulting equation in t deter- 
mines the order of the system. 

Let us suppose that a, a\ a" are homogeneous functions in 
£c, ^, e of the degrees X, /i, v respectively ; that 6, 6', h" are of 
the degrees X— 1, /i— 1, v— 1, &c., and if we take the reciprocal 
of i as a fourth variable, the equations are of the orders 
respectively X, /*, v, forming a system of the order \(iv. But 
the system of values a? = 0, y = 0, s = is a multiple point in the 
three equations of the orders X — ?, /* — to, v — n respectively. 
The order then is to be reduced by (X- Z) (/^-to) (v — «). It 
is therefore 

Ifiv + TOvX + toX/z — Xtom — finl — vim + Imn. 
This then is the order of the system we are investigating. If 
the orders of J, &', c, c', &c. had been X + a, /* + «, X4-2a, 
/* + 2a, &c., then the order of the system would have been 

Ifiv + TOvX -f wX/i + a [mnK + nZ/* -f Imv) + d'lmn. 

The weight is found by operating on this with ^' j^ + &c., and is 

I (/*v' + /iV) + TO (vX' -i v'X) + n {Xfi' + X» + mn {aX + a'X) 

+ nl [oLfi' + ixfi) + Im (av' + aV) 4 2linna.a.'. 
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255. It 18 a particular case of the preceding to find the 
order and weight of the system of conditions that an equation 
at + ht"'^ + &c. may have three equal roots ; because these 
conditions are found by expressing that the three second differen- 
tials may have a common factor. Writing in the preceding 
for Z, w, and w, w — 2 ; for /i, \ + a ; and for v^ \ + 2a ; we find, 
for the order of the system, 

3 (w - 2) \ (\ + «a) + n (w - 1) (m - 2) a' ; 

and In like manner for its weight 

6 (w - 2) W + 3n (w - 2) (a'\ + aV) + 2n (w - 1) (n - 2) aa'. 

Again, to find the order and weight of the system of condi- 
tions that the same equation may have two distinct pairs of 
equal roots ; we form first, by Art. 249, the order and weight 
of the system of conditions that the two first difi"erentlals 
af'^ + &c., hf'^ + &c. may have two common factors. We 
subtract then the order and weight of the system found In the 
•first part of this article. The result Is that the order Is 

2 (w - 2) (m - 3) \ (\ + no) ■\-\n{n- 1) [n -2){n- 3) a", 

and the weight Is 

4 (re - 2) (n - 3) XV + 2n{n- 2) {n - 3) (a'\ + aX') 

+ n{n- 1) {n -2){n- 3) aa'. 

Before proceeding further in Investigating the order of other 
systems, it is necessary to discuss a difierent problem, and I com- 
mence by explaining the use of one or two other terms which 
I borrow from geometry. 

256. Intersection of quantics Jiavitig common curves. Two 
systems of quantics are said to intersect if they have one or 
more "points" common, that is to say, if they are both capable 
of being satisfied by the same system of values of the variables, 
A "surface" is said to contain a "curve" if every system of 
values which satisfies the k-\ equations constituting the curve, 
satisfies also the /<; — 2 equations constituting the surface. Thus, 
in the case of four variables, three equations Z7=0, F=0, W=Q 
constitute a curve, and the two equations U=0, V=0 con- 
stitute a surface which evidently contains that curve. 
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Now a system of k quantics in h variables, in general, as we 
have seen, intersect in a definite number of points, that number 
being the product of the orders of the quantics. But it may- 
happen that they may have an infinity of points common, 
these points forming a " curve" in the sense in which we have 
already defined that word. Besides that curve they will have 
ordinarily a finite number of points common, which it is our 
object now to determine. Let us take, for example, to fix the 
ideas, the ca-se of four independent variables ; and suppose that 
we have four equations of the form 

U =Au -^-Bv +Cio =0, 

V=A'u +B'v +Cw =0, 

W=A"u +B"v + C"w=0, 

Z =A!"u + B"'v{ C"'w = 0. 

We suppose the degrees of U, V, W,Z to be I, m, n^p ; of «, v, w 
to be X, yii, v; and A, B; A\ B\ &c. are therefore functions of 
the degrees Z — X, I — fj-; m — X, m— fi, &c. Now, evidently, 
these equations will be all satisfied by every system of values 
which make u = 0, v = 0, w = 0', and these equations not being 
sufficient to determine " points," will be satisfied by an infinity 
of values of variables. In other words, the four quantics U, V, 
W, Z have a common cui've uvw. And yet Z7, F, TF, Z may 
be satisfied by a number of values which do not make m, v, w 
all =0. It is our object to determine this latter number; and 
our problem is, When a system of quantics has a commpn curve, 
it is required to find how many of their Imnp &c. points of 
intersection are absorbed by that curve, and in how many points 
they intersect not on that curve. 

257. Let us first consider the curve formed by i — 1 of the 
quantics; for instance, in the example we have chosen for 
illustration, the curve TJVW. Now evidently a portion of this 
curve is the curve uvw^ but there are besides an infinity of 
points satisfying WW which do not satisfy m, t), w. We speak 
then of the curve UVW, as a complex curve consisting of the 
curve uvw and a complementary curve. Now the order of a 
complex curve is always equal to the sum of the orders of its 
components. For by definition the order of the complex. curve 
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UVW is the number of points obtained by combining with the 
equations of the system an additional one of the first degree : 
that order being in the present case Imn. And evidently, since 
of those Imn points X/iv lie on the curve uvw, there must be 
Imn — \fiv on the complementary curve. 

The two curves intersect in points whose number ^' Is easily 
obtained. For evidently all points which satisfy the three 
equations 

Au + Bv + Cw = 0, A'u + B'v + C'w = Q, A"u + B"v-i- C"w = 0, 

and which do not satisfy u, v, w ; must satisfy the determinant 



A, B, C 




A', B', C 




A", B", C" 


= 0, 



the degree of which is l+m + n — \ — /i— v. The intersection 
of this new quantic with uvw gives all the points in which 
UVW meets the complementary curve. We have therefore 

i=X/xv {l + m + n — \ — /i—v). 

258. To find now the number of points common to UVWZ, 
we have to consider the points In which the curve WW 
meets Z; and It Is required to find how many of these are not 
on the curve uvw. But since uvw is Itself a part of the curve 
UVW, It is evident that the points required are contained 
among the p [Imn — Xfiv) points In which the complementary 
curve meets Z. And from these points must be excluded the 
i points In which the complementary curve meets uvw. Using 
then the value given in the last article for «, we find, for the 
number which we seek to determine, 

Imnr - Xfiv [l + m + n-]- r) + Xfiv (X + fi + v), 
We shall. state this result thus, that If k quantics of orders 
?, m, n, p, &c. have common a curve of order a; then the 
number of points which they will have common in addition to 
this curve Is less than the product of the orders of the quantics 
by a{l + m + n + &c.) — ^, where /3 Is a constant depending 
only on the nature of the curve and not involving the orders 
of the quantics. We shall call this constant the rank of the 
curve. We have seen that when the curve is given as the 
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intersectloa of quantlcs m, w, w, the order is Xfiv and the ranfc 
Xfiv [X + fi + v). 

We saw, in the last article, that if the intersection UVW: 
consists of two complementary curves whose orders are a, a', 
and whose ranks are /3, (8', the number of points In which the 
two curves intersect is a (Z + m + w) — /3 ; and by parity of 
reasoning It is a' [l + m + n) — jQ'. Hence the orders and ranks 
of the two complementary curves are connected by the equa- 
tions a+a! = lmn^ ^ — ^' = {a,- a!) [l + m + n), 

259. Next, let us consider the case where the quantics have, 
common two or more distinct curves uvw, u'v'w', &c. Let the 
intersection for instance of UVW consist of the two curves 
UVW, u'v'w', and of a complementary curve a" ; then, in the first 
place, the order of a" Is evidently Imn — Xp,v — X'/jfv'. Secondly, 
we have seen that uvw meets the remaining intersection of 
UVW in points whose number is 

Xfiv {l+m + n — X — fi — v). 

If then { of these lie on u'v'w' (that is to say, if uvw, u'v'w' 
intersect In i points) there must be on the complementary curve a" 

Xfiv {l + m + n-X — iJ, — v)—i. 

And in like manner a." meets u'v'w' in 

X'/i'v [l + m -{■ n — X' — fi' — v') - i points. 

As before, then, the number of points on neither curve in 
which a" meets any other quantic ^is 

{Imn — Xfiv — 7JfJtIv')p - Xfiv'{l +m + n-X- /i+v) 

- X'fi'v {l+m + n-X'-fj,'-v') + 2*,. 

or Imnp — {X/iv + X'fJ-'v') (Z + m + w + p) + Xfiv {X + /i + v) 

+ X'fi'v'{X' + /i' + v') + 2l 

Thus, then, the diminution from the number Imnp effected 
by a complex curve Is equal to the sum of the diminutions 
effected by the simple curves less double the number of their 
points of intersection. The same holds no matter how many; 
be the curves common to the quantics: and we may say that, 
when a complex curve consists of several simple curves the 
order of the complex Is equal to the sum of the orders of its. 

a G 
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components ; and the rank of the complex is equal to the sum 
of their ranks increased by double the number of points common 
to every pair of curves. 

260. We give, as an illustration of the application of these 
principles, the problem to determine how many surfaces of the 
second degree can be described through five points to touch 
four planes. Let 8j T, U, V, W be five surfaces passing 
through the five points, then any other will be of the form 
aS+^T+yU+SV+zW; and the condition that this should 
touch a plane will be a cubic function of the five quantities 
a, ^, 7, S, s. We are given four such equations, and it is 
required to find how many systems of values can be got to 
satisfy them all. If the four equations had no common "curves," 
the number of their common "points" would be 3" or 81. But 
the existence of common curves may be seen in this way. The 
condition that a surface of the second order should touch a 
plane vanishes identically when the surface consists of two planes. 
Let us take then for 8 and T two pairs of planes passing 
through the five given points, ;S'=(123) (145), r= (123) (245) ; 
then, evidently, the condition that aS+^T+r^U+BV+zW 
should touch any plane whatever, must be satisfied by the sup- 
position 7 = 0, S = 0, s = 0. This "curve," then, which is of 
the first degree, will be common to all four quantics. And, if 
if we call this the line (123) (45), it is evident, by parity of 
reasoning, that the quantics have common ten such lines 
(124) (35), &c. Now if, as before, we take 8 as the system of 
two planes (123) (145), T= (123) (245), and take U= (145) (234) ; 
then, while the line (123) (45) is denoted by 7 = 0, 8 = 0, s = 0, 
the line (145) (23) is denoted by ^S = 0, S = 0, e = ; and these 
two lines intersect, being both satisfied by the common values 
^ = 0, 7 = 0, S = 0, e = 0. And, in like manner, (123) (45) is 
intersected by (245) (13), (345) (12). Thus then the ten lines 
have fifteen points of mutual intersection. The rank of a single 
curve of the first degree being got by making X = fi — v=l in 
the formula "kfiv (X + fi + v) is three. Hence the rank of the 
entire system is ten times three increased by twice fifteen or 
is 60. And the number of points which satisfy the four 
quantics is 81 - 10(3 + 3 + 3 + 3) + 60 or is 21. 
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261. We have shown, Art. 249, how to determine the order 
of a system of determinants, the number of rows and columns 
in whose matrix differ by one. We shall now show how, when 
such a system represents a curve, to determine the rank of the 
curve. Commence, as before, with the simple case 

M, V, w 

m', v', w' 

and we see that the intersection of uv' ■ 
complex curve, consisting of the curve mm' and of the curve 
with which we are concerned. And knowing the order and 
rank of mm', we find the order and rank of the other curve. 
Knowing these again, we obtain, in like manner, the charac- 
teristics of the curve represented by a system with four columns 
and three rows, and so on, step by step, until we arrive, by in- 
duction, at the result that the general expression for the rank is 

where p, q, P, Q have the same meaning as In Art. 249, and 
i?, r are the sums of the products in threes of the quantities 
a, b, &c., a, y8, &c. For we have seen, Art. 258, that the rank's 
of two complementary curves which together make up the 
intersection of two quantics whose orders are /a, v, are con- 
nected by the equation /3 — )S'= (a — a') (/i + v). And we saw 
(Art. 249) ihat the intersection of two quantics whose orders 
are p + F—a, p + F—b, is made up of the curve whose order 
is a =p' — q +pP+ Qj and of the curve of lower order for which 
a' = F''- Q+pP+q—p' {p + P)+q', where we have writteii 
p' = a + b, q' = ab. Now to find, by the formula of this article 
assumed true, the rank of the lower system, we are to write for 
the new B, the old r ; and for the new r, 

B-p'Q + {p--q')P-{p--2p'q'). 

We have, then, after a little reduction, 

^' = (P^ +pP+ q) (2P+p) - Q (3P+ 2^) + P -f r 

-p'{P+p){^P^p)+2p-{Q-q)+f{P+p)+2^{P+p)-pq. 

To this value of /3' add (a - a') {ix + v); that is to say, 

[f^p + 2{Q~q)+p'{P^p)-^][2P+2p-p-), . 
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and the result is the value already given for ^8. As then the 
formula can easily be verified for the case of two rows, it is 
true generally. 

262. Let us next consider such a system as 

a, b, c, d, e, f 

a', b', c', d', e', /' 

a ^ d J c y d ^ e ^ f 

a , b , c , d , e , J , 

where the number of columns exceeds the number of rows by 
two; and let us examine the order of the restricted system 
•common to all these determinants. Now any three of these 
iad'e"/'"), {bd'e"f"), {cd'e"f") have common the curve 

£?j d'^ d' , d" 

/, /', /", /" 

If then I, m, n be the order of the three determinants ; a, /8, 
the order and weight of this curve, the determinants intersect 
in points not on this curve, in number 

Imn — a (Z+ ml m) + 18. 

But if we represent the orders of the several functions in the 
same way as in Art. 249, it is easy to see that the degrees of 
the three determinants are P+p~b—c^ P+p- c—a, P+p—a-b', 
BO that if we write a + b + c =p\ be-]- ca + ab = q', abc = r', we 
are to substitute for hnn, 

{P+pY - 2p {P^pf + {P+p) [p- + g') - (yg' - r') ; 

and for Z+»n + «, 3P-{- Sp — 2p'. The order and rank of the 
curve, a and /S, are found from the formulae of Arts. 249, 261, 
by writing for P, Q, and P, p, q, and r ; and for p, q, r re- 
spectively 

P-p\ Q-Pp'+p'^-^^ E-p-Q+{p''-^)P-[p"-2p'^ + r'). 

We find thus, as before, 

a = P'-Q -\-pP^ q -p' (P +p) + 2', 

j8 = (P» +pP+ g) (2P+^) - <2 (3P+ 2^) + 5 + r 

-P' [P+P) i^P+P) +¥{Q- i) +P'° (-P+i') +22' {P^p) -p'c[-r'. 
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Add, then, to the value of /S just found the value given for 
Imn - a (Z + w + «), and we find the required result, viz. 

If the several rows are of the same degrees, that is, if a, /8, &c. 
all = 0, then the order of the system is R. 

The correspondence of this result with that of Art. 249, 
may be made more manifest by writing the symmetric func- 
tion a" + a/3 + /S" -h &c. p, ; a' + a'/8 + a/3' + /S" + &c. pj, &c. then 
the result of Art. 249 is C+i^-PH-i^a, and of this article is 
5 + j9 ^ +^jP +^g. And we are led by induction to the con- 
clusion, that the order of a system where the columns exceed 
the rows by three will be 8-\-pB,-\-p^Q-\-p^-\-'p^^ and so on 
generally. I have not actually carried the calculation further 
than the case considered in the present article, but the following 
articles will show how the process here used can be extended 
to the higher cases. 

In all cases the weight of the system may be deduced from 
its order by the rule already given. 

263. The formula of the last article may be applied to 
calculate the order of the system of conditions, that the equa- 
tions af + &c., dt + &c. may have three common roots. The 
conditions are formed by a system of determinants, the matrix 
for which Is formed .as in Art. 252 ; save that the line a, &, c 
is repeated « — 2 times, and the line a', &', c', to — 2 times. 
The matrix consists of to + w — 2 columns and to + n — 4 rows. 
The order of the system then calculated by the last article is 
found to be 

jifn-l) (w-2) ,. to(to — 1)(to-2) », ., ,,, „, , „. .„ 
"lS ^+ 1.2.3 ■V+i(«-l)(«-2)(«*-2)\V 

+ ^(TO-l)(TO-2)(ra-2) V + ^(OT-l)n(w-l)(n-2)\'a 
H-^ (w-l)m(TO-l)(Hi-2)^'a+^(m-2)(w-2) {»i(n-l)+w(TO-l)}\/ia 
+ {-iw(w-l)(m-2)m(TO-2) + jM(n-l) («-2)} a"X- 
+ {^TO(TO-l)(TO-2)w(re-2) + |M(TO-l) (jre-2)}a> 
+ ^m(TO-l)(m-2)m(/i-l)(w-2)a'. 
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In the case where we have a = 0, \ = /i = l, this reduces to 

|- (wi-h w — 2) («? 4 w — 3) (m + w — 4). 

The weight of the system, found by the same process as 
before, Is 

^n {n - 1) (w - 2) W + ^m (m - I) (m - 2) /^V 

4 (n-l )(«-2)(«i-2)(V\'+^\V)+(»w-l)(»w-2)(w-2)(\/i/+^/*'\') 

+ {m-l)n{n - 1) (w - 2) (W'a + ^ W) 

+ (w - 1) 7» (ot - 1) (m - 2) (/i/t'a + ^/xV) 

+ ^ (jn — 2) (n — 2) {2mn -m—n] [\fi'a. + X'fia. + X/ia') 

+ {4« [n - 1) (w - 2) m (m - 2) + ^n (« - 1) (n - 2)} (aV + 2aa'\) 

+ {^m [m - 1) (to - 2) m (« - 2) + ^»i (m - 1) (ot - 2)} («>' + 2aa» 

+ J»i (w - 1) (ot - 2) n (n - 1) (w - 2) aV, 

264. The next problem we investigate is when a system 
of quantics have a " surface" common, to find how many of 
their points of intersection are absorbed by the common surface. 
We mean by the order and rank of a surface, the order and 
rank of the curve which is the section of the surface by any 
quantic of the first degree. Thus, consider the case of five 
independent variables, then a system of three equations con- 
stitutes a surface, and If their orders be \, fi, v, the order of the 
surface will be Xfiv, and its rank Xfiv (\ + /t + v) ; these being 
the order and rank of the curve got by uniting with the given 
equations an additional one of the first degree. 

N9W, first let k — 1 quantics have a surface in common, 
whose order and rank are a, /3; they will also in general 
have common besides a complementary curve whose order is 
readily found. For join with the given quantics another of 
the first degree, and we then have a system of k* quantics, 
having a curve common, and therefore by Art. 258 intersecting 
in Imnr — a{l+m + n + r)+^ points besides. But these are the 
points in which the quantic of the first degree meets the 
complementary curve, and therefore this is the order of that 
curve. 

* To fix the ideas we take A = 5 in the next article. 



OKDEE OF BESTEICTED SYSTEMS OP EQUATIONS. 231 

265. Next let us investigate the number of points in which 
the surface and complementary curve intersect each other. 
Let Uj V, W, Y be respectively of the forms 

Au +Bv +Cw =0, 

A'u +B'v +G'w =0, 

A"u-\B"v +G"w =0, 

A"u + B"'v + G"'w=Q. 

Then the points common to Z7, F, TF, Y which do not make 
M, v, w = 0, will satisfy the system of determinants 

A, A', A", A'" 

B, B', B", B'" 
G, G', G", G'" =0. 

But since A is of the order l—\,Bo{ the order l — fi, A' of the 
order m — \, &c., it follows (Art. 249) that the order of the set 
of determinants is Q—pP+p^, where P and Q are the sum 
and sum of products in pairs of I, m, n, r, where ^ = \ + /* + v, 
and p^ = >J' + fJb' + v^-\-\iJ, + fiv + vX. If now we combine this 
system of determinants (equivalent to two conditions), with 
the 7c — 2 conditions which constitu||,e the surface, we determine 
the points common to the surface and complementary curve. 
And their number is the order of the system of determinants, 
multiplied by Xfiv. Writing then, a and ^ for the order and 
rank, of the surface X/mv, Xfiv (X + /t + y), and denoting by 7 the 
new characteristic Xft,v{X' + fj/' + v'-{-Xfi + /Ji,v + vX), -which, we 
may call the class of the surface, we find 

266. If then we have an additional quantic Z also con- 
taining the given surface, and if it be required to find how 
many points not on the surface are common to all h quantics, 
these will be evidently the points of intersection of the com- 
plementary curve with Z, less the number of points of intersec- 
tion of the complementary curve with the surface. If then 
Z, TO, «, r, s be the orders of the quantics, the number sought 
will be got by subtracting from 

s [Ininr - a (Z + m + w + r) + /8}, 
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the number 

a {Im + ln + mn + Zr + wr + wr) — /3 (Z + m + « + »•) + 7. 

And the difference is 

Irnnrs — 0iQ + ^P— 7, 
which is the formula required. 

267. Next let us consider the case where a system of 
quantics have common not only a surface, whose characteristics 
are a, j8, 7, but also a curve, whose characteristics are a', /8', 
intersecting the surface in i points. As before, consider first 
^ — 1 of the quantics. Their intersection we have seen con- 
sists of the surface and of a complementary curve, whose order is 
Imnr — a (Z+ m + w + r) + /8. 

And if the complementary curve be itself complex, consisting 
in part of the curve a', and also of another curve, whose order 
is a", we have evidently 

a" = Imnr — a (Z + m + n + r) + /3 - a'. 

The points therefore which we desire to determine are got by 
subtracting from the a"s points of intersection of the curve a" 
with the remaining one of the given system of h quantics, 
8 + S' where S is the number of points in which the curve a" 
meets the surface (a, yS, 7), and 8' is the number of points where 
it meets the curve. But we know 8, since we know, by 
Art. 265, the number of points where the surface is met by 
the entire curve complementary to it; and therefore have 
8 + z = a [Im + ?w 4 &c.) - ^[l + in + n + r)+<y; 

and we know 8', knowing, by Art. 257, the number of points 

in which. the curve a' is met by the entire curve complementary 

to it, and therefore have 

8' + 2;=a'(Z + m + w+r)-/3'. 

Substituting the values thence derived for 8 and 8' in a"s— 8— 8', 

We get 

Imnrs - a ^ + /SP- 7 - aT4 ^' + 3t. 

In other words, the diminution from the number Imnrs pro- 
duced by curve and surface together is equal to the sum of 
their separate diminutions lessened by three times the number 
of their common points. 
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268. This result may be confirmed by supposing one of the 
quantics to be a complex one Z'Z"^ where Z' contains the 
common surface, and Z" the common curve; and the degrees 
of Z, Z" ar» s\ s". Then the quantics U, V, W, Y, Z, by 
Art. 266, have common points not on the common surface 

Imnrs' — a{s' (I-i m + &c.) + lm + mn + &c.} + ^[s'+l+m+&c.)—y. 

But among these will be reckoned the aV points in which 
the common curve meets Z', deducting however the i points 
common to the curve and surface. To find then the number 
of points UVWYZ' which lie on neither curve nor surface, 
we must deduct from the number last written a's'^i. 

Consider now the intersections of U, F, W, Y, Z" \ these 
are a system of quantics having common two curves inter- 
secting in i points ; viz. the given curve a', and the curve of 
intersection of the common surface by Z'\ whose order will be 
as", and whose rank will be as" {\ + [jl + v + s"). The number 
of points VVWYZ" which lie on neither curve nor surface 
will be 

Imnrs" - (a'+as") {l+m+n+r-\- s") 4- /3' + as" (\ + ^ + f 4- s") + 2i. 
Adding, and writing s for s' + s", we get 

Imnrs - a § + j8P- 7 - a'P+ /3' + Zi, 
as in the last article. 

269. We next suppose the quantics to have common two 
surfaces having i points of intersection. The method would 
be the same if there were several surfaces. Let the last 
quantic be a complex one, consisting of Z' which passea 
through the first surface and Z" which passes through the 
second. Then the system Z7, F, TF, F, Z\ have common the 
surface X^v and the curve X'/t'v's', which have * points common, 
and they will therefore intersect in points which lie on neither 

Zwiwrs' - \/iV {(Z+ «i + w 1 »•) s' + Zj» + &c.} + ^ (Z+ jre + w + »• + s') 

- 7 - \> VV (Z + wi + M + »• + «') + '^V"'*' (^' + /*' + v' + s') + Si 

In like manner the points common with Z" are 

Imnrs" - Xfivs" {l+m + n + r + s")+ Xfivs" (\ + /* + v + s") 

-\'lj:v'{{l-i-m + n + r)s" + lm + &c.}+^'{l+m + n+r + s"] + 3t. 

HH 
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Adding which we have 

Imnr [s' + s") - [X/j,v + X'ljfv') {{l + m + n + r){s' + s") + lm + &c.} 

+ (iS + /S')(Z + m + »H-r + s' + s")-7 + 6t-7'- 
In other words, the combined effect of the two surfaces is 
equal to the sum of the effects of the surfaces separately con- 
sidered, diminished by six times the number of their common 
points. When there are only four variables, two surfaces 
always must have common points of intersection. 

270. Lastly, let the two surfaces have a common curve 
whose order and rank are a", /S". Proceeding, as in the 
last article, we find that the system UVWYZ' have common 
indeed the surface Xfiv; and the curve X'/i'v's. But since 
this curve is a complex one, consisting in part of the curve 
a", i8" which lies on \/iv, we are only to take into account 
the complementary curve which, by Art. 259, has for its order 
X'fi'v's — a", while its rank is 

yS" + (\y v's' - 2a") (\' + / V v' + s") ; 
and the complementary curve intersects a"/3" in 
a" (V + /x.' + v' + s'] - /3" points. 
The number of intersections is therefore 
Imnrs' — Xnv{{l + m + n + r) s' + lm + &c.} +^(l+m+n+r ■]■$') —7 

- (\y j/V -OL"){l + m + n + r + s') 

+ /3" + {X'fiVs' - 2a") (\'+ /i'-f v' + s') + 3a"(\'+ /*'+ v'+ s') - 30". 

Similarly the intersections for UVWYZ' are 

Imnrs" -X'im'v' {{l+m,+n+r)s"-\-lm-[- &c.] + 0'{l+m+n-\-r+s")-y' 

- {X/ivs" -a"){l+m + n + r + s") 

+ fi" + {\fivs" - 2a") {\ + /i + v + s") + 3a" {X + /J. + V + s") - 3)8". 
Adding, we have 

■ hnnr [s' + s") - [Xfiv + Xfi'v) {{l+m + n + r) (s' + s") + lm + Scc.} 
+ {fi + 0' + 2a."){l + m + n + r + s' + s") 
-y-y' + a"{X + /i + v+X' + fi' + v')-4.0". 

In other words, the two surfaces make up a complex surface, 
whose order is the sum of their orders, whose rank is the. sum 
of their ranks increased by twice the order of the common 
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curve, and whose class is the sum of their classes increased by 
four times the rank of the common curve and diminished by 
a"{\ + /jL + v + X' ■{■ti'+ v). 

We must leave untouched some other cases which ought to 
be discussed in order to complete the subject; in particular 
the case where the surfaces touch in points or along a curve. 
The cases examined suffice to enable us to ascertain the order 
of a set of determinants in whose matrix the number of columns 
exceeds that of the rows by three. Taking four determinants 
of the system we find that they have a surface common ; and 
by determining the three characteristics of that surface and 
applying the formula of Art. 265, the order of the system can 
be obtained, 

271. We come now to the problem of finding the order of 
the system of conditions that three ternary quantics should 
have two common points. The method followed is the same 
as that given by Mr. Cayley for eliminating between three 
homogeneous equations in three variables, and which we have 
explained (Art. 90). Let the three equations be of the degrees 
I, m, n. Multiply the first by all the terms ic"^"-', yx'^""*, &c. 
of an equation of the degree «i + n — 3, the second in like 
manner by all the terms of an equation of the degree w + Z — 3, 
and the third by all the terms of an equation of the degree 
l+m — S. We have thus in all 
^{tn+n-l){m+n-2)+^{n+l-l){n+l-2)+^{l+m-l){l+m-2), 

equations of the degree l+m + n — S; from which we are to 
eliminate the l{l + m + n-l) (l + m + n-'i) terms ce'^""^""', &c. 
But as it has been shewn, in the place referred to, the equations 
we use are not independent but are connected by 

l[l-.l)[l-2) + ^{m-l){m-2) + ^^{n-l)[n-2) 

relations. Subtracting then the number of relations, the number 
of independent equations is found to be one less than the number 
of quantities to be eliminated ; and we have a matrix in which 
the number of columns is one more than the number of rows, 
the case considered in Art. 249. But, as was shewn, Art. 89, 
when we are given a number of equations connected by rela- 
tions, the determinants formed by taking a sufficient number of 
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the equations, require to be reduced by dividing out extraneous 
factors, these factors being determinants formed with the co- 
efficients of the equations of relation. If then, in the present 
case, we took a sufficient number of the equations and deter- 
mined the order by the rule of Art. 249, our result would require 
to be reduced by a number which we proceed to determine. 

272. Let us commence with the simplest case where we have 
h equations in k variables, the equations being connected by a 
single relation. To fix the ideas we write down the system 
with three rows 



<'1 


h 


c 


X 


«', 


i\ 


c' 


V 


a". 


b", 


c" 


\" 



where we mean to imply that the quantities involved are con- 
nected by the relations 

\a + Va' + X"a" = 0, \6 + \'&' + \"&" = 0, Xc + XV + \"c" = 0. 

We also suppose that Xa, X'a', X"a" are of the same order, so 
that the orders X + a = X' + a' = X" + a". Now let us, in the first 
place, suppose that the two first equations are in the simplest 
form, and that X" = — 1. The true order then is that determined 
from the first two equations ; that is to say, if we indicate the 
<»:ders, as in Art. 249, Q+P(a+/3) + a^+/S'''+a;S, Now suppose 
that we had omitted the first row, the order deduced from the 
second and third, would be Q + F{^ + y) -t 0' + </-{■ ^y- which 
we see, in order to give the true order, requires to be reduced 
hy (7 — a) (P+a + /8 + 7) ; in other words, by the order of X 
multiplied by the order of the determinant obtained from the 
three equations. And the general rule to which we are thus 
led is : Leave out one of the rows and determine the order of 
the remaining system by the rule of Art. 249 ; from the number 
so found, subtract the order of the determinant formed from all 
the equations, multiplied by the order of the term in the relation 
column belonging to the omitted row. It is easy to verify, that 
we are thus led to the same result whatever be the omitted 
row. Thus 
Q + P(a + ^) + a'' + /3' + ay3-X"(P+a + y3 + 7) 

= g + P(/3 + 7)+^-' + 7»H-^7-X(P+a + ^ + 7), 
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since the orders \ — \" = 7 — a. 

And our result may be written in a symmetrical form If we 
write A for the common value of X + a, V + jS, X" + 7, when 
it becomes 

<2 + P(a + iQ + 7) + a' + /3'+7'+/37 + 7a + a/8-^(^+a+/8+7), 
or <2 + PjP+p=-2-^{P+p). 

273. And, generally, if there be any number of relation 
columns, I have been led by a similar process to the following 
result : Let the terms in the relation columns be \, X', \", &c. 
/It, /*', )i*", &c. V, v', v", &c. ; then we must have 

X + a = \'-f /S', &c., /i+a = /*' + /3', &c., v + a = ]/' + /3', &c. 

Let A^ 5, G denote the common values of these sums, and let 
P', 01 denote the sum and sums of products in pairs of the 
quantities -4, 5, C; then the order of the system is 

e + i^ +P'' - 2 - P' (P+i?) + «'. 

This result may be stated as follows, in a way which leads 
us at once to foresee the answer to some other questions that 
may be proposed as to the order of systems of these equations. 
In the case we are considering, the entire number of columns, 
counting the relation columns, is one more than the number 
of rows ; and the order of the system is that given hy the rule 
of Art. 249, if we give a negative sign to the orders in the re- 
lation columns. In like manner, when the number of columns, 
counting the relation columns, is equal to the number of rows, 
the system, by Mr. Cayley's theorem, represents a determinant 
whose order is that which we should obtain by calculating 
the order of the entire system considered as a determinant, 
the orders in the relation columns being taken negatively. And 
so no doubt if the entire number of columns exceeded the 
number of rows by two, the order of the system would be found 
by the same modification from the rule of Art. 262. 

274. Let us now apply the rule just arrived at to the 
problem proposed in Art. 271. We suppose that in the three 
ternary quantics the coefficients of the highest powers of x, 
viz. a;', a!**, a;" are of the orders X, /*, v; those of ai'^'y, a:'~'» 
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are of the orders X + a, X + a', and so on, the orders of the 
coefficients increasing by a for every power of y, and by a' 
for every power of z. Then the terms in the first column 
consist first oi ^{m, + n—l){m + n — 2) terms whose orders are 
\ ; X — a, X — a' ; \ - 2a, X — a — a', X — 2a', &c. ; secondly, of 
•^(n-f Z— 1) (« + Z — 2) terms whose orders are /*, /* — a, /* — «', 
&c., and thirdly oi ^ (l+m — l) (l + m -2) similar terms in v. 
These may be taken for the numbers a, ^, 7, &c. of Art. 249. 
The numbers a, b, c, &c. of that article are 0, a, a! : 2a, a + a', 
2a', &c., there being in all ^{l + m + n — 1) {l + m + n—2) such 
terms. Lastly, the numbers A, B, C, &c. of the last article are 
found to consist of ^ (?—])(?— 2) terms, fi+v, /i+v— a, /M+v—a'j 
together with ^ {m — 1) [m — 2) and ^ {n— 1) (n — 2) correspond- 
ing terms in v + X- and \ + /(*. In calculating I have found it 
convenient to throw the formula of the last article into the shape 

where s^ denotes the sum of the squares of the terms a, b, c, &c. 
Also if ^ (X) = Al^ + Bl' + or -t-Dl + E, it is convenient to take 
notice that 

4>{l+m+n)i-^{T) + <f>{m)-\-<p[n)-<j){l-[-'m)-(p{m+n)-^{n-^l) 

= UAhnn {l + m + n)-{- &Blmn + E. 

I have thus arrived at the result, that the order of the system is 

^mn (mn - 1) X" + ^nl [nl — 1) /*'■' + \lm (Im-l) v' 

+ [{nl-l) (Im-l)-^ {I- I) (1-2)} fiv 

+ [{Im - 1) {mn -l)-^{m-l) {m-2) v\ 

+ {{nl- 1) {nm -1) -\{n-l) {n- 2)} X/t 

+ mn\ {Imn — Z + 1 — ^ (m + n)} (a + a') 

+ nl/j, {Imn — m+l — l {n + l)] {a + a) 

+ Imv {Imn — n + l — ^{l-\- m)} (a + a') 

+ ^I'mn{lm.n—l—m—n+2) {(x'+a!'^) -^ ^lmn{2lmn—l—m—n+ 1) aa! . 

If the order of all the terms in the first equation be \, in 
the second (i, in the third v, we have only to make a and a' = 
in the preceding formula. In this case, supposing \ = ^ = j/ = 1, 
and Z= OT = «, the order becomes fw {n — l){n^ + n- 1). 
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LESSON XIX. 

APPLICATIONS OF SYMBOLICAL METHODS. 

275. In this Lesson, which is supplementary to Lesson XIV., 
■we wish to show how the symbolical notation there explained 
affords a calculus by means of which invariants and covariants 
can be transformed, and the identity of different expressions 
ascertained. The basis of the whole, as applied to binary 
quantics, is the following identical equation: Let D^ denote 

a T — I- V T— 1 and as before let 12 = ^ =— — 5 5— , then it 

ctoj ^ dy^ dx^ dy^ dx^ dy^ 

IS easy to verify that, identically 

i),23+X>,"3i+i)3i2 = 0, [A\ 

for on expansion the coefficients of x and y separately vanish. 
To illustrate the use to be made of this equation, we write out 
the first application we make of it in greater fulness of detail 
than we shall think it necessary to do afterwards. Squaring 
equation A^ which may be written D^'ih = D^^ — D^12^ we get 

2Z>,i>,12.r3 =Z);''13' + i>3'12"'-Z>/23'' {B). 

In this form the equation is true, even if the functions CT, Z/^, C^, 
supposed to be operated on, are all different in form. But the 
case which we shall exclusively consider in this Lesson is when 
we are forming derivatives of a single function ?7, with which 
C^, C^, ZJg all become identical when their suffixes are sup- 
pressed. And in this case we have seen (Art, 149) that 
i)/23*, -0/31", D^^12^ are all only different expressions for the 
same thing. Hence, equation B becomes 

2)/l2'' = 2i>,Z>3l2.13. 

Now, by the theorem of homogeneous functions, the operation D 
performed on any function only affects it with a numerical mul- 
tiplier. On the left-hand side of the equation, since B^ only 
affects U^ which is not there elsewhere differentiated, that mul- 
tiplier is m(m — 1); on the right-hand side i?^, D^^ each- affect 
functions which have been once differentiated besides; and 
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therefore, introduces the numerical multiplier « — 1 ; conse- 
quently, if we expand the equation 2i)jZ>3l2.13 = I>3"12', drop 
suffixes, and divide both sides by 2 (w — 1), we get 

(d'U fdU^ „ d'U dUdU d'U /dUV] 
^ ' \dx^ \dy ) dxdy dx dy dy^ \dxj) 

\da? dy' \dxdy) J ' 

276. It will be observed, that whenever by transformation 
the number of figures in the symbol is diminished, it shows that 
the quantic U is itself a factor in the derivative. Thus, in the 
example chosen, we proved that 12.13 differs only by a numeri- 
cal factor from 12". But as what we operate on is the product 
V^UJJ^^ and as the symbol 12'"' does not affect U^ at all; when 
we drop the suffixes, Z7 remains as a factor. 

277. And in general any symbol may be so transformed that 
the highest power of any factor 12 may be even. For the 
signification of the symbol is not altered if we interchange the 
figures 1 and 2 ; therefore, 

and by the help of equation A the quantity ^j — ^^ can be so 
transformed as to be divisible by 12. Thus, for example, the 
derivative 12". 13, where m is odd, differs only by a numerical 
multiplier from Ti*^'. For 

2 J>,i2'" .13 = 12'" {Z>j3 - Z>j23} = J>,12'^*, 
or if w be the degree of ZJthe function operated on, 
2(w-to)12".13 = w(12)'"+\ 

278. In addition to the identical equation already mentioned, 
we employ another which can be easily verified, viz. : 

12.34+13.42 + 14.23 = (0). 

By the help of these equations we can reduce all symbols to 
certain standard forms, which we denote by special letters, as 
follows: For two factors we take as our standard form the 
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Hessian 12" which we call H; for three factors 12^,13= (?, 
which is given at length (Art. 152); for four factors 12* = >S' 
(Art. 201), or l2\ 34'' = if" ; for five factors 12*.13=j; or 
i^\T3.^'=GH;, for six factors i^ = A (Art. 236), or 
f2^23^3T=^ (Art. 201), or 12^ 34= . 56''' = ^, and so on. 
The following examples will sufficiently illustrate how these 
reductions are efi'ected. 

279. The first examples which are given, are chosen to 
illustrate the following theorem: "The result of substituting 

in any function U, -j- for x, and — -5- for ?/, is a covariant 

(Art. 157), and is always divisible by U." Let us first see how 
to express symbolically the covariant in question. The given 

function may be written Ix-j- + y -j-\ U. When we make the 

proposed change, each of the n factors which operate on U will 

assume the form -5- -5 t- t" • The required covariant 

ax dy^ ay ax^ ^ 

then -T-ff \-j~) — &c. will be expressed symbolically as the 

product of n factors 12 . 13 . 14, &c. One symbol (that which 
when the product is expanded will give the w'" difi'erential) 
must be the same for every factor. The other symbol in each 
factor must be different, in order that when the multiplication 
is performed, we may have only powers of the first difierentials. 
Writing then 12 . 13 = 5^, 12 . 13 . 14 = Q^, &c., we propose as 
an exercise to express these in terms of the standard forms. 
Q^ has been already calculated (ArL 275). 

Ex. 1. To calculate Q3 = 12.13.14. Multiply equation B by 14, then the first 
two terms on the right-hand side become identical while the last term vanishes, and 

we have 

A-D3 12.13.14 = A" 132.14, or (« - 1) G3 = nGU. 
In general, every symbol can be reduced to a more compact form by substituting 
for every pair of simple factors having a common figure, such aa 12.13, their values 
by equation B, and so expressing the given symbol in terms of others in which this 
pair of factors is replaced by a single square factor. 

Ex. 2., To calculate Q, = 12.15.14.15. Multiply together 

WJ), 12.13 = D,^ 122 + A'' 13^ - A'' 23^ 

2i?,i)jl4.i5 = i),2142.+ A^i52 - Di''45'2j 

II 
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and assembling the identical terms, we have 

4{« - 1)« Qt = A' 232.452 - IDi'i),' 122.452 + 4Z»s2Z>52 122,142 

= - 3» (» - 1) (» - 2) (ts - 3) ff 2J7-+ 4„2 („ _ 1)2 pa 122.135. 

It remains to bring I22.132 to the standard forms. Jlaise to the fourth power 
DiiS=: D^IS — D^, when collecting identical terms, we get 

6i)j2Z)32i22.i32 = 8X>s«i>jl2».i3 - I),*iS*. 

But, as in Art. 277, SJ),W^ i2».13 = iDj' 12*. Hence 

2 (« - 2) (« - 3) {122.132} = n (ra - 1) SU. 

Otherwise thus : We know by elementary algebra that the equation a + i + c = 0, 
implies a* + 6* + c* — 2a2i2 _ ^a'c' — W-<? = 0. Hence, from ^uation A, we have 

75,*23« + i)j*3r« + 2)3*i2* - ID^D^^AX^ - 2D^D^§i\\^ - iD^Wi^n'^aS' 3 

_ W, 

and, as before, W^^D,^ 122.132 = D,n2*. 

We have then 
4 (n - 1)* (« - 2) (re - 3) Qi = - 3« (m - 1) (re - 2)2 (re - 3)2 VH^ + 2n» (re - 1)» U'S. 

It is easily seen in general that when in a symbol 12.13.14,15, &o. we substitute for 
each pair of factors 12.13 by equation iB), the effect is to diminish the number of 
figures which enter into the symbol, and therefore Z7 is a factor. The values of 
Q, and Qe are calculated (Camtrridye and DiMm Matkematical Jowrnal, vol. IX. p. 23), 

Ex, 3, To reduce T2*,i32. Multiply equation (X>) by I22, when we have 

2X)2n"3«.iP + D3* i2»'= 2i)i22)22i22.232.312 + iD^^Dfi¥^S^ ; 

or 2 (re -2) (re -3) (re -4) (re- 5){i2i.l32} = re(ra- 1) (re-2) (re-3).4r/ 

-2(re-4)2(re-5)2r, 

Ex.4. To reduce 122.132,142. Multiply the three equations 

iD^D^Sz = 2)32122 + D^ fP _ 2),2282, 

2D,Dii3.U = DtnW+ D/W - i),2342, 

when, after assembliag the identical terms, and reducing, we have 

6Z)j2D32Z),2]F.i35.i^= - 4i34« 122.232.312 -3Bi2i)222)32l4''.2p + ^D^D^iK^Z'', 

where, as the value of 12*.132 has been already calculated, the value of 122,132,14? 
is determined, 

Ex. 5. To reduce 122.132.3^. We may either by multiplying equation (7)) by 

342 obtain an expression for the derivative in question in terms of i2*.132, and 
122.132.142, which have been already calculated, or else proceed directly as follows. 
Multiply by I42 the product of 

'iD^B^.W- 2)32122 + Du2i32 _ Z»i2232 ; iDJi^Si= D^W + D^m - Df^, 

and we have 

iD^Di^ 12.13,24.34ri¥= 2D^* 122,2^,4p + DiW^W*J^ - 2D2Wfj^M\^^. 

But from equation (C) 

2,lP (12.13.24.3?) =142 (122®! + 132,242 -■i42;232), 



APPLICATIONS OF SYMBOLICAL METHODS. 243 

therefore, the left-hand side of the preceding equation becomes 

and hence reducing, we have 

or 6 (n - 2) (» - 3) mii'.355 -i{n-%{n-S) SH-v 2» {« - 1) TU. 

280. We wish next to show how to form the symbol ex- 
pressing any derivative of a derivative. In the first place it is 
obvious that if we have any function of a3j, a!^, ajg, &c., we shall 
get the same result whether we suppress all the suffixes and 
then differentiate with regard to a;, or whether we take the sum 
of the differentials with regard to »,, a;^, cCj, &c., and then sup- 
press the suffixes. The differential, then, with regard to x 
of any derivative symbol containing the figures 1, 2, 3, &c. 
(such as 12''. 1 3''') is got by operating on this symbol with 

"5 — V -^ — I- -7— ,+ &c. The manner in which other derivatives 
rfcBj dx^ dx^ 

are expressed will sufficiently appear if we take a particular ex- 
ample, and show how to express symbolically the Hessian of the 
Hessian. It will be remembered that the Hessian itself is ex- 
pressed by forming the product of C7| by the same function 
written with different letters C^, and then operating with 
{^iVs— ^iViY where ^,' v denote differentials. To form the 
Hessian of 12^ we form the product 12". 34" and operate on It 

with (?A-|,^,r where |, = ^^ +^^, 1^ = ^^ + ^, &c. 
And thus it is easy to see that the Hessian of the Hessian is 
(13 + 14 4 23 + 24)"12'.34", which expanded is equivalent to 
4 (IP. is'.sT) +4 (12".3?.13.24) + 8 (13.i4.l2'''.3?). 

Or, to take a more complicated example, let us endeavour to 
express symbolically the result of performing the operation 
12" . 23" . 31" on three different functions, the first being the 
Hessian 12", the second being T, or 12". 23". 31", and the third 
the function U itself. Then we must use different figures for 
the two derivatives, and we therefore form the product of 12" by 
3?. 45". 53", and operate on it with 
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Where we are to put for ?„^ + ^; ^^^ ?., ^^ + ^^ + ^J 
and for |g, -r- ; and the symbol required is found by expanding 
(13 + 14+ 15+23 + 24+ 25)''' (36 + 4"6 + 56)' (16 + 26)' 12". U\ 4"5''. 5'3'. 

Ex. To reduce the Hessian of the Hessian to the form aSS + fiTU (see p. 178), 
We have akeady seen, Ex. 5, p. 242, that 12M3''.34^ can be expressed in this form. 
It therefore only remains to prove the same thing for the other terms in the expression 
for the Hessian of the Hessian given in this article. Multiply by 12' the product 
of the equations 

- 2DtDy 13.34 = D/Si' + JP^^ iP - V/ll' ; 

2A-D3 24.34 = Di'S^ + A^aP - D^'iS' ; 
when we have 

- 4Z),i)22)3-D4i2'.342.T3.24 = i)i2-i)j212'.34*'+ 27)327)42 122.i3i.242 - 2D4n22.232.3T2, 

which, putting in for I22.I32.242, its value already found, gives 

- 12 (» - 3)' {i22.342.T3.2i} = 6 (» - 2)2 (» -S)S3- in {n - 1) (» - 2) TU. 

Again, to calculate 122.342.13.14^ ^e have only to substitute for 13.14 from equa- 
tion (B), when we have 

2D3Z>4 {122.342.13.141 = 27)42122.342.132 - i),2 H'.Si', 

and substituting as before, we get 

6 (re - 3)2 {122.342.13.14} = 2» (» - 1) TU, 

by the help of which values the Hessian of the Hessian is expressed in the desired 
form. 

» 

281, It would evidently be convenient if a general sym- 
bolical expression could be given for the result of elimination 
between two equations. When one equation is simple it is 
easily seen (as in Art. 279) that the result of elimination between 
it and an equation of the w'" degree is 12.13.14.15, &c., where 
the symbol (1) relates to the equation of the n'" degree, and the 
remaining symbols to the simple equation. Let us examine 
whether any similar general formula can be found if one equa- 
tion is a quadratic* The result is to be of the second degree 
in the coefficients of the general equation, and of the w'" in 
those of the quadratic; there must be therefore in its symbolical 

* The general formula for the resultant of a quadratic and an equation of the 
»'" degree was given by me in 1853 (^Cambridge and Dublin Mathematical Journal, 
vol, ix. p. 32), The theorem was re-discovered by Clebsoh in 1860, and extended by 
him to the case of a system of any number of equations, one of the second, one of 
the n'", and the rest of the first degree {Crelle, vol, IjVIII.), In this article the formula 
is in Mi, Oayley's notation as originally given ; in Art. 285 I give Clebsch's extension. 
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expression two symbols relating to the m*^° and n to the quad- 
ratic; each of the former symbols being repeated n times, 
each of the latter twice. For distinctness we denote the latter 
symbols by letters, and, writing the first two symbols 1, 2, write 
the others A, B, ... L, If, N. Now we can make different 
sets of 2n factors, each set containing each of the one kind of 
symbols n times and of the other twice. Thus we may have 

(1^) (2 A) {IB) {2B)...{1M) {2M) {IN) {2N), 

{lAy (2iVf {IB) (25) ... {IM) {2M), 

{lAy{lBY{2MY{2N') (1(7) (2 0)... (li) (2i), &c. 

In the first, every symbol A is joined to both of the other 
set of symbols, (1-4) {2A) ; in the second, one symbol A is only 
joined with 1, (1-4)''' ; in the next, two symbols A, B are joined 
only with 1 , (1-4)^ (1-^)") ^^^ ^o °^- Now the following con- 
siderations show how to combine these sets so as to form a 
symbol which will be the eliminant required. Resolve the 
quadratic into its factors, and let a and a refer to the differen- 
tials of the several factors, then the result of elimination is 

(la) {lb) (lc)...(lM) (2a') (25') (2c')... (2«'). 

Butplainly u4 = a-l-a', (1^) = (la)+(la'), {lB) = {li) + {lb'),&c. 
Multiplying and remembering that (la)^, (la) (2a) vanish, since 
if the symbol a occurs twice, it implies that a simple equation 
is twice differentiated, we have . 

{lAy = 2 (la) (la'), (1^) (2^) = (la) (2a') + (la') (2a). 

We shall write the last equation (1^) (2^) = [1, 0]+ [0, 1], 
where the first figure denotes the number of unaccented letters 
combined with 1, and the second denotes the number combined 
with 2. In this notation then 

(1^) (2^) {IB) {2B) &c. ...{IN) {2N) 

= [«, 0]+n[n-l, l]+in («- 1) [n-2, 2] +&c 
Similarly 
{lAf{2N)\lB){2B)...{lM){2M)=i{[7i-l,l]+{n-2)[n-2,2]-]-&c.} 

{lAf{lBy{2My{2N)''{lC){2C) &c. = 16.{[n-2,2] + (M-4) &c.}. 
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The eliminant then which in this notation is [n, 0], Is 

(i^)(2^)&c.-«11^1:M)1&^- 

w(«-3 ) (1^)" (1^)° {my {2Ny &c. 

the coeflScients being those which occur in the expansion of the 
sum of the inverse n'" powers of the roots of a quadratic, the 
next coefficients for instance being 

n{n-4:] {n- 5) n{n — 5){n- 6) [n - 7) 
L2^3 ' 1.2.3.4 ' 

282. The preceding series may be transformed so as to 
proceed by powers of the discriminant of the quadratic. For, 
since (1^) (25) - (IS) (2^) = (12) {AB), we have 

2 (I^) {2A) {IB) (2J5) = (1^)" {2BY + [iBf {2Af - (12)" {ABf 

=2{\Ay(2BY-{i2y{ABy\ 

by the help of which substitution {ABy, which is the discrimi- 
nant of the quadratic, is Introduced. Thus, In the case of two 
quadratics, the formula given by the last article is 

2 (1^) (2^) {IB) {2B) - {lAy {2By, 

which, by the substitution, becomes {lAy {2By - {12y {ABy, 
which is, in other words, Mr. Boole's formula (Art. 191). In 
the case of the quadratic and cubic, the formula of the last 
article is 

4 (la) (2o)(l5) (26) (Ic) (2c) - 3 (la)' {2by (Ic) (2c), 

which, in like manner, becomes 

{lay {2by (Ic) (2c) - {aby {12y (Ic) (2c). 

283. In like manner, It may be Investigated whether a 
general formula can be given for the discriminant of an equa- 
tion. Formula for invariants of the same degree can easily 
be written down. The discriminant is to be of the degree 
2 (w- 1). Take, then, two sets of (w— 1) symbols, 1, 3, 5, &c., 
2, 4, 6, &c., and form a product of m - 1 factors, each factor 
containing one of each set. Thus, when w = 4, we form 
(12) (34) (56) =^. Then by cyclically permuting one of the 
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sets of symbols we form [n — 1) products in all. Thus, for 
w = 4, we have (14) (36) (52) = B, (16) (32) (54) = 0. Then any 
function of the «'" degree of these quantities A^ B, &c., will 
denote an invariant of the same degree as the discriminant. 
The two difficulties in the general theory are, first, to ascertain 
whict of these functions is the discriminant, and secondly, to 
discover the relations which exist between the different in- 
variants which may be so formed, and to find the simplest forms 
to which they may be reduced. Thus, for instance, when n is 
even, it is easy to see that A"=:2''A'^^B; k + 1 being the 
number of factors in the product A. 

In the case then of an equation of the fourth degree, the 
different invariants that can be formed are A*, A^B^, A^BO, 
omitting A'B which we know to be only ^A*. The first problem 
Is to form a combination of these invariants, which will vanish 
identically if the given function be of the form mV, where u 
is of the first degree. To do this, suppose the function to be 
of this form ; substitute for 1, a + a {a referring to v and a to m*), 
for 2, 6 + j8, &c., and examine the effect of this substitution on 
each of the invariants in question. It is obvious that the terms 
in which either a or a enter above the second degree vanish ; 
and denoting by M the condition (aa)", that u should be a 
factor in v, we can find without much trouble that, on this sub- 
stitution, we should have 

A* = 2UM', A'B'' = GGM% A'BC=i2M'; 

and hence that the discriminant may be expressed by any of 
the three equations 

A* ^ A^ ^ A'BG ^ 

36 ~ 4 ~ 7 ' 

284. The methods here explained apply equally to quantics 
in any number of variables. The identical equations principally 
used in the case of ternary quantics are 

1)^123 = D,2U-I>^IM + 1) Ju (E), 

"123.145 + 124.153+125.134 = (F), 

* For tlie reduction of these to the standaxd form, and the deduction thence of 
the ordinary form of the discriminant of a qiiartic, see Cambridge and Dublin Mathe- 
Tuatieal Joimal, vol. ix. p. 33, 
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to which may be added the corresponding equations for con- 
travariant symbols (Art. 156) 

Pi23'=Z),ci23+i?,a3r + 2)3012 (G), 

012.034 + a23".air+ 031.024 = {S), 

where P is ax + ^y + rys. For reasons already given (Art. 183) 
I touch but slightly, in this volume, on those parts of the subject 
which admit of geometrical explanations, and therefore only add 
one or two examples ; referring the reader, for the present, to the 
Cambridge and Dublin Mathematical Journal, vol. IX. p. 27. 

Ex. 1. It has been stated (p. 129) that a ternary cubic baa an inTariant of the 
fourth order 123.12i.234.314. It ia now required to find the symbolical expression for 
another got by operating on the Hessian with the eveotant of this invariant. The 
evectant (p. 129) is 123.<zl2.a23.a31; and the method of Art. 280 requires us now 
to combine with this the additional factor 466^^ and substitute for a, 4 + 6 + 6. And 
as we are to omit any term which contains any of the symbols 4, 5, 6 more than three 
times the required symbol reduces to 

123.124.235.316. 456^. 

Ex. 2. In the theory of double tangents to plane curves, explained, Higher Plane 

Ciirves, p. 81, it is necessary to calculate the result of substituting in the successive 

, dU .dU dU dU ^dU dV , j ^ t, tv *. 

emanants, y -, p -=- , a--= y -5— , p ■-= a -=— , for x,y,z; and to show that 

each result is of the form PnU + ft, (ax + Py + yzf. We shall in this and in the 
next two examples perform the calculation of ftj, Q3, Q4. The symbolical expression 
for the result of substitution, it is easy to see, is al2 . al3 . al4 . al6, Ac. 

Now first to calculate al2.al3, we have only to square equation (G), when we get 

P'TlS^ = ZD^ J[22 - ^DJi^. J137 

Or if we denote the Hessian 123^ by B, and the bordered Hessian'ar22 by G, we have 

6 (» - 1)2712.^ = 3» (» - 1) GU~ P'B. 

Ex. 3. To calculate al2 .^13 . al4. From equation (G) we have 

Multiply by al4, two of the terms vanish identically, and 

- 2 (« - 1)2^7^3 = J^Z^S^."^- In {n - 1) PS2«. S3. 

To prove tha t 123.a23.al4 vanishes identically, we have only to multiply equa- 
tion (ff) by 123, when, since the terms in it differ only by a permutation of the 
figures 1 , 2, 3, each must separately = 0. In like manner, it is proved that 
123 . 023". al4 . al6 is identically = 0. 

285. In the preceding articles I have used exclusively Mr. 
Cayley's notation. To illustrate now the method of working 
with Mr. Aronhold's notation, explained (Art. 158), I give 
Clebsch's investigation of the problem (Art. 281) to eliminate 
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between a system of equations, of which one is of the w'", one 
of the second, the rest of the first degree. To fix the ideas, 
I write only a system of four homogeneous equations in four 
variables, but it will be understood that the method is equally 
applicable to any number of variables. Let the equations then be 

a = a^a;, + a,a;, + a,*, + «,«, = 0, jS = ^^x^ + P^x^ + ^^x^ 4- ^^x^ = 0, 
V = Mj^Xj" + 2u,^x^a>^ + &c. = 0, 

and <^=0, where <p is an equation of the w'" order in aj„ aj^j a^g, a^,? 
which may be written symbolically 

{a^x, + a.pi^ + a^x^ + a^x^"" = 0, 

the meaning of which notation has been explained (Art. 158). 
The method of elimination employed is to solve between the 
linear equations and the quadratic, and substituting in ^ the 
two systems of values found, to multiply the results together. 
Now w6 may in an infinity of ways combine the quadratic with 
±he linear equations multiplied by arbitrary factors, so as to 
obtain a result resolvable into factors : that is to say, so that 

Z7+ (\,a!, + XjCBj + &c.) (a^ajj 4 &c.) + (/t^a;, + &c.) (/3,a3j + &c.) 

= (2'A+&c.)(£,a:, + &c.). 

We shall Imagine this transformation effected, but it will 
not be necessary to determine the actual values of \„ /*„ &c., 
for it will be found that these quantities disappear from the result. 
Taking then the coefficient of any term xfc^ in the quadratic, 
the equation written implies that we always have 

2m,.j + (ai\, + a,\,.) +- (/3../*, + ^8,/*..) =^,.2, +i?i5'.- -..{A). 

Instead then of solving between the quadratic and the linear 
equations, we get the two systems of values by combining with 
the linear equations successively p^x^ + &c. = 0, gjCc, + &c. = 0. 
And by the theory of linear equations th'e resulting values of 
»„ a!j, &c. are the determinants of the systems 
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If then we substitute the first set of values in a^ai^ + &c., we 
get the determinant 



«u 


«2» «8> «4 


Fi. 


Pa Pt^i Pi 


a.7 


a,) «3J "4 


A, 


/5,, ^3, ^4 



which we may write [a^p^oi^^^. The result of elimination then 
may be written symbolically B = {a^pjx^^y" i^SA^i)"' W® ^^^ 
in the second factor the symbol b instead of a, for the reason 
explained (Art. 159), in order to obtain powers of the coefficients 
of ; but it is understood that the b symbols have exactly the 
same meaning as the a, since after expansion we equally replace 
the products a'a''a'a'", b^bWb"^, by the corresponding coefficient 
of <^, a,„„. We may then write the result of elimination in 
the more symmetrical form 

for this after expansion will be only double the former ex- 
pression. 

Let us now write 

{<'iP,^A){»d2<^A) = A 

then B may be easily expressed in terms of A, B, C. For we 
have 

2B = {C+^/{C'-AB)Y+{G-^{C'-JB)}'', 

or i;^0''+ ^(^-^) C-'iG'-AB) 

286. It remains now to examine more closely the expressions 
for A, 5, (7, and to get rid of the quantities p and q which we 
have introduced, so that the result may be expressed in terms 
of the coefficients of the given quadratic. 
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Now A, which is the product of two determinants, may be 
written as a single determinant, 

i {i>&+P,Si)j p,q, , i {pds+P,s,), 4 ip^S4+P£.)i «25 -^2) «. 

4 {Pd^+PS,\ i (M4+PA)> i iPzl&Pd^, P£li J «4» /S4) «4 



«! 


> 


«2 


} 


"a 


) 


«4 


> 


/3. 


> 


/3. 


J 


^s 


} 


/34 


} 


«. 


J 


«» 


J 


«a 


) 


«4 


J 



multiplied however by (— 1)"^^, where m is the number of rari- 
ables, that is to say, in the present case, 4. 

For every constituent of this determinant must contain a 
constituent from each of the last three rows and columns ; it is 
therefore of the first degree in the terms ^,2'j, \{piq^ +i'2S'i)) &"• 5 
and if the coefficient of any of these terms be examined, it wlU 
be found, according to the number of variables, to be either the 
same, or the same with sign changed, as in the product of the 
two determinants. Now in this deterniinant we are to substitute 
from equation (-4), 

4 (i'l?. +P,1,) = «ia + 4 (a>\ + "2^) + 4 (/5i/*2 + ^2^1)? &c- 

But when this change has been made, if we subtract from each 
of the first four rows and columns the a row and column each 
multiplied by ^\„ and the j8 row and column each multiplied 
by 4/*i) the additional terms disappear, and the determinant 
reduces to 

Mn> Wi2» W.3? "uJ «!> /3.) «. 

«21> "22) W23I W24J «2> ^^2) «2 

'>^M «'82> "as? «a4> «3> ^8. «3 
«41) ''ISJ "48> «44> «4l )S4V«4 



a,i Ko' 



^., ^2, ^a, /34 

«.» »2> «a» «4 

Clebsch denotes the above determinant, in which the matrix 
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of the discriminant of a quadratic function is bordered by rows 
and columns, a, /3, &c., by the abbreviation, (see p. 15) 



Va, ^, a) 



the upper line denoting the columns, the second the rows by 
which the matrix is bordered. Thus, then, we find for any 
number of variables 

^ ' \a, j8, ...aj 

In like manner 5 = (- 1)'""^ (^' f " ' ' j) • 
And in the same way 

Now it was proved, Ex. 2, p. 26, that [\^ ~ [h) ~^ \ b) ' 

where A is the discriminant of the quadratic function. And it 
is proved in the same way, in general, that 

/a, ^, ... a\ fa, ^ ... h\ _ [a, jS, ... aV ^ (a, ^, ... a, h\ 

U,A-«Aa,/s, ...&; \a,^,...hj "^U,^, ...«,&; • 

If, then, we call the last written function Z>, we have 
and the formula of Art. 285 becomes 



* The reader -will find some applications of this to geometrical problems in Clebsoh's 
paper [Crelle, vol. LVIII.). In the case of binary quantics, to translate this result into 
the notation we have used, WB must write for C", the product of n, pairs of factors 
lA.^A, 1B.2B, &c., and for D, 12\ I refer also to Clebsch's paper (Crelle, vol. LIX.), 
"Ueber symbolische Darstellimg algebraischer Tormen," for a rule for obtaining a 
.general symbolic formula for the resultant of two binary quantics or for the discrimi- 
nant of a binary quamtic. The method of proceeding is to apply Cayley's form of 
Bezout's method of elimination, explained (Art. 83) to two quantics written sym- 
bolically (fliiCi 4- ^Vz)" (ai»i + a^i)" i but the resulting rule is, as may be expected, 
very complicated. 
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p. 210: 
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- 13032a'ScW>^'' + 

- 2&i0a'bc'cle*fg + 
+ 122i0a''be'd/f 
+ 7026a'Jc''ey 

2835a^bcVfg 

- UbSa'bcVf* 
+ leSa'bcd'fY 
+ 9120a%cd*ey + 

- 28800a'5c<?V/y + 

+ 34560a»ScdVV 

- 13824a'6cc?y° + 
+ 84:00a'bcdVff + 

- 78720a''bcdVfg + 
+ i3200a^bcdVf + 

ISiSa'bcdVg" + 

+ 109800a'Jc£ZV/V + 

- 54840a'JcdV/* 

- i8912a'bcdeYg + 
+ 20il2a^bcdey 
+ 7i88a^bce'g + 
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+ 4608a»J^'ef/ 

- 12288a»6cZyV 
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+ 2160a'5e" + 
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+ 


27545Ve/'y 


— 


2841606'«ZV/V 


- 


1238406VdV^' 


+ 


2l30b'cyY 


— 


737286'<?V/* 


- 


6528006VtZVV 


— 


37206Vc?V 


+ 


2594886'(ZV/9 


+ 


737286Vjy°' 


+ 


i3728jv<?yy 


+ 


2419206'«?V/' 


- 


1365006Vc?V/ 


- 


122406V*;// 


- 


615606'(?Vg' 


+ 14342406VcZV/"5r 


— 


2ie2ib'c'defY 


- 


2805846'iV/'' 


— 


7351566V<iV^ 


+ 


675JVey 


+ 


1268466'cZey 


— 


2786406V<?V/' 


+ 


129G0JVeyy 


- 


196836V'' 


+ 


1632156V<fe'5r 


— 


1944JVeyV 


— 


4416V// 


+ 


1479876V<^ey" 


+ 


SGiObVdY 


+ 


15756V%* 


— 


240576Vey 


— 


432006Vt?Y<7' 


— 


133566V<yy 


— 


2334726*<^'e/9" 


— 


10752bVdyY 


+ 


14586Ve"^'' 


+ 


983046WyV 


+ 


GBOObVdVg' 


— 


24306Ve/y 


+ 


3148806*c<ZV/ 


+ 


usuobVdV/Y 


— 


2diebVfg 


+ 


2488326^6^5' 


— 


41472&V<ZVV 




inoobVdY 


- 


7132806*aZV^ 


— 


Gseioj'cW// , 


+ 


BiSiObYd^g^ 


- 


3456006*aZ*ey' 
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+ 


2131205WeV 


+ 


2484006V£;V/ 


+ 


nuub^cdVf 


— 


1464480SVJV/V 


- 


441936J*(^Vy 


+ 


278640&V(?V/* 


+ 


76545J*cie' 


+ 


3389046VJe'^ 


+ 


mWb*dJ(f 


- 


425256VeV 


— 


921606*<^'ey 


— 


4374&'cV/» 


— 


leeeosZiVe/'^r 


+ 


5l20bVdY 


+ 


331776&Ve'^ 


+ 


GdUUbVd'efg^ 


+ 


1474566W/' 


- 


2007046VcZyV 


— 


101376&W5' 


— 


320000bVdVff' 


— 


3095046*(ZV/' 


— 


161 08806 VJV/'^ 


+ 


179424&*<^V/ 


+ 


34.5600bVd*eh 


- 


318605*JV 


+ n5d680bVdYfff 


— 


ISOSVe/ 


— 


468720&"cW^ 


+ 


3618JV/y 


- 


3214086V<ZV/' 


+ 


7800&V(Zy 


+ 


1603806'cW/ 


— 


20412J'cVe;^' 


— 


182256Ve' 


+ 


2l084:bYdfg^ 


- 


2088966V(^y/ 


— 


945&VeV 


— 


les^eoifcVey 


+ 


10368SVeyy 


+ 


8663046'c''<?VV 


— 


899lSVe/V 


— 


]47456&=cV/* 


+ 


30048&V«^y/ 


- 


206592bVdVfg 


— 


49560&V£ZV/ 


— 


6960hVdVg 


— 


10152iV^Vy 


- 


SiiieObVdVf 


— 


152928&V<?yV 


4- 


S0024:0bVdV/ 


— 


60264&V&=^ 


— 


648006'cW 


+ 


2702UVc'dey''g 


+ 


184320&WV 


— 


680406Vcfe/» 


- 


491526WyV 


+ 


18549&Vey 


— 


4546566WV/^ 


— 


59778&VeyV 


+ 


1843206'ccZV5' 


+ 


15309&Vey* 


+ 


374784SWV/^ 


+ 


4800&V£ZV 


— 


3014406WV/ 


— 


245280yc*^yy 


+ 


61200&WV 





105606ViV// 


- 


32768&''cZY 


+ 1 


L2355206V«ZYV 


+ 


983046We^ 


— 


241920&V£?y' 


- 


409605''c?V(7 



- 73728&'cZV/'' 
+ 61440jyV/ 

- 28805V<Z/ 
+ 1836&Ve/^'' 

- 85866V/y 

- 26856SVJy/ 
+ 293406V&y 

11346Vc?e/y 

+ 47466SV<Z^V 

+ 67236Vey^= 

- 53946Z.VeyV 
+ 15309ZiVe/° 
+ 15720bVd'eg'' 
+ 20B592bYd'fy 
+ UOdSibVdVfg" 

- 8417526VcZYV 
+ 280584&Viy' 

- 130005&Vc?ey 
H- 5344385V^eyV 

- 1479876'cVey* 

- 53iG0l}'cVfg 
+ iSUbVey 

- lUSGFc'dY 

- 661536JVtZ*e// 
+ 101184&VcZy»^ 

- 8160&V^V/ 
+ 18498246V<?V/V 

- 7741445VcZV* 
-1095120SVc?V/^ 
+ 3214086VdiV/» 
+ 2308506Vc?eV 

- 182256Vey 
+ 234624iVc^y/ 
+ 482400JV<ZV/ 

- 8686086VtZ»e/V 
+ 3095045Vc?y* 



- 638400PcW^ 
+ 344160JVW/' 
+ 31680'0&'cW^ 

- 145800S'cW/ 
+ 303756Vc?e° 

- 337920JVcZV 

+ 8d8560!iVdVfff 

- 374784JVcZV" 

- 357eo'obVdVg 
+ 133200hVdVf 

- 27009SVcZV 

+ eiuobVdy 

- 18i320l)'c^dY9 
+ 73728SVc^y' 
+ 768005^0^^ 

- 28800Z.Vt?V/ 

+ eooosvrfv 

-f 432&c'y 

+ 12384Jc°<^' 
bmOhcVg' 
+ 5508bcYV 

2187&c'/V 

- ISUObc^d'eg' 

- UQMbc^djy 



+ 284148Jc°<^e/V 

- 1268465c'«?f' 

- hi^iaUb&ifg 
+ 240575cVr 
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4- 


74405c' jy 


+ 


12960c"J/y 


+ 


3151205c'cZV/9'' 


+ 


16200cV^» 


- 


207365c'(^y''^ 


- 


43740c'VV 


+ 


aagooSc^cZV^' 


+ 


196830*°/* 


- 


8748005c'cZV/'^ 


— 


leoocvy 


+ 


441936Sc'dY* 




BiOOOc'dYf 


.+ 


275400ScW/^ 


+ 


32i0c^dy''g 


- 


160380JcWey' 


- 


27000cVey 


, - 


303755cV^ 


+ 


153900cW/^7 


+ 


18225JcVf 


— 


leSiSd'def* 


— 


1147205c''c?^^''' 


— 


30375cVfg 


— 


3192006c»^*ey 


+ 


18225cV/^ 


+ 


387600&eVY^^ 


- 


BGOc'dYg' 


— 


179424&cVy^ ' 


+ 


moooc'dVf 


+ 


hfah'imbd'dhjg 


— 


70200c^d''ef'g 


- 


3002406c''tZV/' 


+ 


3i8eoc^dy* 


— 


2430005cW^ 


— 


nUOOc'dVfg 


+ 


145800ScW/» 


+ 


6moc'dVf^ 


+ 


206405c'<?V 


+ 


50625cVeV 


- 


n520bo'dy"g 


— 


30375cW/' 


— 


56l600bc'dVfg 


— 


42000c'cZV 


+ 


301U0bd'd'ef\ 


+ 


24000^'/"^ 


+ 


222000bc'dVg 


+ 


lUOOOc'dVfg 


— 


1332005cW^» 


— 


61200cVe/' 


— 


38400&c*jy 


— 


45000c'tZ'eV 


+ 


115200bc'dYg 


+ 


27000cW/* 


— ' 


GlUObc'dy" 


+ 


8000c'dy 


— 


i8000bc*dVg 


- 


2i000c^dY9 


+ 


28800bc'dVf^ 


+ 


lOOOOc'dVg 


— 


2160c"^9' 


— 


BQOOc'd'ey"" 


+ 


36000'%= 







MM 



( 266 ) 



NOTES. 



HISTORY OF DETEEMINANTS. (Page 1). 

The following historical notices are taken from Baltzer's Theorg of Determinants ; 
and from the sketch prefixed to Spottiswoode's Elementary Theorems relating to Deter- 
minants. The first idea of determinants is due to Leibnitz, as Birichlet has painted 
out. In Leibnitz's letter to L'H6pital, 28 April, 1693, (Leibnitz's Mathematical Works, 
published by Gerhardt, vol. II., p. 239), is to be found the first example of the 
formation of these functions, and of their application to the solution of linear equa- 
tions ; the double suffix notation (p. 7) is employed, and he expresses his convictiori 
of the fertility of his idea. But nowhere else in his writings is there to be found 
any proof that he sought to draw any new fruits from his discovery ; and the method 
was lost raitil re-discovered by Cramer in 1750. Cramer in his Introdvclion b, V Analyse 
des lignes Cowries (Appendix), has exhibited the determinants arising from linear 
equations in the case of two and three variables, ,and has indicated the law according 
to which they would be formed in the case of a greater number. The rule of signs 
by the method of displacements (Note, p. 6) is given by Cramer, The equivalence 
of the other method by permutation of suffixes was afterwards proved by Bezout 
and Laplace. In the Sistoire de VAcademie Boyale des Sciences, Ann^e 1764, (pub>- 
lished in 1767), Bezout has investigated the degree of the equation resulting from the 
elimination of unknown quantities from a given system of equations, and has at the 
same time noticed several cases of determinants, without however entering upon the 
general law of formation, or the properties of these functions. The Histoire de 
VAcademie, An. 1772, part II. (published in 1776), contains papers by Laplace and 
Yandermonde relating to determinants of the second, third, fourth, &c. orders. The 
former, in discussing a system of simultaneous differential equations, has given the 
law of formation, and shown that when two rows or columns are interchanged, the 
sign of the determinant is changed, and that when two are identical, the determinant 
vanishes. The latter employs a notation in substance identical with that which, after 
Mr. Sylvester, we have called the umbral notation, and explained p. 7. In his Memoir 
on Pyramids {Memoires de T Academic de Berlin, 1773), Lagrange made am extensive 
use of determinants of the third order, and demonstrated that the square of such 
a determinant can itself be expressed as a determinant. The next impulse to the 
study was given by Gauss, Disquisiiiones Arithmeticce, 1801, who showed, in the case 
of the second and third orders, that the product of two determinants is a determinant, 
and very completely discussed the case of determinants of the second order arising 
from quadratic functions, i.e. of the form f — ac. In 1812 Binet published a memoir 
on this subject (Journal de TEcole Polyteclmique, tome IX., cahier 16), in which he 
establishes the principal theorems for determinants of the second, third, and fourth 
orders, and applies them to geometrical problems. The next volume of the same 
series contains a paper, written at the same time, by Cauchy, on functions which orjy 
change sign when the variables which they contain are transposed. The second part 
of this paper refers immediately to determinants, and contains a large number of very 
general theorems, Cauchy introduced the name " determinants," already applied by 
Gauss to the functions considered by him, and called by him "determinants of 
quadratic forms," In 1826 Jacobi took possession of the new calculus, and the 
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volumes of Crelle's Journal contain brilliant proofs of the power of the instrument 
in the hand of such a master. By his memoirs in 1841, Deformatione et proprietcUiiug 
determinatUitim, and X>e determinantibus funetiotmlibm (CVeife, vol. xxn.), determinants 
first became easily accessible to aU mathematicians, Of later papers on this subject, 
perhaps the most important are Cayley's papers on Skew Determinants {Crelle, 
vols. XXXII. and xxxvill.). Of elementary treatises on this subject, I have to 
mention Spottiswoode's Elementary Theorems relating to Determinants, London (1851) j 
Brioschi, La teorica dei determinantij Pavia, 1854 ; and Baltzer, Theorie und Anwen* 
dung der Determinanten, Leipzig, 1857; second edition, 1864. French translations 
both of Brioschi's and Baltzer's works have been published. 



COMMTTTANTS, (Page 7), 



In connection with the umbral notation may be explained what is meant by 
cmnmvtants, which are but an extension of the same idea. If we write for brevity 

£, 1], f or J- , -r , it is easy to see what, according to the rule of the umbral notation, 

is meant by 

& 1, P, fi, n', 

h n, P, fi, ^'. 

We compound the partial constituents in each column in order to find the factors 
in the product we want to form, and we take the sum with proper signs of all possible 
products obtained by permuting the terms in the lower row. Thus the first example 
denotes £^.t|* — f»).f »|, which is the Hessian ; and the second denotes 

which is the ordinary cubinvariant of a quartio. 

Again, since multiplication is performed by addition of indices, it will be readily 
understood that we can equally form commutants where the partial constituents are 
combined by addition instead of by multiplication. Thus, considering the quantics 

(dj, o„ a^x, yf, (fli, Oj, Oj, Oi, a^, y)*, 
the invariants in the last two examples may be written 
1, 0, 2, 1, 0, 

1, 0, 2, 1, 0, 

which expanded are %«„ — a^tti ; aia^„ — Uia-fli + &e. 

AU these commutants with only two rows may be written as determinants, but 
it is a natural extension of the above notation to form commutants with more than 
two rows, such aa 



& n, 


1, 0, 


^, ?1, V' 


& ii 


1, 0, 


F, £i, 1' 


& n, 


1, 0, 


r, ei, rf 


& »); 


1, 0, 


P, £'/. 1' 



These all denote the sum of a number of products, each product consisting of as many 
factors as there are columns in the commutant, and each factor being formed by 
compounding the constituents of the same column; and where we permute in every 
possible way the constituents in each row after the first. Thus the first and second 
examples denote the same thing, namely, the quadrinvariant of a quartio expressed 
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in either of the forma 5'',i)'-4J'i|.f»i'-)-3Pt)'.fV ot 'ojOj -4ojO, + SojOj, while 
the third example £'.£*»)*,))» — &c. denotes the cubin variant of an ootavic given at 
length, p. 124. 

We have seen that the two invariants of a binary quartio can be expressed as 
commutants, but it will be found impossible to express in the same way the dis- 
criminant of a cubic. Thus, the leading term in it being a^^a,,^ or ^aSalalsi ^^ *™ 
naturally led to expect that it might be the commutant 

£> i> & 1) 

& V, & V, 

& 1) £i V, 

but this commutant, instead of giving the discriminant, will be found to vanish 
identically. It may, however, be made to yield the discriminant by placing certain 
restrictions on the permutations which are allowable. For further details I refer to 
the papers of Messrs. Cayley and Sylvester in the CaTnbridge and Dublin Mathe- 
matical Jowenal, 1852,- 



HESSIANS. (Page 16). 



The name was given by Sylvester after Professor Otto Hesse of Heidelberg, who 
has made much use of the functions in question, which he called functional deter- 
minants. They are a particular case of those studied under the same name by Jacobi, 
(Crelle, yoL XXII.), the constituents of which a,re the differentials of a series of n 
homogeneous functions in n variables. It is so convenient to have short distinctive 
names for the functions of which we have repeatedly occasion to speak, that I have 
followed Sylvester in calling the former Hessians, the latter Jacobians, see p. 69, 



SYMMETRIC FUNCTIONS. (Page 45). 



The rules for the weight and order of symmetric functions I believe to be Mr. 
Cayleys, though I cannot give the reference. The formula, Art. 55, I have taken 
from Serret's Lessons on Higher Algebra. The diSferentiaJ equation, Art. 66, is 
an appUoation of the differential equation for invariants, of which I speak afterwards. 
Brioschi's expression, Art. 61, I know from the use made of it by Mr. M. Eoberts, 
(luarterly Journal, vol. iv., p. 168. . 



EUMINATION. (Page 63). 



The name ' ehminant' was introduced I think by Professor De Morgan : I believe 
I have done wrong in using a second appellation when a name to which there was 
no objection was already in use. The older name ' resultant' was employed by Bezout, 
Eistoire de VAcademie de Paris, 1764. The method of elimination by symmetric 
functions is due to Enler [Berlin Memoirs, 1748). The reduction of the resultant to 
a linear system was made simultaneously by Euler {Serlin Memoirs, 1764) and Bezout 
iPari& Memoirs, nei), The theorem as to the degree of the resultant is Bezout's, 
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The method lised ia Art. 70 of fonning symmetric ftmctiona of the common values 
of a system of two or more equations is Poisson's (see Jownal de VEcole Polytechnique, 
Gahier XI.). Sylvester's mode of elimination was given by him in the Philosophical 
Magazine for 1840, and called by him ' dialytical,' because the process as it were dissolves 
the relations which connect the different combinations of powers of the variables and 
treats them as simple independent quantities. Cayley's statement of Bezout's method 
is to be found, Crelle, vol. Mil., p. 366. Sylvester's results in Art. 87 are to be found 
in the Cambridge and Dublin Matliematical Journal for 1852, vol. Til., p. 68 ; and 
Cayley's general theory (Art. 88, &o.) in the same Journal, vol. III., p. 116. It was 
noticed by Lagrange that when two equations have two sets of common roots, the 
differential of the resultant with respect to the last term vanishes (see Berlin Memoirs, 
1770). Mr. Sylvester showed, in January, 1853, that the same was true of all the 
difEerentials, Cambridge and Dublin Mathematical Journal, vol. Till., p. 64. He showed 
at the same time, that the common roots were given by the ratios of the differentials. 
The proof in Art. 95 is, I believe, my own. The theorem, Art. 95, is Jaoobi's, Crelle, 
vol. XV., p. 105, In this part I have made some use of the Treatise on Elimination 
by FaS de Bruno. The theorem of Art. 98 is Mr. Cayley's. 



DISCEIMINANTS. (Page 83). 



The word ' discriminant' was introduced by Mr. Sylvester in 1852, Cambridge and 
Dublin Mathematical Jownal, vol. vi., p. 52. The word ' determinant' had been 
previously used, and had come to have a perplexing variety of significations. The 
theorem referred to, Note, p. 87, was the basis of my investigations (Cambridge and 
Dublin Mathematical Journal, 1847 and 1849) on the nature of cones circumscribing 
surfaces having multiple Knes. If the equation of a surface be b,, + b^x + b^x' + &c., 
and if aiy be a double line, 6„ must contain y in the second, and Sj in the first degree. 
The discriminant with respect to a; is a tangent cone which has y^ for a factor. Instead 
of the note, p. 90, which was added without sufficient consideration, I substitute a 
reference to the extension of Sturm's theorem contained in Mr. Sylvester's memoir in 
the Philosophical Transactions for 1853, 



XINBAR TRANSFOEMATIONS. (Page 92). 

The germ of the principle of invariance may be traced to Lagrange, who, in the 
Berlin Memoirs, VlIZ, p. 265, estabhshed the invariance of the discriminant of the 
quadratic form ax' + Ibocy + cf, when for x is substituted x + \y. Gauss, in his 
Disguisitiones Arithmetics (1801), investigated very completely the theory of the general 
linear transformation as applied to binary and ternary quadratic forms, and, in par- 
ticular, established the invariance of their discriminants. This property of invariance 
was shown to belong to discriminants generally by the late Professor Boole, who, in a 
remarkable paper, Cambridge Mathematical Journal, 1841, vol. m., pp. 1, 106, applied 
it to the theory of orthogonal substitutions. He there showed how to form simultaneous 
invariants of a system of two functions of the same degree by performing on the 

discriminant of one of them the operation «' ^ + *' ^ + *"■ Boole's paper led to 

Mr, Cayley's proposing to himself the problem to determine a priori what functions 
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of the coefiScienta of an equation possess this property of invariance. He found that 
it was not peculiar to discriminants, and he discovered other functions of the co- 
efficients of an equation, at first called by him ' hyper-determinants,' possessing the 
same property. Mr. Cayley's first results were published in 1845 {Cambridge Mathe- 
matical Journal, vol. IV., p. 193). From this discovery of Cayley's, the modem algebra 
which forms the subject of the bulk of this volume may be said to take its rise. 
Among the first invariants distinct from discriminants, which were thus brought to 
light, were the quadrinvariants of binary quantics, and in particular the invariant S 
of a quartic. Mr. Boole next discovered the other invariant J" of a quartic, and the 
expression of the discriminant in terms of S and T {Cambridge Mathematical Jowmal, 
vol. IV., p. 208), It is worthy of notice that both the functions S and T had been 
used by Eisenstein {Crelle, 1844, xzvil., p. 81) in his expression for the general solution 
of a quartic, but their property of invariance was unknown to him, as well as the 
expression for the discriminant in terms of them. Mr. Cayley next (1846) published 
the symbolical method of finding invariants, explained in Lesson xiv. {Cambridge and 
Dvhlin Mathematical Jownal, vol. I., p. 104, Crelle, vol. XXX.). The next important 
paper was by Aronhold, 1849, {Crelle, vol. xxxix., p. 140), in which the existence of 
the invariants 8 and T of a ternary cubic was demonstrated. Early in 1861 Mr. Boole 
reproduced, with additions, his paper on Linear Transformations {Cambridge and 
Dublin Mathematical Jownal, vol. vi., p. 87), and Mr. Sylvester began his series of 
papers in the same Journal on the Calculus of Forms, after which discoveries followed 
in rapid succession. I can scarcely pretend to be able to assign to their proper 
authors the merits of the several steps; and, as between Messrs. Cayley and 
Sylvester, perhaps these gentlemen themselves, who were in constant communication 
with each other at the time, would now find it hard to say how much properly 
belongs to each. To Mr. Boole is, I believe, due the principle that in a, binary 

quantic the operative symbols ;r > — j- niay be substituted for x and y {Cambridge 

and Dublin Mathematical Jownal, vol. vi., p. 95, January, 1851). The principle was 
extended to quantics in general by Mr. Sylvester, to whom is to be ascribed the general 
statement of the theory of contravariants, Cambridge and Dublin Mathematical Jownal, 
(1857), vol. VI., p. 291 ; although particular applications of contravariants had pre- 
viously been made in Geometry in the theory of Polar Reciprocals, and in the theory 
of ternary quadratic forms by Gauss {Disquisitiones Arithmetica, Art. 267), who 
gives the reciprocal under the name of the adjunctive form, and establishes its 
invariance under what he calls the "transformed substitution." Mr. Sylvester also 
remarked that we might not only replace contravariant by operative symbols, but also 

by the actual differentials ^ , ■=- , &c. To Boole I would ascribe the principle 

(Art. 121) that invariants of emanants are covaiiants of the quantic 1842, Cambridge 
Mathematical Journal, vol. III., p. 110, though Boole's methods were generalized by 
Mr. Sylvester, Cambridge and Dublin Mathematical Journal, vol. VI., p. 190. Some 
of the first steps in the general theory of covariauts may thus be ascribed to Boole, 
though a remarkable use of such a function had been made by Hesse in determining 
the points of inflexion of plane curves. I had myself been led to study the same 
functions both for curves and surfaces, in ignorance of what Hesse had done 
{Cambridge and Dublin MatJiemutical Journal, vol. II., p. 74). The discovery of 
evectants (Art. 130) is Hermite's, Cambridge and Dublin Mathematical Journal, vol. VI., 
p. 292. In Mr. Cayley's first paper he gave a system of partial differential equations 
satisfied by invariants of functions linear in any number of sets of variables. The 
partial differential equations (p. 113) satisfied by the invariants and covariants of 
binary quantics were, as far as I know, first given in print by Mr. Sylvester {Cambridge 
and Dublin Mathematical Journal, vol. VII., p. 211), Mr. Sylvester there acknowledges 
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himself to have been indebted to an idea commtmicated to Tiim in conversation by 
Mr. Cayley ; and he also speaks of having heard it said that Aronhold was also in pos- 
session of a system of differential equations. These are not made use of in Aronhold'a 
paper {Crelle, vol. XXSIX.) already referred to, but he refers, CreUe, vol. Lxil., 
to a oommuEioation made by him in 1851 to the PhiloBophioal Faculty at Konigsberg, 
which, if it ever appeared in print, I have not seen. Very probably there may be other 
parts of the theory to which Aronhold may justly lay claim. After the publication in 
Crelle, vol. XXX., of Mr. Cayley's paper, in which the symbolical method of forming in- 
variants was fully explained, Aronhold worked at the theory in Germany simultaneously 
with the labours of Cayley and Sylvester in England ; and the mastery of the subject 
ejchibited by his papers leads me to suppose that of some of the principles he must 
be able to claim independent if not prior discovery. The method in which the subject 
is introduced (Art. 117) is taken from his paper {Crelle, vol. lxit). I refer in a 
subsequent note to the valuable paper by Hermite (Cambridge and Dublin Mathematical 
Journal, vol. IX., p. 172) in which the theorem of reciprocity was established, which 
had at first suggested itself to Sylvester, but was hastily rejected by him ; and in 
which the whole theory of quintics received important additions. Mixed con- 
comitants are Mr. Sylvester's {Cambridge and Dublin Mathematical Journal, vol. vii., 
p. 80). The theorem. Art. 131, is Cayley's and Sylvester's. The application of sym- 
metric functions to the invariants of binary quartics was, I believe, first made in the 
Appendix to my Higher Plane Curves (1851). The method (Art. 134) of thence finding 
conditions for systems of equalities between the roots is Mr. Cayley's {Philosophical 
Transactions, 1857, p. 703). "With regard to the subject generally, reference must 
be made to the important series of papers by Mr. Sylvester, beginning in the sixth 
volume of the Cambridge and Dublin Mathematical Jovjrnal; to a series of papers 
on Quantics published by Mr. Cayley in the Philosophical Transactions; and to 
Aronhold's Memoir on Invariants {Crelle, vol. LXII). The name ' invariant,' as well 
as much of the rest of the nomenclature, is Mr. Sylvester's. 



ON THE NUMBER OP INVAEIANTS OR COVAEIANTS OF A BINARY 
QTTANTIC. (Page 116). 

The following is an abridged sketch of the method pursued in Mr. Cayley's in- 
vestigation {Philosophical Transactions, 1855, p. 101). The following illustration will 
shew the kind of formulae obtained and the interpretation to be put on them. A cubic 
we have seen has three distinct covarianta, viz. U, B, J, whose orders in the coefficients 
are 1, 2, 3, and degrees in the variables 3, 2, 3. To these we may add the discriminant 
A which is of the order 4 and of the degree in the variables. These covarianta are 
not independent; but H', J'^, and AP^ are cormected by a linear relation (Art. 193). 
Assuming then that these are the only distinct covariants, any other covariant must 
be of the form either WB^A'' or JUfBsAr. The number of the covariants of the 
order 6 of the first form is equal to the number of ways in which 6 can be expressed 
in the form^ + 2q + ir; that is to say, it is the coefficient of x> in the expansion of 

— — : — - . In like manner, the number of covarianta of the second 

(1 - a) (1 - k') (1 - »•) 

form is the coefficient of »« in k' -i- (1 - x) (1 - a;') (1 - x*). The total number then 
is the coefficient of x» in the expansion of 1 + as' -r (1 — ») (I - k') (1 - a') ; or, what 
' comes, to .the same thing, in 

(1 -x){l- x^) {t-a?) (1 - »*) • 
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And conversely, if this expression for the number of distinct covenants w6re 
established independently, it would indicate on inspection that there were four irre- 
ducible covariants of the orders 1, 2, 3, i respectively, and coimected by an equation 
of the Older 6. 

Now it was proved (Art. 144) that the number of covariants of the order 6 and 
weight q is equal to the difference of the number of ways in which } and q — 1 can 
be expressed aa the sum of 6 numbers from to » inclusive. Now the number of 
ways in which q may be so expressed may easily be seen to be the coefficient of 
a^s9 in the development of 

1 

(1 - «) (1 - xz) (1 - x'z)...{l - x-^) ' 

where the expansion is to be effected in ascending powers of z. This will be equal to 

1-a^' (l_^l)(l-^n.») 

^+ 1-X *+ (l-»)(l-a;^) ^ +*=•' 

., ,^ '. (l-x"^!) (l-a;'»t2)...(l + a;>M-9 

the general term bemg (i _4 (i _^.):..i _„8 "'' 

or, what is the same thing, 

(1 - xi*') (1 - a;8«)...(l- - x'^») 

(l-a!)...(l-a^) ^' 

It remains then to find the coefficient of a:« in the part multiplying e*. To transform 
this expression, the equation is used 

(1 + ..) (1 + .^.)...(i + »».) = 1 + ^^ffi. + 2l(l^|m£:^ .^ + &c., 

the general term being 

^^,n (l-a^)(l-x^')-(l-a^'^') 

■^ (1 - x) {1 - X^)...{1 - X') 

and the series is a finite one, the last term being that corresponding to s = » ; viz, 
j^iiti)2». 'Wiiting — a;9 for z, and substituting the resulting value of 

(1 - a;9+i) (1 - a;9+2)...(l _ ae+») 

in the preceding formula, the number we are investigating is found to be 

2. (-). coefficient of x. in (i _ ^) (i _ ^.)...(i _ ^) (i _ ,) (i _ ^)...(i _ ^. ) , 

where the sum extends from s = to s = », but it is of course unnecessary to include 
any value of s which maJ^es the index of < in the numerator greater than q. If we 
write q = i {nB — a), the formula last written may be transformed into 

2, (-)' coefficient of a*"-')6 in ,- r ;; r-r; T — y- , 

' (1 - x)...{l -x'){l- x)...(l - a^») ' 

' where the sum extends when n is even from ^=0 to s = ^ — I, and when « is odd 
from s = to s = J (» — 1). 

Thus, suppose it were required to find the number of terms in an invariant of «■ 
cubic of the order 6, we have to calculate the number of ways in which the weight 
je can be made up as the sum of 6 numbers from to 3 inclusive. We have then 
a = 0, and the sum consists of two terms, viz. 

the coeffi. of a^ in = ryp — ^ryz — -jr - the ooeff, of x in 



(l-a!)(l-a;^(l-x') ""-—•"-* "" (1 - x)' (I - x^) ' 

The following will iUustiate the process by which these are transformed, 'Writing 

a? for X, the first of these nnmbers is the coefficient of a^i in 7 i = , 

(1 - x') {l — af) 1 - a!«) 
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In order that the indices in the denominator may be divisible by 3, we multiply 
, , (1 - SB') (1 - ai2) 
'^'^^ (1-^^)(1-:.V ^ ^° 



numerator and denominator by r: :lr-yz tt : and we find the number required. 

(1 — x') (1 — oe*) ' ^ 



is the coefficient of x'9 in ,, „,i-;- — . — r;;; . 

(1 — afiy (1 — a;'") r- 

Now we may reject all the terms in the numerator whose exponents are not divisible/ 

by 3, and then writing 6 for 39, the first term in the sum ia the coefficient of xi in 

1 + x'' + a;* 



(1 - x')^ {1 - x') ■ 

And subtracting the second term, which is the coefficient of x> in «' divided by the 
same denominator, the number sought is the coefficient in 

1 + x* 
(1 - x2)2 (1 - K*) ■ 

This specimen will illustrate the process by which he has proved the number of 
invariants of the first six degrees to be those assigned in the preceding pages. Thus, 
for a sextic, the total number of distinct invariants is found to be the coefficient of x^ in 

(1 — a;) (1 + X — x^ — x* — x^ + x^ + a^) 
(1 - xf (1 - x^) (1 - x') (1 - x^) ■ 

Now the second factor of the numerator is the irreducible factor of 1 — a;'°, i, e, it ia 
equal to (1 - a^') (1 - a;*) (1 - a;*) (1 - x") ^ (1 _a,i6) (1 _ a;") (1 - x') (1 - x), aad, 
substituting this value, the number becomes the coefficient of xi in 

l-gM 

(1 - a;2) (1 - a^) (1 - a;^) (1 - x") (1 - x'>) ' 

from which is_ inferred the existence of five invariants of the orders 2, 4, 6, 10, 15 
respectively, but ooimeoted by a relation of the order 30 ; that is, the square of the 
last invariant is an integral function of the others. But when this process is applied 
to the seventh and higher degrees, the numerator can be no longer expressed as a 
quotient whose denominator is the product of a finite number of factors of the form 
1 — af. Mr. Oayley concludes, therefore, that the number of invariants for quantioa 
of the seventh and higher degrees is infinite, and, in like manner, that the number 
of covariants for the fifth and higher degrees is infinite. 



CANONICAL FOEMS. (Page 130). 



The name is Hermite's : the theory explained in this Lesson is Mr. Sylvester's, see 
a paper (Philosophical Magazine, November, 1851) published separately, with a sup- 
plement, in the same year, with the title An, Essay ore Canonical Forms, 



COMBINANTS. (Page Hi). 



The theory of oombinants is Sylvester's, Cambridge and Dublin Mathematical 
Journal (1853), vol. Till., p. 63. In the case of the resultant of two equations it had, 
I think, been previously shown by Jaoobi, that the resultant of \u + ii.v, Vu + n'v 

NN 
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was the resnltant of «, v multiplied by a power of (X/i' - XV)> Mr. Sylvester's 
results, Alts. 182, 186, 189, are given in the Comptes Rendue, vol. Lviii,, p. 1071. The 
reference to Lesson xvin., p. 158, was made before I had decided on omitting the 
Lesson on the Applications of the Theory to Ternary Quantics. 



APPLICATIONS TO BXNAET QUANTICS. (Page 158). 

The discussion in this Lesson of the quadratic, cubic ajid quartic, is mainly 
Mr. Cayley'a. See his Memoirs on Quaatics in the Philosophical Tramactions, 1854. 
The second form of the resultant of two quadratics, p. 160, is as elsewhere stated, 
Dr. Boole's. The discussion of the systems of quadratic and cubic, two cnbics, and 
two quartics, is I believe for the most part new. The form for the resultant of two 
cubics, p. 165, has been published by Clebsch {Crelle, vol. LXiv., p. 95), and was 
obtained by ^™ by a different method, but had been previously in my possession 
by the method here given. The proof (Art. 202) that every invariant of a quartio 
is a rational function of S and T is slightly modified from Mr. Sylvester's (Philoso- 
phical Magazine, April, 1853). The theorem, p. 176, that the quartic may be 
reduced to its canonical form by real substitutions, is Legendre's {Traite des Fonctiom 
Elliptigues, chap. II.). The canonical form of the quintic aafi + Jy + cz^, which so 
much facilitates its discussion, was given by Mr. Sylvester in his Essay on Canonical 
Forms, 1851. The invariants J and K were calculated by Mr. Cayley. The value of 
the discriminant and its resolution into the sum of products (p. 186), was given by me 
in 1850 {Cambridge and Dublin Mathematical Journal, vol. v. p. 154). Some most 
important steps iu the theory of the quintic were made in Hermite's paper in the 
Cambridge and Dublin Mathematical Journal, 1854, vol. ix. p. 172, where the number 
of independent invariants was established, the invariant / [in which it may be stated 
the highest power of a, a', has for multiplier f (df— e')'] was discovered ; attention 
was called to the linear covariants, and the possibility demonstrated of expressiag by 
iuvariants the conditions of the reality of the roots of all equations of odd degrees. 
The theory of the quintic was further advanced by Mr. Sylvester's "Trilogy," 
[Philosophical Transactions, 1864, p. 579) ; and in Hermite's series of papers in the 
Comptes Rendus for the present year (1866) already referred to. The values of the 
invariants A, B, C of the seriic were given by Mr. Cayley in his papers on Quantics, 
and the existence of the invariant E pointed out. The rest of what is stated in the 
text about the sextic is new. 



THE QUINTIC. (Page 198). 



With respect to the special form x {x^ - a^ (»« - b') used, pp. 198, 201, I have 
noticed since that its characteristic is that Hermite's invariant /vanishes. This form 
may therefore be safely used in calculating any invariant" functions whose order is 
divisible by 4 and is below 36, since such forms cannot contain /. Fpr the calculation 
therefore at p. 201, it was sufficient to use this special form. More generally, if the 
alternate terms be wanting in any equation, every skew invariant vanishes. For 
the weight of a skew invariant is an odd nnmber; and if the degree of the equation 
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be odd, tlie order of every iaTariant is even, Now an odd number can neitber be 
made up as tbe sum of an even number of odd numbers, nor of any number of 
even numbers. In the specifil form just referred to, x and y are the linear oovariants. 
What has been just stated leads to a simple proof for the expression of / in 
terms of the roots. It has in fact appeared that when / vanishes, one of the roots 
is one of the foci of the involution determined by the other two pair. / is therefore 
the product of the fifteen determinants of the form I 2a — /3 — y, a{fi + y) — 2j3y I , 

\2a~ S- £, a (« + e) - 25e | 
since if any of them vanish, the equation is reducible to the special form in question. 
And the vanishing of any of these determinants may be expressed as at p. 202, 

(a-|3)(a-i)(y-e) + (a-y)(a-£)(/3-«) = 0. 

Mr. Sylvester had also communicated a simple proof of the same thing depending on 
the fact (p. 194) that a quintic for which / vanishes, is linearly transformable into a 
recurring equation. In Hke manner, what is stated, (p. 210) gives at once the ex- 
pression for the skew Invariant of the sextic in terms of the roots : viz. that it is 
the product of the fifteen determinants of the form 

1,1,1 

a + /3, y + S, t + <t> 

afi , yS , c<l> 

Until my attention was called to it by Mr. Sylvester, I had omitted to notice 
(Art. 224) the use made by M. Hermite of the fact, that the quintic as well as every 
equation of odd degree is reducible to a forme-type, in which the x and y aie the 
linear covariants and the coefficients are invariants. It follows immediately, that 
by applying Sturm's theorem to the forme-type, the conditions for reahty of roots 
may be expressed by invariants. Hermite extends his theorem to equations of even 
degree above the fourth, by the method explained at the end of the next note. 
I think it therefore worth while now to give the coefficients of the forme-type of the 
quintic. They were given by Hermite {Cambridge and Dublin Mathematical Jownal, 
vol. IX. p. 193), and re-calculated by me before I found out the key for the translation 
of Hermite's notation into Mr. Sylvester's, which is A = J, J^ — — K, Jj = JK + 9L. 
I write now J^ — ZK= M, JK +9L = N; and Q a numerical multiple of Hermite's I, 
such that 

Q2 = JK^M^ - %MNK (J'^ -f 12^) -^ JJV" (J" -I- TiK) - 48iV', 

then the coefficients of theyorme-*2(pe are 

A=QM, 

B = JKM'' - MN {J^ + ISiT) + SOJiV', 
C=Q,{JM-ViN), 

D = J'KM' - JMN (J^ + 30Z') + JV2 (42J2 -I- 144e), 
£=Q(/2Jlf-24JiV), 

F= J'KM' - J^MN (J^ -I- 42^) + NU(5iJ' + 288^) - 1152iV^ 
I thus find the first Sturmian constant 5^ — .4Ctobe 

36N' {{MK- UNf - 16MN'}. 

The Sturmian constants being essentially unsymmetrical, there seems no reason to 
expect that the discussion of these forms would lead to any results of practical interest. 
The coefficients of the forme-type, as M. Hermite remarked, satisfy the relations 

AJ'-2CJ+E = 0, BJ' - WJ+ F=- 1152iV3, 

^£-4Bi)-^3C"' = -12*iV», AF-3BE + 2CI)=0, BF-iCE + 3D^-lVJN\ 
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Thus then the quadratic covariant is iV' (s' - Ji/) ; and operating with this on the 
quintic, we get the canonizant in the form 

JV» {AJ- C, BJ- D, CJ- E, DJ- f'Jx, y)' ; 

the coefficients inside the parentheses being all further divisible by Jf, Hence, we have 

ACE + 2BCD - AD' - EB' - C» = - 4. 12*N'Q, 

and the second Sturmian constant is got immediately by substituting the values just 
found for B' - AC, AE - iBD + 3CS ACE + 2BCD - &c., in the formula of Art. 
225. I have not thought it worth while to calculate the third constant. 



THE TSCHIENHAirSEN TEANSFOKMATION. (Page 200). 

The Tschimhausen transformation consists in taking a new variable 

y = a. + px + yx^ +...+ Xa;"-' ; 

then there are n values of y corresponding to the n values of x, and the coefficients 
of the new equation in y are readily found in terms of those of the given equation by 
the method of symmetric functions, the firat for example being as,, + /3s, + ysj + Ac. 
The coefficient of y^' is evidently a linear homogeneous function of a, /3, &c., that 
of y^^ a quadratic, of y^' a cubic function, and so on. In the case of the quintic, 
the transformation is j = a + /3a; + yx^ + Sx', and we have four constants a, /3, -/, S 
at our disposal. Mr. Jerrard pointed out that the coefficient of y' being a quadratic 
function of a, fi, y, S was (Art. 162) capable of being written as the algebraic sum 
of four squares, say f — u' + v" — w^. It can therefore be made to vanish, by 
assuming two linear relations between a, p, y, S ; t — u = 0, v — zo = 0. If we combine 
with these two that linear relation which makes the coefficient of y* vanish, we have 
three relations enabling us to express three of the constants a, /3, y, S linearly in terms 
of the fourth. We can then by solving a cubic only maie the coefficient of y^ 
also vanish, or else by solving a biquadratic make the coefficient of y vanish. In this 
way Mr. Jerrard showed, that by the solution of equations of inferior orders, a quintic 
may be reduced to either of the trinomial forms y^ + by:=c, or y^ + by^ — c. The 
actual performance of the transformations would be a work of great labour, but 
M. Hermite showed how by somewhat altering the form of substitution, we can 
avail ourselves of the help of the calculus of invariants. 

If we have to transform the equation a»T + baf'^ + cjf^^ + &c., Hermite's form 
is to take 

y = aX + (ax + b) a + {ax' + te + c) /3 + [cki? + bx' + cx + d)y + &o,, 

then in the first place the transformed equation will be divisible by a ; and secondly, 
if the given equation be linearly transformed, and if the corresponding substitution 
for the transformed equation be 

Y=Ay + {AX + B) a' + {AX^ + BX + C) fi' + &c. ; 

then he has shewn that the expressions for a', /3', &c. in terms of a, fi, &c. involve 
only the coefficients of linear transformation, and not those of the given equation. 
It is not so with respect to the first coefficient \, which we have therefore designated 
by a special letter. But the theory of linear substitutions will be directly applicable 
to all functions of the coefficients of the transformed equation which do not contain \. 
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Such, for example, will be all syinmetrio functions of the differences of the roots of 
the new equation, since, on subtracting 

yi = a\ + (axi + b) a + &o,, y^ = a\+ (oiKj + b) a + itc, 

K disappeais. Or, what comes to the same thing, if we take \ such that the coeffi- 
cient of y"-' in the new equation shall Tanish, then' the theory of linear substitutions 
is appUoable to all the coefficients of the transformed. I give Cayley's proof of 
Hermite's theorem, and, after his example, take, to fix the ideas, the quartic 

(a, b, c, d, eXa;, l)*. 
Then, as we have used binomial coefficients, the equation of transformation is 
y = a\ + (ax + ib) a + {ax' + ibx + 6c) /3 + (aa;' + ibx^ + 6cx + id) y. 
Adding the 4 values of ^, and observing Newton's formulse for the sums of powers 
of the roots, we see that the coefficient of y"-' in the transformed equation will 
vanish if 

a\ + 35a + 3c^ + (^y = 0. 

This reduces the value of y to 

{flx + 6) a + {ax' + ibx + %c)^+ {an? + 4tbx^ + 6ca! + 3cQ y. 

[In general it will be observed that in this substitution all the terms have the 
binomial coefficients corresponding to the order of the given equation, except the 
terms not involving x which have the binomial coefficients answering to the order one 
lower.] Now what is asserted is that all the coefficients of the transfoimed equation 
will be invariants of the system 

{a, b, c, d, e^x, y)*, {a, ft y^y, - x^, 

and of course if we regard y as constant, the whole transformed function will be such 
an invariant. 

This will be proved by showing that it is made to vanish by either of the operations 

d „i d „ d . , d I d „„ d\ 

,. d „ d „, d d /„„ d d\ 

Let the general substitution be y = F, and let Fj, V^, &c. be what V becomes when 

we substitute for x each of the roots of the given equation, the transformed in y is 

the product of the factors y—Vi, y — V^, &c., and it is sufficient to prove that each 

of these factors is reduced to zero by this differentiation. We may, as in Art. 60, 

d dV 

write the first part of the first operation -=^, and in order to calculate -5=- , we must 

dx 

first find jy . Operating on the given equation, we get 

(a, b, c, djx, ly j^ + {a, b, c, dj_x, If = 0, or ^ = - 1. 

The part then of the difierential of V which depends on the variation of a: is 

- {aa + {2ax + 44) /3 + {3ax^ + Sbx + 6c) y}, 

and the part got by directly operating on the a, b, &c, which explicitly appear in F is 

aa + {iax + 6i) /3 + {iax^ + 12bx + 9c) y. 
Adding, we have 

dV dV dV 

^=2{ax + b)p+{ax' + ibx + 3c)y = 2p-^+7-^^, 

which proves that the effect of the first operation 00 F is zero. 
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In like manner, for the second operation, we haye, by operating on the original 
equation, 

(o, 6, 0, djx, 1)» ^ + » (5, 0, d, ejoo, 1)» = 0. 

But the original equation may be written 

X (o, J, c, d\x, 1)' + (b, c, d, ey\c, If = 0. 

Hence j- = x^' The part of -;— due to the variation of aj is therefore 
dn '^ dri 

aaPa + (2(KC» + 46a!') fi + (3ax* + SJa* + Sex') y. 

The remaining part is 

(4Ja + 3c) a + {^HiP + Vicx + 6d) /3 + {ihn? + 12cx' + 12dx + 3e) y. 

Adding, the coefficient of y vanishes in virtue of the original equation, and the 

remaining part is found to be 

which completes the proof of the theorem. 

When this transformation is applied to a cubic, if we consider a, ;8 as variables, 
the coefficients of the transformed equation in t/ will be covariants of the given equa- 
tion. The transformed in fact has been calculated by Mr, Cayley, and found to be 
y' + 3Ey + J, where E is the Hessian (ac — i^) a' + &c., and J is the covariant 
(Art. 138), {a'd - 2oio + 2J») a' + &c. 

Mr. Cayley has also calculated the result of transformation as applied to a quartic. 
Take the two quantios 

(a, b, 0, d, ej^x, y)*, (a, /3, y][^, - x^. 

Let A denote the invariant got by squaring the second equation, introducing 
difEerential symbols and operating on the first, viz. 

on' + 46a/3 + {2ay + i^) + idfiy + ey' ; 
and let B denote the invariant got by operating similarly on the Hessian of the 
first, viz. 
(ac-b^a'+2{ad-bc)aP+{ae-2bd+(i^ay+Hjbd-c'')^+2{be-cd)py+{ce-d?)y^; 

let C denote the result of operating with the cube of the quadratic on the covariant 
J (p. 173) of the quartic, viz. 

(cfid - Saba + 2i') a' + (aH + 2abd - 9ac'' + 66%) a^p + (abe - Zacd + 21^d) a?y 

+ (iabe - 12acd + md) a^-6 (otP - 6=6) a/3y - 4 (ad? - i'e) /3» 

- (ode - 86ce + 2bd?) ay' - {iade - 126ce + 86^2) jS'y 

- {ae' + 2bde - 9c'e + 6c(P) /Sy' - <jbe' - Scde + 2<P) y' ; 

let 8 and T denote the two invariants of the quartic, and A the discriminant 
ay — p'ol the quadratic, then the transformed equation in y is 

y* + {6B- 2SA) y' + Wy + SA' - SB^ + S^A' + 127"^^ + 2BBA. 
Mr. Cayley has also calculated the S and T of the transformed equation. In 
making the calculation, it is useful to observe that since the square of J, from which C 
was derived, can be expressed in terms of the other invariants, so also may the square 
of C; the actual expression found by him being 

- C2 = TA^ - SA'B + 4B» + (ff^« - 12r^B - iSB?) A + SSTMA' + leT^A'. 
The result then is that the new 8 is 

SA'' + iS'&,'' + 12TAA, 
and the new T is TA' + ^S'A'A + iSTAA' + A' (16 Z''' - ^S^) . 
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Finally, he has ohaerved that these are the B and T of AU+i^B, as may be 
verified by the formula of Art. 211. It follows, then, that the effect of the Tschim- 
hauseu transformation is always to change a quaitio into an equation having the same 
invariaata as one of the form U+XE, and therefore reducible by linear transformation 
to the latter form. Mr. Cayley has not, as yet at least, made the corresponding 
calculations for the quintic. The following is the form in which M. Hermite haa 
applied his methods to the quiutio. 

Let « be a qnantic {x, y)" ; m,, u^ its diBEerentials with regard to x and y; let </> be 
a covaiiant, which we take of the degree m — 2 in order that the equation we are about 
to use may be homogeneous in x and y ; then the coefficients of the transformed 

equation, obtained by putting z = ~, are all invariants of «. The equation in a is 

got by eliminating x and y between zMj — y<^ = 0, and u = 0, or, what comes to the 
same thing, zu2 + ai^ = 0, which follows from the other two. If we linearly trans- 
form X and y, the new equation in 2 is got, in Hke manner, by eliminating between. 
8Z7i-r* = 0, zU, + X<tzzO. But, if x = \X+iiY, y = \'X + ^'T, A = X/i'-XV, 
wehave AX=/a;-/i3^, AY=:Xy — X'x, and. Art. 126, tT, = X.«i + X'm^, V^^ iiUi + fi'u^, 
and, siuce <^ is a covariant, we have * = A'<^. Making these substitutions, the equa- 
tion in s, corresponding to the transformed equation, is got by eliminating between 

z (\«i -I- X'Mj) - A'-'0 (ky - X'x) = 0, z (jm^ + jh'mj) + A*"'"^ C/^'^ - l^y) = 0. 

Multiply the first by ii', the second by X', and subtract, and we have Asm, — A'y(f> = 0, 
In like manner, multiplying the first by ft., the second by X, and subtracting, we get 
Az«»2 + A.'x<p = 0. In other words, we have the two original equations, except that z 

z 
is replaced by ^51; . Consequently, the equations in z corresponding to the origrnai 

equation, and to the same linearly transformed, only differ in having the powers of z 
multiplied by dififerent powers of the modulus of transformation A, and therefore the 
several coefficients of the powers of z are invariants. 
The actual form of the equation in z will be 

«» + ■^a«-2+-g a«-3 + &o. = 0. 

It is easy to see that the discriminant will appear in the denominator ; and the co- 
efficient of s?^' wiU vanish, since, if be any function of the order » — 2, the sum of 

the results of substituting all the roots of 17 in -^ vanishes. In fact, when the terms 

of this sum are brought to a common denominator, the numerator is the sum of <t>a 
multiplied by the dififerences of all the roots except o, and this is a function of the 
order « — 2 in a, which vanishes for » — 1 values of a, a = ;8, a = y, &0., and must 
therefore be identically nothing. 

In applying this method to the quiutio (x, ly, Hermite substitutes 

zUi = atpi + fi<i>i + y<^3 + *<^4, 
where 01, <#>2, 03, 04 are four covariant cubics of the orders 3, 5, 7, 9 respectively in 
the coefficients ; 0i is the canonizant ; 0j is the covariant cubic of the fifth order, 
noticed p. 191 ; and for the general equation, its leading term or aovrce (p. 117), whence 
all the other terms can be derived, is 
a?cef- 3a'^cPf+ lafak^ - a5V+ i-iabodf- lldbce^ - abcPe - 9a(^f+ liac'de 

- 6ac^ - 8b^df+ 9iV + 6bVf- leH'cde + Sb'd? + 3bc'e - ibd'd?. 

On inspecting this, we see that it vanishes if both a and b vanish ; consequently, if 
the given quintic has two equal roots, their common value satisfies this covariant. 
We can form a covariant cubic of the seventh order from 0g in the same way that 02 
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was formed from (/>„ and by adding <^i, multiplied by J and a numerical coefficient, 
can obtain <^3, such that its source vanishes when a and h vanish ; and, in like manner, 
^^ can be made to possess the same property. When this substitution is made, the 
coefficient of «* is a quadratic function of a, j3, y, 4. Hermite finds for its actual 
value (a result which may be verified by working with the special form, p. 200) 

{Faf + f^KDay -D{F+ 10 JK) y^] + D {K^ + ^Fpi - {^KD + WAF) S^}, 

where F= 9{16i — JZ^), and vanishes when the quintic has two distinct pairs of 
equal roots. By breaking up into factors each of the parts into which this coefficient 
has been divided, the two linear relations between a, y; p, S, which will make it 
to vanish, can readily be obtained ; as also by another process which I shall not delay 
to explain. The discussion of this coefficient is also the basis of Hermite's later 
investigations as to the criteria for reality of the roots. He avails himself of a 
principle of Jaoobi's (CVe/fe, vol. L.), that if a, /3, y, &c. be the roots of a given equa- 
tion, and if the quadratic function 

(t+au + ah) +... a"-'Ki)2 + ^t + l3u + ^v + ifec.)« + &0., 

be brought by real substitution to a sum of squaa'es, the number of negative 
squares will be equal to the number of pairs of imaginary roots in the equation. 
Hermite shows, by an easy extension of this principle, that the number of 
pairs of imaginary roots of the quintic is found by ascertaining the number of 
negative squares, when the coefficient of z^ just written is resolved into a sum of 
squares. And since the same process is applicable to every equation whose degree 
is above the fourth, he concludes that the conditions for reality of roots in every 
equation above the fourth can be expressed by invariants. 



NOTE ON THE ORDER OE SYSTEMS OE EQUATIONS. (Page 212). 

Mr. Cayley, in the Cambridge and Dublin Mathematical Jowrnal, vol. IT., p. IJd, 
determined the order of a matrix with k rows and 4+1 columns, in the particular 
case where each constituent is of the first degree. My own investigations were pub- 
lished, Quarterly Journal, vol. I., p. 246, and in the Appendix to my Geometry of 
Three Dimensions. These are, as far as I know, the only papers published on the 
subject of this Lesson. Since the liesson was printed, Mr. Samuel Roberts has com- 
municated to me some extensions of the theory there developed. His method is to 
suppose each quantic resolved into factors, and to deal with the combinations of the 
factors into which the quantlcs ha,ve been broken up. The method is directly applicable 
to binary quantlcs which can always be resolved into factors, and in the case of ternary 
and higher quantlcs, it would seem that the question whether or not they can be so 
resolved does not afiect the problems here discussed, and that the orders determined 
in the case of quantlcs which are the products of factors must be generally true. Thus, 
to determine the order of the resultant of two binary quantlcs of the degrees m, n; 
if the order of the terms ia. the first be \, X + a, \ + 2a, &c., it may be resolved 

into the product of m factors ax + by, the orders of a and h being — , - -^ a re- 

m m 

spectively ; similarly, for the second quantic ; and the resultant is the product of mn 

\ V 
factors, the order of each being ^ + J^ + " ! and therefore mn times this number will 

be the order of the resultant. Now he argues that we may deal in the same manner 
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with the problem in Art. 254 ; that knowing, by Art. 249, the order of the matrix 
b to be a? + Q< + iJL + v) a + XiJL + fxv + v\, the orders of the rows being 

, V 

', V 

supposed to be \, \ + a ; \x, |U + a ; o, v + a; then we may conclude that the order 
of the system of conditions for the simultaneous existence of three equations of 
orders I, m, n is 



L \t m, nj Im .mn nl) 



And in like manner, that the order of oonditioua for the co-existence of a system of 
h + l binary quantios ia the product of their degrees multiplied by 

ate + Pja*-i + Pja*-2 +... Pj, 
where P^, P^, <fec. aie the sum, sum of products in pairs, &e. of the numbers j , — , &c. 

And so more generally, the order of the conditions for the co-existence of any number 
of quantics in any number of variables is derived from the order determined by 
Art. 249 for the co-existence of a system of linear equations. He finds thus that the 
order of conditions for the co-existence of h + s — \ homogeneous quantics in s variables, 
in which the order of the coefficients of x', a/^^y, x'^^z, &c. is X, X -I- a, X + 13, &o., is 
the product of their degrees multipUed by 

Pk +Pi-iP +Ph-,.Q + &c., 
where ^i has the same meaning as at p. 229, and P, Q, &e. are the sum, sum of pro- 
ducts in pairs, &c. of the numbers r , — , &c. Thus, for instance, this formula applied 

to the case of ternary quantics gives the order of the conditions that a curve should 
have a cusp. We determine by the formula the order for the co-existence of 
Ui, Cj, Pj, Z7n?7jj— UiJ', which system belongs either to cusps or double potats on 
the Hne z, and we subtract the order for the co-existence of U^, U^, U^, z which 
belongs to the latter. His result is 

12 (n - 1) (m - 2) X'i + 8m (m - 1) {n - 2) (a + ^) X + 2m (m - 1) (m - 2) (« -f- 1) a/3 

-H 2ra (k - If {n - 2) (a^ -I- fl^. 

The problem of finding the order of conditions that two binary quantics should have 
two common roots is discussed as foUows : Consider first the simpler system, formed 
by taJdng two factors from each equation, {ax + ly) {a'x + b'y), (a"x + V'y") {a"'x + b"'y) ; 
and we have the pair of conditions (ab") {a'b") = 0, (ab'") (aV") = 0, whose order 
combined is i (K + fn. + af ; but from this we must subtract the irrelevant systems 
{ab") {ab'") ; {a'b") {a'b'"), which reduces the order to 2 (X + ;u -1- af. But if we take 
two factors from the first equation and one from the second, the system {db") = 0, {a'b") — 
is satisfied by a" = 0, b" = 0, whose order is ,u (/x + or). Now since the number of 
ways In which two factors of the first equation may be combined with two of the 
second is ^l {I — 1) y. ^m, {m — 1) ; and the number of ways in which one of the second 
may be combined with two of the first is JZ (? - 1) m ; the resulting order in general is 

iU{l-l){m-\)(^^ + ^+c^\ilm{m-V, j(^^+^ + iml{l-V)!^{t- + a). 

By the same process of reasoning he anivea at the order of the conditions (Art. 274) 

that three ternary quantics should have two points common, in the form 

fX u V ,Y 

{i/m« {I -l){m- 1) (« - 1) -I- S j;m« (m - 1) (« - 1)} |j + ^ + - + « + « I 

+ XiZ..(.-l){^ + ^. + ^-+(. + «')fy+£) + -'}. 

00 
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In tliis way the order of conditions that a curve should have two double points is 

found to be 

i(n-l)[n- 2)' (n + 1) {3X + n{a + o')P 

_ J (m _ 1) („ _ 2) {15X2 + 10» {a + a')\ + n{n + 6) aa' + 2m (2)i - 3) (a^ + o'^)}. 
Mr. Eoberts investigates other problems by the same method ; as, for instance, the 
order of conditions that four curves may have two points common ; or that a surface 
may have a bi-planar double point. For these I must refer to his paper which I hope 
will be soon pubhshed. I only give the following result : The order of conditions that 
tliree biuary quantics should have two roots common is 

H..i.™(™-l)^£f, + a)(£ + .). 

With regard to the other subject discussed in this Lesson, I find (see Fa^ de Bruno 
On Elimination, p. 94) that Bezout gave a formula for the degree of the resultant of 
two equations from which some terms are wanting, viz. that if m, n be the degrees 
of two ternary quantics, and if the highest powers of the variables x and y, which 
occur in the quantics, be only a, /3 ; a', ^ respectively ; then the number of their 
common values is reduced from mn to mn — {m — a) iji — a!) — (m — /3) {n~ j3'). And 
the same case of quantics from which certain terms are wanting has been investigated 
by Minding {Crdle, vol. xx.) But I noticed these references too late to be able to 
study the papers in question, and to compare them with the theory I have given of 
the cases where the order of resultants falls below the ordinary number. The theory 
of elimination cannot be said to be perfect until rules have been given for determining 
in every case the exact order of the resultant. 



BEZOUTIANTS. (Page 90). 

It has been shovm (Art. 81) that the resultant of two equations of the «'" degree is 
expressed by Bezout's method as a symmetrical determinant. This may be considered 
(Art. 114) as the discriminant of a quadratic function which Mr. Sylvester has called 
the Bezoutiant of the system. When the quantics are the two differentials of the 
same quantic, then if we resolve the Bezoutiant into a sum of squares (Art. 162), the 
number of negative squares in this sum vrill indicate the number of pairs of imaginary 
roots in the quantic. The number of negative squares is found by adding (as in 
Art. 44) \ to eacb of the terms in the leading diagonal of the matrix of the Bezoutiant, 
and then determining by Des Cartes' rule the number of negative roots in the equation 
for X. The result of this method is to substitute for the leading terms in Sturm's 
functions, terms which are symmetrical with respect to both ends of the quantic j 

that is to say, which do not alter when for x we substitute - (see Mr. Sylvester's 
Memoir, Phihsophical Transactiens, 1853, p. 513). 
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In the preceding pages, the equations are usually written with binomial 
coefficients, but as in practice it is often necessary to apply formulas to 
equations not so written, we give for convenience some of the principal 
Results of elimination as applied to equations written without binomial 
coefficients. 

(1) The resultant of the two quadratics 

{A, B, Cjx, y)', (a, b, c][a;, yf is {Ac - Ca)' - {Ah - £a) {Be - Cb), 
or o'C - a6JSC+ ac (£« - lAC) + VAC-lcAB + c^A\ 

2. The resultant of the quadratic {A, B, Cyix, yf and the cubic 
(o, b, e, d]ix, yf, is 

o'C - abBC 4 acC{B^ - 2AC) - ad{B' - 3ABC) 

+ JM C - bcABC+ hdA {B' - 2AC) + e'A'C - cdBA' + d'A' 

3. The resultant of quadratic and quartic is 

a'C* - abBC^ + acC (B' -2AC)- adC{B' - 3ABC) 

+ ae {B* - ^B'AO + 2A'C') + b'AC - bcABC + bdAC {B^ - 2AC) 

- beA (S' - 3ABC) + c'A'C - cdA'BC f ceA' {B' - 2AC) 
+ d'A'C-deA'B + e'A\ 

4. The resultant of quadratic and quintic is 

a'C^ - abBC* + acC {B' -2AC)- adC (B' - 3ABC) 

+ aeC{B* - 4AB'C+ 2A''C')- af{B- - bB'AC ^ 5A'BC') 

+ VAC* - bcABC' + bdAC^ {B' -2AC)- beAC{B' - 3ABC) 

+ b/A {B* - iAB'C^ 2A'C') + c'A'C^ - cdA'BC + ceA'C {B' - 2A 0) 

- c/A' {B" - 3ABC) + d'A^C - deA'BCi^ d/A" {B' - 2AC) 
+ e'A*C-efBA*+f'A\ 

5. Discriminant of cubic is 

27 A"!)' + 4^ C" + 4JDB' - B'C - 18ABCD. 

6. Resultant of two cubics {A, B, C, B\x, yf, {a, b, c, d%!c, yf. 

The value expressed in terms of the determinants of the form Ab - Ba. 
is given in p. 63 and p. 165. Expanded it is 
a'D" - a'b CJy 4 a'cB { C - 2BI)) -a'd{C-3BCI) + 3AD') 
+ ab'BB^ - dbcD {BC - 3 AD) 4 abd {BC - 2B'D - A CD) 
+ ac'D {B'-2AC)■^ acd {2A C 4 ABD -B'C) + ad'{B' - 3ABC + 3A'D] 

- b'AD' 4 b'cACD - b'dA (C - 2BD) - be' ABD 4 bedA {BC- 3 AD) 

- bd'A {B'-2AC) + c'A'D - c'dA'C 4 cd'A'B - d'A\ 

The other invariants of a system of two cubics are given (p. 165). 
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7. The resultant of cubic 

{A, B, C, I)%x, y)' and quartio (a, b, e, d, e\x, y'), is 
a'B* - a'bCIf + a'cD^ {C - 2BD) - a'dD ( C - ZBCD + ZAD'') 
+ o'e (C* - 4^ CD + 25''D' + iACD'') + aJ'^D' - ahcD^ {BC- 3 AD) 
+ a5£?i) (_BC' - 2B'D - ACD) - abe {BC - SB'CD - ACD + tABIf) 
+ ac'i)" (JB' - 2^C) + flcrfZ) (2^C» + ^5D - B'C) 
4 ace (5'C» -2AC^- 22>£' + 4^BCZ) - 3^'D') 
+ ad'X) {£' - 3^SC+ S^'Z)) - ade [B'C- 3ABC' - AB'D + 5A'CD) 
+ ae' {B* - 4AB'Ci 2A'C' + iA'BB) - b'AD' + b'cACB' 

- b'dAB (C - 2BD) + b'eA (C - 3BCD + SAD") - bc'ABB' 

+ bcdAD {BC- SAD) + Jce^ {2B'D -t-ACD-BC'}- bd'AD {B' - 2A C) 
+ bdeA {B'C- 2AC' - ABD) - be" A {B' - 3ABC+ 3A'D) 
+ (^A'D' - <fdA'CD + c'eA" { C - 2BD) + cd'A'BD - edeA' {BC- SAD) 
+ ce'A' {B'-2AC)- dWD + d'eA'C - de'A'B + e'AK 

8. The discriminant of a quartio written with binomial coefficients, 
expanded is 

oV - 12a'bdB' - 18o=cV + 5'ia'cd'e - Zla'd* + 54flJ'ce' - 6o5V"e - ISOabc'de 

+ lOSabcd^ + SUc'e - SiacV - 276V + 108¥cde - 64iV - 546Ve 4 366Vd». 

9. The discriminant of a quartio written without binomial coefflcients, is 

4 (12ae - Sbd + c'f - (72«ce + 9bcd - 27ad' - 27e5' - 2c')^ 
or expanding and dividing by 27, 
256oV - 192a'bde' - 128aVe' + liia'cd'e - 27oW + Uia¥ce - Sab'd^e 

- SOalc'de + ISabed' + 16ac*e - iacV - 276V + ISb^cde 

- 4JW - 46Vfi + b'c'^. 

10. The resultant of the two quartics 

{A, B, C, D, EJx, y)\ {a, b, c, d, ej_x, y)\ 
expanded is (see also p. 180), 

o*^' - a%DE= + a?eJE'{D' - 2CE) - a'dJE (l;» - 3CDE + 3BE") 
+ a'e {D* - iCD'E 4 2C'E' 4 4BDE' - 4AE') 4 aVCE' 

- a'bcE' { CD - 3BE) 4 a^dE {CD''-2C'E- BDE 4 4AE') 

- a'be {CDP - ZCDE - BD'E 4 5BCE' + ADE') 4 aVE' {C - 2BD) 

- a'cdE {CD- 2BD' - BCE \ 5 ADE) 

4 a'ee { CD' - 2BD' - 2 CE 4 4BCDE 4 2AD'E - 3B'E' 4 2A CE') 

4 a'd'E {C-3BCD + 3 AD' 4 SB'E -3ACE) 

,- a'de {CD - 3BCD' 4 SAD' - BC'E+5B'DE - 2ACDE-5ABE') 



TABLES. 285 

^aV(C'-iBC'I> + 2B'I)''^4ACI)' + iB'CE-2AC'E-9ABI)I!i-4A'i:') 

- a¥BE^ + aVcE' [BD - 4AE) - aVdE {BB' - 2BCE - ABE) 

+ ab'e (Biy- ZBCDE-AD'E^ZB'E^ + 2ACE^) - abc'E^ (BO- SAD) 
+ abcdE (BOB - SAB' - SB'E + 4ACE) 

- alee (BCD' - SAB" - 2BC'E - B'BE + 8ACBE - iABE") 

- ahd'E (BC - 2BW - ACB \ 6ABE) 

+ aide {BCB - 2S'B' -ACB'- B'CE + lOABBE - 8A'E') 

- abe' (BC - ZB'CB - ACB + 5ABB' + ZB'E - 2ABCE - 5A'BE) 
+ ac^E' (B' -2 AC) - acHE (B'D - 2ACB - ABE) 

+ ac'e (B'B' - 2A CB'- - 2B'CE + 4 A CE - iA'E') 
4 acd'E(B'C- 2AC' - ABB + 4A'-E) 

- acde (B'CB - 2ACB - ABD' - SB'E + 8ABCE - 2A'DE) 

+ ace' (B'C -2AC'- 2B'D + 4ABCD - 3A'D' + 2AB'E + 2A'CE) 
-acPE(B'-ZABC\SA'B)\ad'e(B^B-ZABCB^ZA'B'-AB'E^2A'CE) 

- ade' (B'C - 3ABC' - AB'B + 5A'CB + A'BE) 

+ ae' (B' - 4AB'C+ 2A'C' + 4A'BB - 4A'E) + b'AE' - b\ABE' 

+ bHAE [B' - 2CE) - h'eA (i)' - ZCBE + ZBE') 

+ b'c'A CE' - VcdAE ( CB - ZBE) + VceA (CB' -2 C'E - BBE + 4AE') 

+ b'd'AE (C - 2BB + 2AE) - b'deA (CB - 2BB' - BCE + 5ABE) 

+ b'^A (C-3BCB + ZAB' + 3B'E-3ACE) 

- bo'ABE' + bc'dAE (BD - 4AE) - bc'eA (BD' -2BCE- ABE) 

- bcd'AE (BC- 3 AD) + bode A (BCB - 3AB' - 3B'E + 4 ACE) 

- bce'A (BC - 2B'B - ACB ^ 5ABE) + bd'AE (B' - 2AO) 

- bd'eA (B'B -2ACB- ABE) + bde'A (B'C- 2AC - ABB + 4A'E) 

- be'A (£' - 3ABC-i 3A'D) + c'A'E' - cHA'DE ^ <?eA' (D' - 2CE) 
+ c'd'A'CE - c'deA' (CD - 3BE) + c'e'A' (C - 2BD) 

- ed'A'BE + cd'eA' (BD - 4AE) - cde'A' (BC- SAD) + ce^A' (B'-2AC) 
+ d'A'E-d'eA'D + d'e'A'C- de'A'B + eW. 

I add the following very useful tables of symmetric functions as calcu- 
lated by Meyer Hirsch and verified by Mr. Cayley. The equation is 
supposed to be x" + bx"'^ + ex"'' + &o. = Q. 

I. 2a = - b. 

II. Sa' =b'~2c; 'Sttl3 = c. 

III. Sa' =-b' + 3bc-3d; Sa'^ = -bciSd; Sa/3y = - d. 

IV. 2a' =b*-4b'c-^2c' + 4bd-4e; ^a'^ = b'c - 2c' - bd ■^ 4e. 
2a=/3« = e' - 2bd + 2e ; Sa'iSy ^bd-4e ; ^aPyS = g. 
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V. 2o' =-b'+ 5Vc - She' - 5b'd + 5cd + 5S« - 5/1 
Sa'p = - 6'c + 36c' + b'd - 5ed -be + 5/. 
Sa'^ =-bc* + 2b'd +cd- 5be + 5/. 
Sa'j3y = - J'rf + 2cd + ie - 5/. 
2a«/3V = - cd + 3Je - 5/. 
So«/3y« = - 6« + 5/j 2aj3yi£ = -/. 

VL 2a' =i»-66*c+9iV-2c'+6W-12icrf+3d'-6i'e + 6ce + 65/-65'. 
2<t=/3 = b'c - 46V + 2c' - 6'rf + 76c«Z - 3d' + 6'e - 6ce - 6/ + e^r. 
2a«/3» = 6V - 2c' - 26'rf + 46crf - 3d' + 26'e + 2ce - 66/ + 6^?. 
2a'^' = c' - 36ci + 3d' + 36'e - 3ce - 36/+ 35^. 
2a*^y = J'd - 36ed + 3d» - 6'e + 2c8 + 6/ - 65^. 
2o'/3'y = 6cd - 3d' - 35'e + 4ce + 76/ - 12g. 
2a';8'y' = d' - 2ce + 26/- 2y. 
2a'/3yi = 6'e - 2ce - 6/+ 6gf. 
2a'/3'y« = cc - 46/+ Ojr. 
2a'/3y«e =6/- 6g. 
So;3y5e5 = ^. 

VII. So' = - 6' + 76'c - 146V + 76c' - 76*d + 216'cd - 7o»d - 76d' 

+ 76'e - 146cc + 7de - 76'/+ 7c/ + 765r - Ih. 
2a«/3 = - 6'c + 66'c' - 66c' + b'd - 96'cd + 7c'd + 46d' - 6'e + 86ce 

-7d8 + 6'/-7c/-6ir + 7A, 
Sa'/? = - 6'c' + 36c» + 26*d - 66'cd - 3c'd + 76d' - 26'e + 46ce 

- 7de + 26'/ + 3c/ - 76^ + 1h. 
Sa«/3' = - 6c' + 36'cd + B'd - 66d' - 36'e + 26ce + 5de + 76y - 7c/ 

-• Ibff + n. 
2a»/3y = - 6'd+46'cd-2c'd-46d'+6'e-36ce+7de-6'/+2c/+6^-7A. 
Sa«/3'y ■= - 6'cd+2c'd+6d'+36'e-86ce + 2de-36'/+4c/+86f?-14A, 
Sa'/S'y = - B'd + 26d' + 6ce - 6de - 46'/ + 7c/+ 46^ - 1h. 
Sa'^'y* = - 6d' + 26ce + de - 26'/- 3c/ + 76^ - 1h. 
■Sa*PyS = - 6'e + 36ce - 3de ^■ b'f - 2cf - hg -i^ 1h. 
2a'/3'ya = - 6ce + 3de + 46^- %cf- 9bg + 2\h. 
Sa'^y'S =-de + 3cf-5bg + 7h. 
sa»/3yie = - 6y + 2c/ + 6^ - 7A. 
Sa'P'yii =-cf-^6bg-Uh. 
2a'/3y«£j ='-bg + U. 
SaPyiiln = -h. 
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VIII. 2a» = 5» - Sh'c + 20iV - 16JV + 2c' + 8b<'d - 32iW + iibc'd 

+ 126»(? - 8c(P - 85'e + 2ib'ce - 8c'e - 165rfe + ie' + 85"/ 

- 166c/+ 8«?/'- 85V + % + 8hh - 8i. 

2a'/3 = b'c - 6iV + 9iV - 2c' - jy + 1 15W - 1 -ibc'd - 5b'd' 

+ Bed' + 5'e - 106'ce + Sc'e + 95(fe - 4e' - 5'/ + 95c/ 
-8d/-i- Vg - 8c^ - 6A + 8j. 

a^'/S' = i'c' - 45V + 2c' - 2b^d + 85'cd - 95'(? + 2cd' + 25'e 

- 66Ve - 4c=e H- ]6J(?e - 4e' - 25/+ 45e/- StZ/t 25^ 
+ 4c^ - 85/j + 8j. 

2a>i8» = 5V - 2c' - 35W + 66c'£? + 35V - 7cci* + 35*e - 95'ce + 8e'e 

+ bde - 4e= - 35/+ 5c/+ 7rf/+ 85V - % - 85A + 8i. 
2o'j3* = c« - 45c'rf + 2b'd' + 4cd' + 46Ve - 4c''e - 85de + 6«' - 45/ 

+ 8ic/ - idf + 45V - 4c<ir - 45A + 4}. 
2a°^y = 5'<Z - bb^'cd + 55c'(i + 55»(?' - Scci^ - 5'e + 4iV« - 2c'c - 9bde 

+ 4e" + 6/- 36c/ + 8df - by + 2c^ + 5A - 8«. 
Sa^i3V = 6W - 35e=<^ - 5W + 5e(^' - 35'e + 1 IS'ce - 4c''e - lObde 

+ Be' + 35/- 8Ac/+ df- ZVg + 4c^ + 95A - 168. 
2a'/3V = bc'd - 25W - cd' - b'ce + lObde - 8e' + 45/ - 105c/ 

+ d/- 9b'g + IGcg + 9bh - IGi. 
S^'^y' = b'd? - 2ed? - 25'ce + 4c'e - 4e' + 25/- 46c/+ 8df 

- 25V - 4c^ + 8bh - 8i. 

2a';8V = cd' - 2c'e - Ide + 4e' + 55c/- Idf- 6b'g + 2f^ + 85A - 8i. 
ioc-tiyS = b'e - Wee + 2c=e + ibde - 4e« - 5/+ 36c/- Zdf + 5V 

- 2c^ - 5A + 8i. 

Sa'^V = S'ce - 2c'e - bde + 4e' - 46/+ Ubcf- 9df+ iVg ~ 6eg 

- 105A + 24 e. 

2o=/3'y5 = c'c - 25rfe + 2e» - 50/"+ 3(;/'+ 56V - 9c£r - 56A + 12i. 

^a'fi'y'S =bde-4e'- 35c/ + 6(^/'+ 56V - n5A + 24«. 

Sa»/3Va» =6"- 2iJ^+ 2c(?-26A + 2j. 

Sa'/Syis = 6/- 35c/+ Sc?/"- 5V + 2c5' + 5A - Sj. 

3a"/3VE = ief- ^df- i)b\g + 8c^ + 115/t - 32j. 

^'.'PY^^ =df-icg + 95A - 16i. 

2a»/3y6eJ = 5V - 2c^ - bh t Si. 

2a=S»7«iS =cg - 6bh + 208. 

2a=;87aejr, = 6/t - 8j. 

2-x^yfifS')0 = i. 
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IX. 2a' = -6» + 9J'c- 276V + 301V -9io*-9M+455Vrf-546Vci 

+ 9e'd - 18iW + 2'lbcd' - 3d' + 9JV- 365'ce + ilhc'e 
+ 27b'de - IScde - 9be' - 9i'/+ 21b'c/- 9c'/- ISbdf 
+ 9e/+ 9JV - 186«^ + 9^^^ - 9*'^ + 9^^'' + ^** ~ ^''■ 
2a=;3 = - i'c + 7iV - 146V + 76c' + b°d - i Sb'cd + 306Vc^ 

- 9e'd + 66 V' - IQbcd' + 3d^ - Ve \ \1Vce - 196c=e 

- 116% + X^cde + 66e' + 6y- 116V+ 9cy+ 106rf/ 

- 9e/- 6V + lOJc^ - 9(iy + Vh - 9ch - bi t 9;'. 
2a'^' - - 6V + 56V - 56c' -f 'Zb'd - IGb'cd + 56V£^ + 5c'c? 

4 116V' - 136c(i' + 3i» - 26=^e + 86'ce H 6e'a - 206Va 
+ icde + 9be' + 26*/- 66V- S'''/ + 186^/- 9ef 

- IVg + 4bcg - 9dg + 26''A + 5ch - 9bi + 9/ 

2a'';3» = - 6V + 36c' + 36'ci - 96Vrf - 3c'rf - 36W + 186c£^' - Gd' 

- ZVe ■(■ 126Ve - 96eV - 96Ve + 966" + 36/- 96V 
+ 9cy- 9ef- 36V + ^^g + 96'A - 9cA - 96i + 97'. 

2r«''i8' = - 5c' ^ ibVd 4 c'd - 26W - Ucd? 4 3cf - 46Ve 4 36c»e 

4 136Ve - 2cde - 116e» 4 46'/- 76V- c'/- 2bdf 
4 lie/- 96V + ^86c^ -"gc^y 4 96'A - 9cA - 96j 4 9/ 

ia'Py =-Vd\ Wed - 9bVd 4 2c'rf - 66W 4 12bcd' - 3(f 4 6'e 

- 56Ve 4 56c'c 4 116% - 1 Icc^c - 56e= - 6/4 46V 

- 2cy- 106rf/4 9e/4 6V - 36c^ 4 9^^ - Vh + 2c/i 
+ bi - 9/. 

2a=/3=y = - b*cd 4 46Vrf - Sc'd 4 6W - 76ed:' + S^ ■{ 36'c - 146'ce 
4 126c'e 4 136% - 4c<ie - 146e' - 36'/4 116V- '^e'f 

- 106(^/4 18e/4 36V " 86f£r - 36% 4 4c/t 4 IO61 - 18/ 
2a'/3V = - b'c'd 4 2cV 4 26W - 46ci* 4 3(?' 4 i'cc - 26c'e - 56% 

4 2cde 4 666" - 46'/4 156V- Sc'/- 5bd/- 2ef 

4 46V - 106fS' - 106'A 4 18c7i 4 106j - 18/ 
2a'/3'r =-c'd+ 36c(f - 3(? 4 6c'e - 66% 4 2cde 4 5be' - Vcf 

4 0^4 &)df- llf/4 56V - 146c^ 4 9dg - 567j 

4 9cK 4 56j - 9/ 
Sa=/3'y« = - 6W 4 36erf' - 3(i» 4 26'ce - 66c'e 4 6c£^e 4 6e' - 26/ + 66V/ 

- %bdf- e/4 26V - 46c5' 4 9^^ - 26% - tbh 4 96; - 9/ 
S-,'^V = - bc^ 4 3(? 4 26c'c 4 6% - %cde 4 26e= - 66V + Sc/ 

4 26(i/- 2^/-4 66V - 46c^ - 1 16% 4 4cA 4 186* - 18/ 
Sa'^V = - cP 4 3c(ie - 36e= - 3c/ 4 36<;f 4 3e/4 36c^ - Mg 

- 36% 4 3c/j 4 36i - ?/ 

2a=/3yo" = - 6'e 4 56'ce - 56c'e - 66% 4 ^cde 4 S6e« 4 6'/- 46V+ 2c/ 
■^Abdf-9ef- 6V 4 35c^ - 3dg 4 6% - 2cA - bi ^ 9y. 
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- 7e/- 4iV + 11% - Qdff + 46% - 6c^ - 116j + 27;". 
Sa<;8'y« = - Sc'e + 26'& + C£?e - 55e' + 6V - ^W+ 13e/- 5% 

+ 13Je^ - 9dg + 116% - 20ch - llhi + 27/. 
Sa^/Sy i = - 6*(?e + 2cde + 6e' + 36V - ^^^'f - ^W + Zef - 5h'g 

+ 126e5r - Mg + 56% f cA - 196« + 27> 
2;a«/3V« = - cfZe + 36e' + ZcJ- 4hdf- lef- Ihcg + 18dg + 126% 

-13ch- 1968 + 27y. 
Sa»^'7»a« = - 6e» + 26«?/- + e/ - 26c^ - Satj? -t 26% + 5cA - 96i + 9/ 
Sa'/Syie = - 6y + 46'c/ - 2c'f -4bdf+'lef + Vg - Sbcg + 3dg - 6% 

+ 2ch + bi - 9j. 
Sa'p'ySE = - 6V4 2cy + 6(?f - 4e/+ 56V " 1*% + 12«?ir - 56% 

+ 8cA4- 1268- 36;". 
Sa»/3'7«s = - cy + 2bdf- 2e/+ 6c5r - Seigr - 66% + llcA H- 66j - 18;'. 
2a»;8V'5s = - 6<y + 4e/+ 46c^ - 9dg - Wh 4 5ch + 3068 - 54;". 
S.a'^'f&h =-ef+3dg- 5ch + 768 - QJ. 
S.a«/3y5ES =-Vg\ 3bcg - 3dg + 6% - 2ch - bi + 9j. 
S«^/3V«£2 =-bcg ■[■ 3dg + 66% - lOcA - 1368 + 45/. 
^a'^y'&^l =-dg i-5ch- 1468 + 30J. 
Sa?l3yStln = - b'h + 2ch + 68 - 9?". 
SaVySilt, =-ch-{- Ibi - 27/'. 
Sa'iSySEgije = - 6? + 9/. 

X. Sa" = 6" - 105Sc + 356V - 506V + 2S6'c' - 2c' + 106'rf - 606»crf 

+ 1006V6? - iObc'd + 256'«P - 606W + ISe^' + 106d' 

- 106»e + 506*ce - 606Ve + lOc'e - 406Ve + 606crfe 

- IQd'e 4 156V - lOce" + 106y- 406V+ 306ey 
4 SOVdf- 20cdf- 2C6e/+ 5y' - 106^ 4 30b'cg 

- lOe'g - 20bdg 4 lOe^ 4 106% - 20JcA 4 lOdh - 106V 
4 lOcj 4 106;" - 10^. 

So'^ = b'c - 86V 4 206V - 166V 4 2c' - ¥d 4 15b'cd - iGb'c'd 

4 Zlbd'd - Ib'd' 4 33b'ed' - 15cV - Ibd' 4 b'e 

- Ub'ce 4 336Ve - lOc'e 4 136Ve - 425crfe 4 lOd'e 

- 66V 4 lOce' - 6y 4 136V- 21Jcy- I2b'd/+ 2Qcdf 
4 116e/- 5/' 4 b*g - 12b'eg 4 lOc^ 4 116c?sr - lOe^ 

- 6% 4 116cA - IQdh 4 b'i - lOci - bj 4 lOA. 

PP 
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2a'/3' = JV - 66V + 9iV - Ic- - IV d + XWcd - \2V(?d - She'd 

- lab'd' + 28JV(? + c'd' - lObd' + 26'e - 10i*ce 
+ 4iVe + 6c'e + 246'rfe - 286c(Ze + 10(fe - 116V 

+ 2ce' - 26'/+ 86V + 26cy- 226''«?/'+ icd/-^ 20bef 

- 5/' +2iV - Gb'cg - 6cV + 20bdg - lOeg - 2l'h 
+ 46cA - lOdh + 26V + Gd - \Obj + lOA. 

Sa'^' = 6V - 46V + 2e' - 35>crf + 126Vrf - 26c'd 4 ZVd^ - 246'cd' 

+ 6c=(?" + 116d' + 36°« - 156'ce + 186Ve - lOc'e + 126Ve 
+ Zbcde - n^e - UbV + lOee' - 36^+ 126V- 9*"'/ 

- 96'«^- cd/+ 20bef- 5/' 4 36V - 9*'««' + lOc'^r - bdg 

- lOeg - 36% - bch 4 lleZA 4 106»i - lOci - lObj 4 10^. 
^a'fi* = 6V - 2c= - 4hVd 4 86c'<? 4 2b*^ - 9c'd' 4 26d' 4 46<ce 

- 126Ve 4 lOc'e - 86Ve 4 I2bcde - 2d'e 4 96V - 14ce' 

- 46'/ 4 166V- 186cy- 66'<^4 20c£?^- 46e/- 5/' 
+ 46V - 66»c^ - 2cV - 46(/(7 4 146^? - 101% 4 20icA 

- lOdh 4 106'8 - lOci - 106y 4 lOA. 

5!a>^' = e» - 56c'<Z 4 Sb'cd^ + ScW - 5bd? + 56Ve - 5c'e - 5VJe 

- bbcde 4 bdJ'e 4 66V 4 5ce' - 56V + 105ey 4 106'^/ 

- \5cdf- 156e/+ 10/" 4 5iV - '^^V'cg 4 5<?g 4 106^^' 

- 5eg - 56% 4 106cA - 5dh 4 56'8 - 5ci - 5bj 4 5k. 
Sa'/3y = 6W - Wed 4 145Vi - Ibe'd 4 76V - 216''cd'' 4 le'd' 

4 76(? - ¥e 4 66Ve - 96 Ve 4 2c'e - 136Vfi 4 266crfe 

- lOd'e 4 66V - 6ee' 4 6^- 56V + 5be'/-^ i2b'df 

- 12edf- 116e/4 5/' - Vg 4 46'c^ - 2cV - 116^^ 4 10«^ 
4 6% - 36eA 4 \Mh - bH 4 2ei -^bj - lOA. 

Sa'/3»y = Vcd - 5bVd 4 66c'<i - b*d' 4 96W - IcV - 46d' - SS'e 
+ 176*ce- 236Ve44c5e- 166'(;e4216c(fe4(?'e4 176V 

- 12ce''4 36y- 146V+126cy4 136=«?/- 3ed/- Slbef 
+ 10/" - 36V + ^^f^eg - 4:C'g - lObdg 4 20e5r 4 36% 

- 86cA -dh- Zb'i 4 4ci 4 116/ - 20Tc. 

Sa'^y = 6Vrf - 36e'rf - 2b*cP 4 66»rf + Se'fi' - 76d' - b'ce 4 36Ve 
+ 5Vde - Ubcde + 13<Pe - 36V 4 4ce" 4 46'/ - 196V 
4 186c'/4 156V/- 19cdf- 76e/4 10/' - 46V + 156'cy 

- 8cV - 46fl;^ - 4eg 4 46% - 106eA -dh- llbH 4 20cj 
+ 115/-20A. 

Sa'/S'y = b<?d - 36'cd' - c"!? 4 56(^3 - 6Ve 4 5Vde - 8<?e - 86V 
+ 4ce" 4 6V- icy- 12b'df+ 10cd/-^ 2Zbef- lo/« 

- 56V + 186V - ^o'g - 76(%r - ieg 4 115% - 316cA 
4 2(idh - \Wi 4 20ci 4 116/ - 20)1. 
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^a'fi'y' = b'd" - ib'cd' + 2o'd' + ibd' - Zb'ce + 86Ve - 4c'e - Sbcde 

- 4d'e - 6V + lOce' + 2jy- 86V + ^Jc'/ + \OVdf 

- icdf- Sbef+ 5/^ - 26V + ^i'cff - Sbdff - 2eg + 2i'A 

- 46cA +10dh- 2bH - 6ci + 106;" - lOJc. 

^a-jsy = b^'cd' - 2cV - bd' - 25Ve + 4c'e - ¥de + 56o(?e + <Pe + 6V 

- 12ce= + 56'c/- 136cy- 46»c?f + ITctTf + 106e/- 16/' 

- 56V + 156'c(? - 4cV - 19id'5r + 20eg + 56% - 3bch 
-dh- 126V + 4ci + 206;' - 20A. 

Xa'^'y' = cW - 26d» - 2c'e + 46c(Ze + 2d»e - 36V + 2ee« + 2bcy 
+ 26=c7/='+ 12e4^+ 45e/+ 5f' - Gb'cff + lOcV + ^idg 

- lieg + 66% - 126eA + I0dh- &bS + 2ci + 106?" - lOk. 
2«*P'7' = 6rt' - ihcde - d'e + 36V + 2ee« + 36ey- 36'(?^+ cdf- Sbef 

+ 5/* - 36V - 4cV + 136a!^ - 2eff 4 36% + bch - Udh 

- lOb'i + lOci + lObj - 10k. 

2<';9ya = 6°e - Gb'ce + 96Ve - 2c'e + 66^8 - 12bcde + 3d'e - 66V 
+ 6ee' - 6^+ 56V- 5*^'/- 56^/+ 5cdf+ llbef- 5f 
+ 6V - 46^5^ + 2cV + ihdg - lOej- - 6% + 36cA - 3dh 
+ 6V - 26!; - bj + lo;!;. 

Sc.'fi'ri = 6Ve - 46 Ve + 2<?e - Vde + Ucde - Zd'e -h 5V - ece" - 46=/ 
+ 196V- nJcy- 196^^4^+ 15c4^+ 186e/- 15/' + 46V 

- 156''c5' + 6cV + 156rf(7 - Qeg - 46% + 116cA - 9dh 
+ 46V -6a- 126;" +30/;. 

Sa'/S'ya = 6Ve - 2c'e - 2Vde 4 46crfe - 3d?e + 26V 4 266= - 6V 
4 26cy4 36V/- 'Lcdf- 126e/4 10/' 4 5b*g-lWcg 
4 lOcV 4 156dg' - Geg - bh^h 4 136cA - Qdh 4 126V 
-22a- 126;" 4 30^. 

Sa'^yS = ch - 3bcde 4 3d'e 4 36V - See' - 6e/4 26'rf^4 cdf- Sbef 
4 5/« 4 6''c^ - c'g - Sbdg 4 9eg - 66% 4 176cA - 15dh 
4 66V- 11a- 66;" 4 15A. 

Sa'^V* = We - 36c(;?e 4 3(^e - JV 4 2ce' - 36V + 96c/ 4 26'(i/^ 

- 13cdf- bef+ 10/" 4 56V - ^'^'"cg 4 4cV 4 186rf^ 

- 18eg - 66% 4 126cA - 9dh 4 56V 4 2a" - 216;* 4 30fe 
Sa'^y'S = bode - 3d?e - 36V 4 ice' - 36c/ 4 46V/ 4 5cdf- 5f' 

4 76V - 8cV - 156(?^ 4 12ey - 126% 4 216cA 4 3dh 

4 266V- 28c2 - 426y 4 60A. 
Sa'/3V* = cf e - 2ce« -cdf+ 5bef- 5f' 4 4cV - ^l>dg 4 2e^ - 46cA 

4 Udh 4 76V - lOci - 76J 4 lO^fc. 
j:a*pY^' = b'e' - 2ce' - 26V/4 icdf- 5/' 4 26V(? - 4cV 4 lOe^ - 26% 

4 46cA - lOdh 4 26V 4 6c« - 106;' 4 We. 
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Sa'fi'y'S* = ce' - 2cd/- hef+ 5/' + 2c'g + 3hdg - 9eg - Ibch + 6^/1 

+ Ib'i + ei - 15hj + I5k. 
Sa'PySe = Vf- 66V+ 55cy + 5h'df- 5cdf- 5bef+ 5/« - b'ff 4 i¥cg 

-2(!'g-4bdg-^4eg + b'h-3bch + 3dh-b'i + 2ciibj-10k. 

Sa^jSV = V>cf~ 3bcy- b'df+ 5cdf+ bef- 5f - Sh'g + 19¥cg - 8c'g 

- 19bdg + leeg + 5b^h - libch + 12dh - 5b'i + 8a 
+ ISlj - 40k. 

= bey- 2b'df- cdf+ 5bef- 5/' - Vcg + 5bdg - 8eg + 66% 

- 16bch + 12dh - ISbH + 24ci + 13bj - iOk. 
= J'(^f- 2cdf- bef-\- 5f - 4b'cg + 8c'g + Sid^? - 12eg + 96'A 

- 236cA + \8dh - 9b'i + 4ci + 33bj - 60^. 
= cdf- 3bef+ 5/' - ic'g + 6bdg + 9bch - 2idh - 2lbH 

+ 28cj + 33bj - 60k. 
Sa'fi'y'S'e = bef- 5f' -3bdg^- 8eg + 5beh- 2dh - Wi - Scj 4- 31 J?' - 40k. 
j^a'lPy'sh' =f - 2eg + 2dh - 2ci + 2hj - 2k. 

. Vg - 4Veg + 2c'g + 4bdg - 4eg - ¥h + 3bch - 3dh + Vi 

- 2ci - bj + lOk. 
■■ Vcg - 2<?g - bdg + 4eg - &Vh + \tbch - 15dh + QbH 

- lOci - 14bj + 50k. 

■■ <?g - 2bdg + 2eg - bch + 3dh + IbH - 13ei - Ibj + 25k. 

■■ bdg - 4eg - 5bch + 12dh + 146V - 12ci - 466;' + lOO/c. 
Xa'p'y'S'il =eg- 4dh + 9ci - 16bJ + 25k. 
Sa'pySilri = 6% - 3bch + 3dh - Vi + 2ci + bj - \0k. 
Su^P'ySslr, = heh - 3dh - IbH + 12c8 + 156?' - 60*. 
Sa'/SV'^E^i ^dh- 6ci + 20bj - 50k. 
■S,a?Py&i.lrtS = JV _ 2c; - 6/ + \0k. 
Sa'P'yS &c. = ei - 8bj + 35*. 
Sa'jSy &o. = 6;' - 10*. 

Mr. Cayley has noticed a certain symmetry in the coefficients of the 
preceding formulae which may be more easily exhibited by using Hirsch's 
notation. Let such a sum as Sa^^V^'S be denoted [32*1'], and let the 
coefficients be Oi, a,, &o. so that (32'1') will denote a^a^a'; then the 
formulse for the sums of the fourth order may be written 






Xa'-pyStl 
■2(i*fi'ySil 
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[4] = - 4 


+ 4 
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[31] = + 4 


-1 


-2 


+ 1 


[2»] = + 2 


-2 


+ 1 




[21'l=-4 


+ 1 




[1*] = + 1 
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The first line of which is to be read 

2a' = - 4(24 + 4o3fli + 2a^ - ia^a-^ + Oi*, 

and so on for the rest. Now what Mr. Cayley has proved is that when 
the formulae already given are written in this form, the figures are the 
same whether we read according to the rows or to the columns. The 
same thing holds for a set of formulae given by Mr. Cayley [Phil. Trans., 
1856, p. 489) expressing the ooefiicients (4), (31), &o. in terms of the suras 
[4], [31], &o. 

I add in conclusion the values of a few symmetric functions of the diffe- 
rences of the roots of the general equation written with binomial coeffi- 
cients, as given by Mr. M. Roberts (Quarterly Journal, vol. IV.), in whose 
papers are to be found several interesting relations connecting the different 
oovariants of binary quantics. Let 

V-ac^ S, ae - ild + 3c» = S, ace + 26ci - acP - eV - c' = T, 
Off - 66/+ 15ee - lOd' = A, ai - 8bh + 28cg - 5df \ SSe" = P, 

h'g - icd' + hde - Zhcf - acg + Zadf-2ae'^^ S<?f= M. 
Then 

a^%{a-pf = n'{n-l) S, 

o'2 (a - /3)' = »»(»- 1) {n^m - i (w - 2) (n - 3) a* 8], 

o»2 (a - /3)° = w' (» - 1) {n'-ff' - iw' (ra - 2) (re - 6) a^RS 

-iK(n-2)(7ra-15)o'r-T|^(jj-2)(n-3)(>i-4)(n-5)oM}, 

ffl=2 (« - /3)' = «'(»- 1) |»»^* - Win -2){n- 7) a'H'S 

+ 2n' (» - 2) (3» - 7) a' JIT + ,\ n' {n - 2) {n - 3) {n' -^ 8n - 21) a*S' 

- i-y (n - 2) (» - 3) (w - 4) (w - 21) a'HA 

- i« (« - 2) (n - 3) (w - 4) (3re - 7) a-M 

(n -2)(n- 3) (n - 4) (n - 5) (n - 6) (re - 7) epl 
2.3.4.6.6.7 " J ■ 

By the help of these can be calculated the first few terms in the equation 
for the squares of the differences of the roots. 
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252. 
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Combinants, 144, 278. 
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Common roots determined, 76. 
Commutants, 267. 
Concomitants, 104. 

Conditions that equations should have two 
common factors, 63, 82. 
For systems of equalities between 

roots, 109. 
That tf+XV should have a cubic 

factor, 147. 
That two quartics should be differen- 
tials of same quintic, 184. 
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factors, 178. 
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or a cubic factor, 189. . 
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volution, 210. 

See also Lesson XVIII. 
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Covariants, 99. 
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Cramer, on determinants, 266. 

Critical functions, 40. 

Cubic discussed, 160. ^ 

Cubic quaternary, its canonical form, 144. 

DeriratiTes of deriTatives expressed sym- 

bolicaUy, 243. 
Difierential coefficients of determinants, 
28. 
Of resultants -with respect to quantities 
entering into aU the quantics, 81. 
DifEerential equation of functions of diffe- 
rences of roots, 47. 
Of invariants, 113. 
Differentiation mutual, of covarianta and 

contravariants, 110. 
Discriminant of binary quantics expressed 
as determinant, 20. > 
Of products of two quantics, 86. 
Of discriminants, 148. 
Enables us to distinguish whether 
equation has even or odd numbers 
of pairs of imaginary roots, 191. 
General symboUoal expression for, 
246, 252. 

Eisenstein, expression foi: general solution 

of quartio, 270. 
Bmanants, 99. 
Equalities between roots of an equation, 

conditions for, 109. 
Euler, on the theory of orthogonal sub- 
stitutions, 36. 
On elimination, 64, 268. 
Evectants, 105. 

"When discriminant vanishes, 107. 
Of discriminant of cubic, 161. 

FaS de Bruno, calculates invariant of 
qnintio, 186. 
On ehmination, 269, 282. 
Forme-type of quintic, ^78. 

Gauss, on linear transformations, 266, 
268. 

Harley, on solution of a quintic, 201. 
Hermite, law of reciprocity, 125. 

Form for covariants of system formed 

by quartic and its Hessian, 178. 
Discovery of skew invariant of quintic, 

189. 
Canonical form for quintic, 189. 
Forme-type of quintic, 91, 278. 
Expression by invariants of conditions 

of reality of roots, 193, 279. 
Expression of invariants in terms of 

roots, 202. 
Solution of qnintics by elliptic func- 
tions, 200. 
On Tschimhausen transformation, 

276. 
Hessians, 15, 100, 268. 

Contain all square factors of original 

quartio, 136. 
Of Hessi^ps, 178. 
Hirsoli's tables of symmetric functions, 

285. 



Invariants, 92. 
Absolute, 96. 
Skew, 115. 

How many independent, 95, 272. 
Relation connecting weight and order 
of, 113. 
Involution, 145, 160. 

Condition roots of sextic shall be in, 
210. 

Jacobi, on deferminants and'Kneaf trans- 
formations, 266, 268. 
Jacobian, of system of equations, 69, 101, 
272. 
Its discriminant discussed, 147. 
Of quartio and its Hessian, 177. 
Jerrard, transformation of a quintic, 188, 

275. 
Joachimsthal, expression for area of a 
triangle inscribed in an ellipse, 
21. 
Theorem on form of discriminant, 
87. 

Kronecker, solution of quintic by elliptic 
functions, 201. .^ 

Ktimmer's resolution into sum of squares' 
of discriminant of cubic which de- 
termines axes of a quadric, 43. 

Lagrange, on the general solution of equa- 
tions, 200. 
On conditions that equation should 
have two pairs of equal roots, 
269. 
On linear transformations, 273. 
Laplace, on determinants, 206. 

On equation of secular inequahties, 
36. 
Leibnitz, his claim to invention of deter- 
minants, 266. 
Linear covariants of cubic and quadratic, 
163. 
Of quintic, 190. 

Of equations of odd degrees, 191, 
274. 

Minor determinants, 9, 23'. 

Of reciprocal system how related to 
those of original, 25. 
Multiplication of determinants, 17. 

Number of quadrics which can be de- 
scribed through five points to touch 
four planes, 226. 
Of invariants of a binary quantic, 
271. 

Order of determinants, 6. 

Of symmetric functions, 45. 

Of invariants, 114. 

Of systems of equations, 213, 
Orthogonal transformations, 33. 
Osculants, 156, 

Poisson's method of forming symmetric 
functions of common roots of sys- 
tems of equations, 268, 
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Quadratic forms, reducible to sum of 
squares, 136. 
Number of positive and negative 

squares fixed, 136. 
And equation of b*" degree, general 
expression for resultant, 244. 
Quadrinvariants of binary quantics, 112. 
Quartic, theory of, 169. 

Keciprocal determinants, 24. 
Eeciprocity, Hermite's law of, 125. 
Reducing sextic for quintic, forms of, 

201. 
Eesultant of two quadratics, 55. 
Two cubios, 63, 165, 283. 
Two quartics, 180, 284. 
Tables of, 283. 
Eoberts, Michael, on covaiiants, 117. 

On application of Sturm's theorem to 

quantics, 192, 268. 
On equation of squares of differences, 
293. 
Eoberts, Samuel, on orders of systems of 

equations, 280. 
Eodiigues, on orthogonal transformations, 
36. 

Skew symmetric determinants of even 

degree are perfect squares, 31. 
Skew invariant of quintic, 189. 

Yanishes if quintic can be linearly 
transformed to the recurring form, 
194. 
Or to one wanting alternate terms, 

274. 
Of sextic, 210, 253. 

Of aU quantics vanish when quantic 
wants alternate terms, 274. 
Source of covariants, 117. 
Sphere circumscribing tetrahedron, 21. 
Relations connecting mutual distances 
of points on, 21, 22, 



Sturm's functions, Sylvester's expressions 
for, 37. 

In case of quartic, 175, 
of quintic, 192. 

Extensions of, 269. 
Sylvester (see also p. 270). 

Umbral notation for determinants, 7. 

Proof that equation of secular in- 
equalities has all real roots, 23. 

Expression for Sturm's fimctions in 
terms of roots, 37. 

Dialytio method of elimination, 65. 

Expression of resultant as determi- 
minants, 70. 

On nomenclature, 104. 

Canonical forms of odd and even 
degrees, 137, 141. 

Of quaternary cubic, 144. 

Expressions for discriminant with re- 
gard to variables which do not enter 
explicitly, 181. 

On osculants, 151. 

Investigation of expression by in- 
variants of conditions for reafity of 
roots of quintic, 193. 

On Bezoutiants, 282. 
Symbohcal expression for invariants, 121, 

239. 
Symmetric functions, 44. 

Their use in finding invariants, 108. 

Tables of, 285. 

Tact-invariants, 153. 

Of complex curves, 155. 

Tetrahedron, radius of circumaeribing 
sphere, 21. 

Tschimhausen, transformation of equa- 
tions, 276. 

Yandennonde, on determinants, 266. 

Warren, on resultant of two cubios, 169. 
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